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" You haven’t told me yet,” said Lady Nuttal, " what it is your 
Rand does for a living.” 

“ He’s a statistician,” replied Lamia, with an annoying sense 
of being on the defensive. 

Lady Nuttal was obviously taken aback. It had not occurred 
to her that statisticians entered into normal social relationships. 
The species, she would have surmised, was perpetuated in some 
collateral manner, like mules. 

“ But Aunt Sara, it’s a very interesting profession,” said Lamia 
warmly. 

“ I don’t doubt it,” said her aunt, who obviously doubted it 
very much. “ To express anything important in mere figures is so 
plainly impossible that there must be endless scope for well-paid 
advice on how to do it. But don’t you think that life with a 
statistician would be rather, shall we say, humdrum ? ” 

Lamia was silent. She felt reluctant to discuss the surprising 
depth of emotional possibility which she had discovered below 
Edward’s numerical veneer. 

" It’s not the figures themselves,” she said finally, M it's what 
you do with them that matters.” 

K. A. C. Manderville, The Undoing of Lamia Gurdleneck 




PREFACE TO VOLUME TWO 


We present herewith the second volume of this treatise on the advanced theory of 
statistics. It covers the theory of estimation and testing hypotheses, statistical relation¬ 
ship, distribution-free methods and sequential analysis. The third and concluding 
volume will comprise the design and analysis of sample surveys and experiments, 
including variance analysis, and the theory of multivariate analysis and time-series. 

This volume bears very little resemblance to the original Volume 2 of Kendall’s 
Advanced Theory. It has had to be planned and written practically ab initio, owing 
to the rapid development of the subject over the past fifteen years. A glance at the 
references will show how many of them have been published within that period. 

As with the first volume, we have tried to make this volume self-contained in three 
respects: it lists its own references, it repeats the relevant tables given in the Appendices 
to Volume 1, and it has its own index. The necessity for taking up a lot of space with 
an extensive bibliography is being removed by the separate publication of Kendall 
and Doig’s comprehensive Bibliography of Statistics and Probability. We have made 
a special effort to provide a good set of exercises: there are about 400 in this volume. 

For permission to quote some of the tables at the end of the book we are indebted 
to Professor Sir Ronald Fisher, Dr. Frank Yates, Messrs. Oliver and Boyd, and the 
editors of Biometrika. Mr. E. V. Burke of Charles Griffin and Company Limited has 
given his usual invaluable help in seeing the book through the press. We are also 
indebted to Mr. K. A. C. Manderville for permission to quote from an unpublished 
story the extract given on page v. 

As always, we shall be glad to be notified of any errors, misprints or obscurities. 

M. G. K. 
A. S. 

LONDON, 

March, 1961 
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CHAPTER 17 


ESTIMATION 


The problem 

17.1 On several occasions in previous chapters we have encountered the problem 
of estimating from a sample the values of the parameters of the parent population. 
We have hitherto dealt on somewhat intuitive lines with such questions as arose—for 
example, in the theory of large samples we have taken the means and moments of the 
sample to be satisfactory estimates of the corresponding means and moments in the 
parent. 

We now r proceed to study this branch of the subject in more detail. In the present 
chapter, we shall examine the sort of criteria which we require a “ good ” estimate 
to satisfy, and discuss the question whether there exist “ best ” estimates in an accept¬ 
able sense of the term. In the next few chapters, we shall consider methods of obtaining 
estimates with the required properties. 

17.2 It will be evident that if a sample is not random and nothing precise is known 
about the nature of the bias operating when it was chosen, very little can be inferred 
from it about the parent population. Certain conclusions of a trivial kind are some¬ 
times possible—for instance, if we take ten turnips from a pile of 100 and find that 
they weigh ten pounds altogether, the mean weight of turnips in the pile must be greater 
than one-tenth of a pound; but such information is rarely of value, and estimation 
based on biassed samples remains very much a matter of individual opinion and cannot 
be reduced to exact and objective terms. We shall therefore confine our attention to 
random samples only. Our general problem, in its simplest terms, is then to estimate 
the value of a parameter in the parent from the information given by the sample. In 
the first instance we consider the case when only one parameter is to be estimated. 
The case of several parameters will be discussed later. 

17.3 Let us in the first place consider what we mean by 44 estimation. ” We know, 

or assume as a working hypothesis, that the parent population is distributed in a form 
which is completely determinate but for the value of some parameter 0. We are given 
a sample of observations x n . We require to determine, with the aid of observa¬ 

tions, a number which can be taken to be the value of 0, or a range of numbers which 
can be taken to include that value. 

Now the observations are random variables, and any function of the observations 
will also be a random variable. A function of the observations alone is called a statistic. 
If we use a statistic to estimate 0, it may on occasion differ considerably from the true 
value of 0. It appears, therefore, that we cannot expect to find any method of estima¬ 
tion which can be guaranteed to give us a close estimate of 0 on every occasion and 
for every sample. We must content ourselves with formulating a rule which will give 

1 
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good results “ in the long run ” or “ on the average, ” or which has “ a high prob¬ 
ability of success ”—phrases which express the fundamental fact that we have to regard 
our method of estimation as generating a distribution of estimates and to assess its 
merits according to the properties of this distribution. 

17.4 It will clarify our ideas if we draw a distinction between the method or rule 
of estimation, which we shall call an estimator, and the value to which it gives rise 
in particular cases, the estimate. The distinction is the same as that between a func¬ 
tion /(*), regarded as defined for a range of the variable x, and the particular value 
which the function assumes, say/(a), for a specified value of x equal to a. Our problem 
is not to find estimates, but to find estimators. We do not reject an estimator because 
it gives a bad result in a particular case (in the sense that the estimate differs materially 
from the true value). We should only reject it if it gave bad results in the long run, 
that is to say, if the distribution of possible values of the estimator were seriously 
discrepant with the true value of 0. The merit of the estimator is judged by the distribu¬ 
tion of estimates to which it gives rise, i.e. by the properties of its sampling distribution. 

17.5 In the theory of large samples, we have often taken as an estimator of a para¬ 
meter 0 a statistic t calculated from the sample in exactly the same way as 0 is calcu¬ 
lated from the population : e.g. the sample mean is taken as an estimator of the parent 
mean. Let us examine how this procedure can be justified. Consider the case when 
the parent population is 

dF(x) =* (2n)-*exp {—l(x—0) 2 } dx, — oo < x < oo. (17.1) 

Requiring an estimator for the parent mean 0, we take 

t = 2 Xj/n. (17.2) 

i-i 

The distribution of t is (Example 11.12) 

dF[t) = {n/{2n) }»exp {- bn(t-d)*}dt, (17.3) 

that is to say, t is distributed normally about 0 with variance 1/n. We notice two 
things about this distribution : (a) it has a mean (and median and mode) at the true 
value 0, and (b) as n increases, the scatter of possible values of t about 0 becomes smaller, 
so that the probability that a given t differs by more than a fixed amount from 0 de¬ 
creases. We may say that the accuracy of the estimator increases as n increases, i.e. 
with ti. 


17.6 Generally, it will be clear that the phrase “ accuracy increasing with n ” has 
a definite meaning whenever the sampling distribution of t has a variance which de¬ 
creases with 1 /» and a central value which is either identical with 0 or differs from it 
by a quantity which also decreases with 1 /n. Many of the estimators with which we 
are commonly concerned are of this type, but there are exceptions. Consider, for 
example, the Cauchy population 


dF(x) = 


1 dx 
n {l + (*-0)*} ’ 


00 < X < oo. 


(17.4) 
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If we estimate 6 by the mean-statistic t we have, for the distribution of t, 

rr (17 - S) 

(cf. Example 11.1). In this case the distribution of t is the same as that of any single 
value of the sample, and does not increase in accuracy as n increases. 

Consistency 

17.7 The possession of the property of increasing accuracy is evidently a very 
desirable one ; and indeed, if the variance of the sampling distribution of an estimator 
decreases with increasing n, it is necessary that its central value should tend to 0, for 
otherwise the estimator would have values differing systematically from the true value. 
We therefore formulate our first criterion for a suitable estimator as follows:— 

An estimator t„, computed from a sample of » values, will be said to be a consistent 
estimator of 0 if, for any positive e and rj, however small, there is some N such that 
the probability that 

Un-0 \<e (17.6) 

is greater than l—tj for all » > N. In the notation of the theory of probability, 

P{|*»-0| < e} > l-ri, n > N. (17.7) 

The definition bears an obvious analogy to the definition of convergence in the 
mathematical sense. Given any fixed small quantity e, we can find a large enough 
sample number such that, for all samples over that size, the probability that t differs 
from the true value by more than e is as near zero as we please. t n is said to converge 
in probability , or to converge stochastically , to 0. Thus t is a consistent estimator of 0 
if it converges to 0 in probability. 

Example 17.1 

The sample mean is a consistent estimator of the parameter 0 in the population 
(17.1). This we have already established in general argument, but more formally the 
proof would proceed as follows:— 

Suppose we are given e. From (17.3) we see that (f— Q)n* is distributed normally 
about zero with unit variance. Thus the probability that | (f—0) »* | < e n* is the value 
of the normal integral between limits ±en*. Given any positive tj, we can always 
take n large enough for this quantity to be greater than 1 —rj and it will continue to 
be so for any larger n. N may therefore be determined and the inequality (17.7) is 
satisfied. 

Example 17.2 

Suppose we have a statistic t n whose mean value differs from 0 by terms of order 
whose variance v n is of order n~ l and which tends to normality as n increases. 
Clearly, as in Example 17.1, (t n —0)/v J will then tend to zero in probability and t n 
will be consistent. This covers a great many statistics encountered in practice. 

Even if the limiting distribution of t H is unspecified, the result will still hold, as 
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can be seen from a direct application of the Bienayme-Tchebycheff inequality (3.94). 
In fact, if 

£(*n) ™ 0+^m 

and var* n = v n , 

where limA* = lima* = 0, 

n-+oo n-> oo 

we have at once -P{| *»-(0+£»)l < e} >1 - —► 1, 

e n>oo 

so that (17.7) will be satisfied. 

Unbiassed estimators 

17.8 The property of consistency is a limiting property, that is to say, it concerns 
the behaviour of an estimator as the sample number tends to infinity. It requires 
nothing of the estimator’s behaviour for finite a, and if there exists one consistent 
estimator t n we may construct infinitely many others: e.g. for fixed a and b 



is also consistent. Wc have seen that in some circumstances a consistent estimator 
of the population mean is the sample mean 

x = liXj/n. 

But so is Jc' = Z *,/(«— 1). 

Why do we prefer one to the other ? Intuitively it seems absurd to divide the sum 
of n quantities by anything other than their number n. We shall see in a moment, 
however, that intuition is not a very reliable guide in such matters. There are reasons 
for preferring 

to Is (x.-sy 

n i =1 

as an estimator of the parent variance, notwithstanding the fact that the latter is the 
sample variance. 

17.9 Consider the sampling distribution of an estimator t. If the estimator is 
consistent, its distribution must, for large samples, have a central value in the neigh¬ 
bourhood of 6. We may choose among the class of consistent estimators by requiring 
that 0 shall be equated to this central value not merely for large, but for all samples. 

If we require that for all n and 0 the mean value of t shall be 0, we define what is 
known as an unbiassed estimator by the relation 

E(t) = 0. 

This is an unfortunate word, like so many in statistics. There is nothing except con¬ 
venience to exalt the arithmetic mean above other measures of location as a criterion 
of bias. We might equally well have chosen the median of the distribution of t or 
its mode as determining the “ unbiassed ” estimator. The mean value is used, as 
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always, for its mathematical convenience. This is perfectly legitimate, and it is only 
necessary to remark that the term “ unbiassed ” should not be allowed to convey 
overtones of a non-technical nature. 


Example 17.3 
Since 


e {; s *H sbw 


■ Ml, 

the mean-statistic is an unbiassed estimator of the parent mean whenever the latter 
exists. But the sample variance is not an unbiassed estimator of the parent variance. 

We have E { 2 (x, - S )*} - E { 2 [x, - 2 *,/»]* } 


- 

- (»-i )i‘f 


1 n—\ 

Thus - 2 (x—xy has a mean value- p t . On the other hand, an unbiassed estimator 

fl ft 

is given by —2 (x-x)*, 

ft — 1 

and for this reason it is usually preferred to the sample variance. 


Our discussion shows that consistent estimators are not necessarily unbiassed. We 
have already (Example 14.5) encountered an unbiassed estimator which is not con¬ 
sistent. Thus neither property implies the other. But a consistent estimator with 
finite mean value must tend to be unbiassed in large samples. 

In certain circumstances, there may be no unbiassed estimator (cf. Exercise 17.26, 
due to M. H. Quenouille). Even if there is one, it may occur that it necessarily gives 
absurd results at times, or even always. For example, in estimating a parameter 0, 
0 $ 0 < 1, no statistic distributed in the range (0, 1) will be unbiassed, for if 0 = 0 its 
expectation must (except in trivial degenerate cases) exceed 0. We shall meet an 
important example of this in 27.32 below. Exercise 17.27, due to E. L. Lehmann, 
gives an example where an unbiassed estimator always gives absurd results. 

Corrections for bias 

17.10 If we have a consistent but biassed estimator /, and wish to remove its bias, 
this may be possible by direct evaluation of its expected value and the application of 
a simple adjustment, as in Example 17.3. But sometimes the expected value is a rather 
complicated function of the parameter, 0, being estimated, and it is not obvious what 
the correction should be. Quenouille (1956) has proposed an ingenious method of 
overcoming this difficulty in a fairly general class of situations. 
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We denote our (biassed) estimator by t H , its suffix being the number of observa¬ 
tions from which t n is calculated. Now suppose that t n is a function of the sample 
/(-statistics k { (Chapter 12) which are unbiassed estimators of the population cumulants 
k u all of which are assumed to exist. If we may expand t n in a Taylor series about 0, 
we have 

*.-« - S(*,-.,)(|0 + JSS(A,- „) (k ,- + ■ • •. (17.8) 

the derivatives being taken at the true values k t = k { . If we take expectations on both 
sides of (17.8), it follows from the fact (12.13) that the moments of the /(-statistics are 
power series in (1/n) that we shall have 

E(t n )-e = S +/*. (17.9) 

r—i 

Now let In-j denote the statistic calculated for all the n subsets of (»—1) observations 
and averaged, and consider the new statistic 

C»s<,-(»-l)Vi. (17.10) 

It follows at once from (17.9) that 

*<*>-*-‘•(hdy + ‘4Vr) i ) + -" 

- -J-OM. (17.11) 

Thus t' n is also consistent but is only biassed to order 1/n*. Similarly, 

C = {» , &—(»—l) , £-i }/{»*—(»—l)*} 

will be biassed only to order 1/n*, and so on. This method provides a very direct 
means of removing bias to any required degree. 


Example 17.4 

To find an unbiassed estimator of 0* in the binomial distribution 
P{x = r) = Qe'fl-e)"-', r = 0,1, 2,.... n. 
The intuitive estimator is 


■■ ■ 

since r/n is an unbiassed estimator of 6. Now /„_! can only take the values 

mr - (*y 

according to whether a “ success ” or a “ failure ” is omitted from the sample. 

_ r*(n —2) + r 
- n(»—1)* 


Thus 
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Hence, from (17.10), t' n = nt n — (n— 1) x 

_ r l r8 ( w ~ 2 ) + r 

n n(n-l) 

_ r(r-l) 

which, it may be directly verified, is exactly unbiassed for 0*. 


(17.12) 


17.11 In general there will exist more than one consistent estimator of a para¬ 
meter, even if we confine ourselves only to unbiassed estimators. Consider once again 
the estimation of the mean of a normal population with variance or*. The sample 
mean is consistent and unbiassed. We will now prove that the same is true of the 
median. 

Consideration of symmetry is enough to show that the median is an unbiassed 
estimator of the population mean, which is, of course, the same as the population 
median. For large n the distribution of the median tends to the normal form (cf. 
14.12) 

dF(x) oc exp {-2nf*{x-Qy }dx, (17.13) 

where/! is the population median ordinate, in our case equal to (2rc<r*)-*. The vari¬ 
ance of the sample median is therefore, from (17.13), equal to no i /(2n) and tends to 
zero for large n. Hence the estimator is consistent. 


17.12 We must therefore seek further criteria to choose between estimators with 
the common property of consistency. Such a criterion arises naturally if we consider 
the sampling variances of the estimators. Generally speaking, the estimator with the 
smaller variance will be distributed more closely round the value 0 ; this will certainly 
be so for distributions of the normal type. An unbiassed consistent estimator with 
a smaller variance will therefore deviate less, on the average, from the true value than 
one with a larger variance. Hence we may reasonably regard it as better. 

In the case of the mean and median of normal samples we have, for any n, from 
(17.3), 

var(mean) = <r*/n, ,(17.14) 

and for large n, from 17.11, 

var (median) = 7r<r*/(2n), (17.15) 

where <r* is the parent variance. Since n/2 = 1*57 > 1, the mean is more efficient 
than the median for large n at least. For small n we have to work out the variance 
of the median. The following values may be obtained from those given in Table XXIII 
of Tables for Statisticians and Biometricians , Part II :— 

n : 2 3 4 5 

var (median) , ,. 35 M9 ,.44 

var (mean) 

It appears that the mean always has smaller variance than the median in estimating 
the mean of a normal distribution. 


B 
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Example 17.5 

For the Cauchy distribution 


JP/ v 1 dx 
w _ n {i +Jx-ey }’ 


— 00 < X < 00 , 


we have already seen (17.6) that the sample mean is not a consistent estimator of 0, 
the population median. However, for the sample median, t t we have, since the median 
ordinate is 1 /n, the large-sample variance 

* 

ni, = u 


from (17.13). It is seen that the median is consistent, and although direct comparison 
with the mean is not possible because the latter does not possess a sampling variance, 
the median is evidently a better estimator of 0 than the mean. This provides an inter¬ 
esting contrast with the case of the normal distribution, particularly in view of the 
similarity of the distributions. 


Minimum variance estimators 

17.13 It seems natural, then, to use the sampling variance of an estimator as 
a criterion of its acceptability, and it has, in fact, been so used since the days of Laplace 
and Gauss. But only in relatively recent times has it been established that, under 
fairly general conditions, there exists a bound below which the variance of an estimator 
cannot fall. In order to establish this bound, we first derive some preliminary results, 
which will also be useful in other connexions later. 


17.14 If the frequency function of the continuous or discrete population is (jc 10), 
we define the Likelihood Function (,) of a sample of » independent observations by 

£(*!,*.,.*»|0) = f(x x \6)f(x t \d)...f(x n \d). (17.16) 

We shall often write this simply as L. Evidently, since L is the joint frequency func¬ 
tion of the observations, 

j" ... J* Ldx x ... dx n = 1. (17.17) 

Now suppose that the first two derivatives of L with respect to 0 exist for all 0. If w’e 
differentiate both sides of (17.17) with respect to 0, we may interchange the operations 
of differentiation and integration on its left-hand side, provided that the limits of 
integration (i.e. the range of variation of x) are independent of 0, (t) and obtain 

J... J | ^~dx x ...dx n = 0, 


tt> R. A. Fisher calls L the likelihood when regarded as a function of 8 and the probability of 
the sample when it is regarded as a function of x for fixed 8. While appreciating this distinction, 
we use the term likelihood and the symbol L in both cases to preserve a single notation. 

tt) The operation of differentiating under the integral sign requires certain conditions as to 
uniform convergence, even when the limits are independent of 8. To avoid prolixity we shall 
always assume that the conditions hold unless the contrary is stated. The point gives rise to 
no statistical difficulty but is troublesome when one is aiming at complete mathematical rigour. 
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which we may rewrite 

If we differentiate (17.18) again, we obtain 


(17.18) 


which becomes 


or 


«[(¥)'] - 


(17.19) 


17.15 Now consider an unbiassed estimator, t, of some function of 0, say t( 0). 
This formulation allows us to consider unbiassed and biassed estimators of 0 itself, 
and also permits us to consider, for example, the estimation of the standard deviation 
when the parameter is equal to the variance. We thus have 

E(t) = [ ... J tLdx 1 ...dx n = t(0). (17.20) 

We now differentiate (17.20), the result being 

J • • • J t ^%^ Ldx t ...dx n = t'(0), 

which we may re-write, using (17.18), as 

t'( 0) = |... J {*-* (0)} a -^r L<fe i ( 17 - 21 ) 

By the Cauchy-Schwarz inequality, we have from (17.21) 

{t'(0) }* < J ... J {t—x{0)} i Ldx 1 . .. <&„. J ... J {p^jLdx ,... dx n , 

which, on rearrangement, becomes 

var t = E {(-t(9) }■ > {,'(«) }'/£ [(^^)’]. (17.22) 

This is the fundamental inequality for the variance of an estimator, often known as 
the Cramer—Rao inequality, after two of its several discoverers (C. R. Rao (1945); Cramer 
(1946)); it was apparently first given by Aitken and Silverstone (1942). Using (17.19), 
it may be written in what is often, in practice, the more convenient form 

van > - ft'(9) ,/ £ (^). (17.23) 

We shall call (17.22) and (17.23) the minimum variance bound (abbreviated to MVB) 
for the estimation of t( 0). An estimator which attains this bound for all 0 will be 
called a MVB estimator. 

It should be emphasized that the condition under which the MVB was derived— 
the non-dependence of the range of f(x |0) upon 0—is unnecessarily restrictive. It is 
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only necessary that (17.18) hold for the MVB (17.22) to follow. If (17.19) also holds, 
we may also write the MVB in the form (17.23). See Exercise 17.22. 


17.16 In the case where t is estimating 8 itself, we have r' (0) = 1 in (17.22) and 
for an unbiassed estimator of 8 


In this case the quantity I defined as 


(17.24) 




(17.25) 


is sometimes called the amount of information in the sample, although this is not a 
universal usage. 


17.17 It is very easy to establish the condition under which the MVB is attained. 
The inequality in (17.22) arose purely from the use of the Cauchy-Schwarz inequality, 
and the necessary and sufficient condition that the Cauchy-Schwarz inequality becomes 

an equality is (cf. 2.7) that {<— t(0)} is proportional to for all sets of observa¬ 

tions. We may write this condition 

d ^tk = A.{t- t(9)}, (17.26) 

where A is independent of the observations but may be a function of 8. Thus (17.26) 
becomes 

?1^ = ^(6){1-t(6)). (17.27) 

Further, from (17.27) and (17.18), 

var (^) ’ £ [(^)’] ‘ we) < 17 - 28) 

and since in this case (17.22) is an equality, (17.28) substituted into it gives 

var* = t'(8)/A(6). (17.29) 

We thus conclude that if (17.27) is satisfied, t is a MVB estimator of t(0), with variance 
(17.29), which is then equal to the right-hand side of (17.23). If t (8) m 8, var t is 
just 1 /A (0), which is then equal to the right-hand side of (17.24). 

Example 17.6 

To estimate 8 in the normal population 


where a is known. 
We have 


dlog L n. m 

-a#" 


-OO < I < 00, 
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This is of the form (17.27) with 

t = x, A (6) = n/a 2 and r(0) — 0. 

Thus x is the MVB estimator of 0, with variance a 2 /n. 

Example 17.7 

To estimate 0 in 

We have 

dlogL _ ,v *—0 

~W~ {r+(i- 0 j r }‘ 

This cannot be put in the form (17.27). Thus there is no MVB estimator in this case. 
Example 17.8 

To estimate 0 in the Poisson distribution 

f(x 10) = e~°(P/x\, a: = 0,1,2,..., oo. 

We have 

^ - !(*-«)• 

Thus x is the MVB estimator of 0, with variance 8/n. 

Example 17.9 

To estimate 0 in the binomial distribution, for which 

L(r\d) = Q0 r (l-0)"- r , r = 0, 1,2. n. 

We find 

dlog^ = » (r e \ 

00 0(l-0)\» )' 

Hence r/n is the MVB estimator of 0, with variance 0(1—0)/n. 

17.18 It follows from our discussion that, where a MVB estimator exists, it will 
exist for one specific function t( 0) of the parameter 0, and for no other function of 0. 
The following example makes the point clear. 

Example 17.10 

To estimate 0 in the normal distribution 

= _”+5^ „»A 
00 0 0* 0 3 V» / 


We find 
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We see at once that - 2 x 2 is a MVB estimator of 0* (the variance of the population) with 

Tl 

0 3 d 2 0 4 

sampling variance — • = —> by (17.29). But there is no MVB estimator of 

ft du ft 

0 itself. 

Equation (17.27) determines a condition on the frequency function under which 
a MVB estimator of some function of 0, r(0), exists. If the frequency is not of this 
form, there may still be an estimator of r(0) which has, uniformly in 0, smaller 
variance than any other estimator; we then call it a minimum variance (MV) esti¬ 
mator. In other words, the least attainable variance may be greater than the MVB. 
Further, if the regularity conditions leading to the MVB do not hold, the least attain¬ 
able variance may be less than the (in this case inapplicable) MVB. In any case, 

(17.27) demonstrates that there can only be one function of 0 for which the MVB is 
attainable, namely, that function (if any) which is the expectation of a statistic t in 
terms of which 3 log L/dO may be linearly expressed. 

17.19 From (17.27) we have on integration the necessary form for the Likelihood 
Function (continuing to write A (0) for the integral of the arbitrary function A (0) in 

(17.27) ) 

logL = tA(6) + P(d) + R(x 1 , x„ ..., x„), 
which we may re-write in the frequency-function form 

f{x 10) = exp {A (0) B (x) + C(x) + D (0)}, (17.30) 

where / = 2 B (x<), R(x lt ..., x n ) = 2 C(x f ) and P(6) = nD(0). (17.30) is often 

i=l i-l 

called the exponential family of distributions. We shall return to it in 17.36. 


17.20 We can find better (i.e. greater) lower bounds than the MVB (17.22) for the 
variance of an estimator in cases where the MVB is not attained. The essential condi¬ 
tion for (17.22) to be an attainable bound is that there be an estimator t for which 

/—t( 0) is a linear function of = ~ But even if no such estimator exists, 

30 L 30 

1 dL \ d* L 

there may still be one for which t— r(0) is a linear function of — and -- —— or, 

L od Lou 2 

in general, of the higher derivatives of the Likelihood Function. It is this fact which 
leads to the following considerations, due to Bhattacharyya (1946). 

Estimating r(0) by a statistic t as before, we write 

.... 3 r L 
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We now construct the function 


D, = /—t (0) — S a r U r >/L, 


(17.31) 


where the a r are constants to be determined. Since, on differentiating (17.17) r times, 
we obtain 

E{L^/L) = 0 (17.32) 

under the same conditions as before, we have from (17.31) and (17.32) 

E(D.) = 0. (17.33) 

The variance of D, is therefore 

£(£*) - |... | {(*-T(0))-Sfl,I<'>/I ) t Ldx l ... dx n . (17.34) 

We minimize (17.34) for variation of the a T by putting 

J...J {(/-r(0))-2a r L (r, /L }^.Ldx 1 ... dx n = 0 (17.35) 

for p — 1,2. s. This gives 

J ... j* (/— r(0))L w dXi ... dx n — Sa r j* • • • J* j... dx n . (17.36) 

The left-hand side of (17.36) is, from (17.32), equal to 

J ... J tL™dx l ...dx n = jM 

on comparison with (17.20). The right-hand side of (17.36) is simply 


(17.35) 


S a ,-E 


/U r) L^\ 


On insertion of these values in (17.36) it becomes 

* /£« L<*»\ 

- 'La r E\j--^-y p* 1,2. s. (17.37) 

We may invert this set of linear equations, provided that the matrix of coefficients 
Jrp = E 4 ) * 8 non ” s * n g u ^ ar » to obtain 


a, = S x ip) J£, r » 1, 2,..., s. 

Thus, at the minimum of (17.34), (17.31) takes the value 

D, = t-x(0)- S St WftLV/L, 

f»i a—i 

and (17.34) itself has the value, from (17.39), 

£<D*) - J • • • J {(/ - r («)) - E S jW# V»/L }*£<&, ...dx„ 

which, on using (17.35), becomes 

= J ... J {/—t(0) }*Ldx t ... dx n —SSt<« J ... ^tL {T) dx l ... dx„ 


(17.38) 


(17.39) 
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and finally we have 

E{D*) = var*-SSTW#T<'>. (17.40) 

r V 

Since its left-hand side is non-negative, (17.40) gives the required inequality 

var t> £ (17.41) 

f = 1 p-1 

In the particular case s = 1, (17.41) reduces to the MVB (17.22). 

17.21 The condition for the bound in (17.41) to be attained is simply that 
E(D$) = 0, which with (17.33) leads to D, = 0 or, from (17.39), 

t-r(6) - £ £ t VJJLU/L, (17.42) 

r=«l p-1 

which is the generalization of (17.27). (17.42) requires * — r (0) to be a linear function 
of the quantities L (T) /L. If it is a linear function of the first s such quantities, there 
is clearly nothing to be gained by adding further terms. On the other hand, the 
right-hand side of (17.41) is a non-decreasing function of s, as is easily seen by the con¬ 
sideration that the variance of D, cannot be increased by allowing the optimum choice 
of a further coefficient a r in (17.34). Thus we may expect, in some cases where the 
MVB (17.22) is not attained for the estimation of a particular function r(0), to find 
the greater bound in (17.41) attained for some value of s > 1. 


17.22 We now investigate the improvement in the bound arising from taking 
s = 2 instead of s — 1 in (17.41). Remembering that we have defined 



(17.43) 

we find that we may rewrite (17.41) in this case as 


var / t' t" 


x ' J 11 J is ^ 0, 

*" J i. Jtt 

(17.44) 

which becomes, on expansion, 


var* > ( t '! 2 + «A.- t '7u) 2 

Jn 

(17.45) 

The second item on the right of (17.45) is the improvement in the bound to the vari¬ 
ance of t. It may easily be confirmed that, writing J TV («) as a function of sample size, 

Jnin) = »/n(l), I 

Juin) = »/i,(l), 

7«(«) = »7..(l)+2i»(n-l)U u (l)}*J 

\ (17.46) 

and using (17.46), (17.45) becomes 


var* > ( T ')’ + { t "- t 7i*(1)//ii(1) }* +0 

* »/n(lj + 2»‘ {/,.(!) Y + 

(i). (17.47) 


which makes it clear that the improvement in the bound is of order 1 /«* compared 
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with the leading term of order 1 /n, and is only of importance when x' — 0 and the 
first term disappears. In the case where t is estimating 0 itself, (17.47) becomes 


varl > 


1 


Ui.(i) }■ 


+ _U/ , 

T 


, + 0 


G> 


»7u(l) 2»*Un(l)}‘ 
which we may rewrite, using (17.46) to return to our original notation, 


varf > 


± + Jk 

Jxx V\x 


+ 0 


& 


(17.48) 


Example 17.11 

To estimate 0(1 — 0) in the binomial distribution of Example 17.9, it is natural to 
take as our estimator an unbiassed function of r/n = p, which is the MVB estimator 
of 0. We have seen in Example 17.4 that r (r—l)/{»(« — 1) } is an unbiassed estimator 
of 0*. Hence 

is an unbiassed estimator of 0(1 —0), and its large-sample variance is given, to the first 
order of approximation (cf. (10.14)), by 

~ 0(l-0)(l-20)7«. 

Since x' — (1 —20), and J u — n/{0(l — 0) }, this is the first term of (17.41) and (17.45), 
so that t is asymptotically a MVB estimator if this leading term is non-zero. But 
when 0 — |, it is zero, so we must consider the second term in the series to obtain a 
non-zero bound to the variance. It is easily verified that 

T = _2n(l—20) 

Jlt 0*(l-0) a 

and that the second term in (17.47) is 

i{(l-20)>-0(l-«)}>. 

When 0 = |, this is equal to l/(8n*). By writing 

‘-(s=l) 

the exact variance of t when 0 = £ is obtainable from the moments of the binomial 
distribution as 

var* = l/{8n(n—1) }, 

agreeing with the second term in (17.45) to order 1/n*. 


17.23 Example 17.11 brings out one point of some importance. If we have a 
MVB estimator t for r(0), i.e. 

var/ = (r'(0) }*//„, (17.49) 
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and we require to estimate some other function of 0, say y> {r (0)}, we know from our 
earlier work that in large samples 

var (y>(f)} ~ var t 

~ (£)WA- 

from (17.49), provided that ip' is non-zero. But this may be rewritten 

var {ip(t) } - (!)>, 

so that any function of 6 has a MVB estimator in large samples if some function of 0 
has such an estimator for all n. Further, the estimator is always the corresponding 
function of t. We shall, in 17.35, be able to supplement this result by a more exact 
one concerning functions of the MVB estimator. 

17.24 There is no difficulty in extending the results of this chapter on MVB 
estimation to the case when the distribution has more than one parameter, and we are 
interested in estimating a single function of them all, say x(0 u B t ,..., 6 k ). In this 
case, the analogue of the simplest result, (17.22), is 

vart^S (17.50) 

<-l OOi OV] 

where the matrix which has to be inverted to obtain the terms in (17.50) is 




As before, (17.50) only takes account of terms of order 1/n, and a more complicated 
inequality is required if we are to take account of lower-order terms. 

17.25 Even better lower bounds for the sampling variance of estimators than those 
we have discussed can be obtained, and remarkably enough this can be done without 
imposing regularity conditions. The following treatment of the case of unbiassed estim¬ 
ators is based on that of Kiefer (1952). 

Writing L(x\6) for the Likelihood Function as at (17.16), let h be a random variable 
independent of x so defined that (6+5) ranges over all admissible values of 0, and let 
A, (h), A, (5) be two completely arbitrary distribution functions. Then if an estimator t 
is unbiassed for 0, we have 


I 


{t-(0+5)}L(*|0+5)<fc => 0, 


where we have written a single integral and “ dx " to denote the n-fold integration re¬ 
quired. We now integrate again, with respect to A<(5), to obtain, for t = 1, 2, 


IQ 


{t-(fl+5)}L(*|0+5)dx 


dX t (h) = 0. 


Thus we may write 

i?i (*)-£,(*) 


= J (t ~ 0) [ (*)>]«&. 

= f(t-0){L(*|0)H< 

J r ~{L(x1 0)}r -) 
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Using Schwarz’s inequality, we have at once 


{F x (A)-£,(/») )* « 


J (.-O' 


L (x 16) dx 


L(*| O+AM^-A,) 
~{L(*|0)>* ", 


which yields 

wt> .. {g x (A)- E,(A)}« _ 

J ^ J Z.(jcIO-I-A) < /(A 1 -A 1 ) J.*^/dbc 

This is true for every A x and A,. Thus 

{E!(A)-E t (A) }* 

var t > sup - V, . , (17.51) 

j I'u L ^ 6+h)d ^- > -* ) \ 

the supremum being taken for all X t ^ X t for which the integrand with respect to x is 
defined. Barankin (1949) has shown that inequalities of this type give the best possible 
bounds for var/. 

Now suppose that X 2 (A) degenerates to a point at h = 0. (17.51) becomes 

var/ > sup ■ -d7.52) 


varf > sup 


(17.51) 


| S^H.x\6+h)dk^JL{x\B) dx — 1 


If we further allow A x to degenerate to a point at A # 0, (17.52) becomes 

1 


vast > 


“MJ. (x 1 0+ A) y jL (x 1 6) J dx -1 j 


(17.52) 


(17.53) 


the infimum being for all h ^ 0 for which L(x\6) = 0 implies L(x\0+h ) = 0. (17.53), 
which was established by Chapman and Robbins (1951), is in general at least as good a 
bound as (17.24), though more generally valid. For the denominator of the right-hand 
side of (17.24) is 

and provided that we may interchange the integral and the limiting operation, this becomes 


The denominator on the right of (17.53) is the infimum of this quantity over all permissible 
values of h, and is consequently no greater than the limit as h tends to zero. Thus (17.53) 
is at least as good a bound as (17.24). It follows a fortiori that (17.52) and (17.51) are even 
better bounds in general, but they are subject to the difficulty of locating the appropriate 
forms of A| and X t in each particular case : (17.53) is applicable directly. We shall find 
that in cases where the range of a distribution is a function of a parameter, and (17.24) 
does not apply, it will be possible to establish the properties of “ best ” estimators more 
expeditiously by consideration of sufficient statistics , which we shall be discussing later 
in this chapter. 


17.26 So far, we have been largely concerned with the uniform attainment of the 
MVB by a single estimator. In many cases, however, it will not be so attained, even 
when the conditions under which it is derived are satisfied. When this is so, there may 
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still be a MV estimator for all values of n. The question of the uniqueness of a MV 
estimator now arises. We can easily show that if a MV estimator exists, it is always 
unique, irrespective of whether any bound is attained. 

Let and /, be MV unbiassed estimators of x(6), each with variance V. Consider 
the new estimator 

*3 - Uh+tt) 

which evidently also estimates r(0) with variance 

var Z, = $ {var t x +var /,+2 cov (t u /,) }. (17.54) 

Now by Schwarz's inequality 

cov(Z lt /,) - J ... | (t l -x)(t % -x)Ldx l ...dx n 

< || ...| (fj— xyLdxx ... dx n . J ... J (/,— xyLdXi .. . 

< (var 1, var/,)* 

< V. (17.55) 

Thus (17.54) and (17.55) give 

var/, < V, 


which contradicts the assumption that and /, have MV unless the equality holds. 
This implies that the equality sign holds in (17.55). This can only be so if 

(ti- T) = k(6)(t 9 -x), (17.56) 

i.e. the variables are proportional. But if this is so, we have from (17.56) 

cov (/„/,) = k (0) var/, = k(6)V 

and this equals V since the equality sign holds in (17.55). Thus 

m = i 

and hence, from (17.56), 


h = /, 


identically. Thus a MV estimator is unique. 


17.27 The argument of the preceding section can be generalized to give an inter¬ 
esting inequality for the correlation p between any two estimators, which, it will be 
remembered from 16 . 23 , is defined as the ratio of their covariance to the square root 
of the product of their variances. By the argument leading to (17.55), we see that 
/»* < 1 always. 

Suppose that / is the MV unbiassed estimator of x(6), with variance V, and that 
Z, and /, are any two other unbiassed estimators of r(0). Consider a new estimator 

/, = fl/j + (1 ~<i)/*• 

This will also estimate t(0), with variance 

var/, = a*var/ 1 +(l-a)*var/,4-2<i(l-a)cov(/ 1 ,/,). (17.57) 

If we now write 

var/i = k x V, var/, =» k t V, k lt k t > 1, 
we obtain, from (17.57), 

var t a /V = a 2 £ 1 + (l-fl) a £,+2<i(l-<i)cov(Z 1 ,/,)/F, 


(17.58) 
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and writing 

. = coV (<!,<, ) = oovOf^fO 

(var t x var 1,)* k s y V 

we obtain from (17.58) 

varf,/F = (*!*,)*, 

and since var f 8 > V, this becomes 

a» *!+(!-«)**,+2a (I-*), (Mi)* > 1. (17.59) 

(17.59) may be rearranged as a quadratic inequality in a, 

a*{k l +k t -2 P (k l k t )i}+2a {,(M.)*-A. }+(*,-1) > 0, 
and the discriminant of the left-hand side cannot be positive, since the roots of the 
equation are complex or equal. Thus 

MM.) 1 -*. }* < {* 1 +*.-2 P (* 1 A,)l }(A,-1) 

which yields 

{/>(*.*.< (A.-IXA.-l). 

Hence 


i , r(*.-i)(*.-i)V 

(MO* \ M. J 

or, finally, writing E t = l/k t , E s — 


> P> 

l/k t . 


1 f (*i—IK*.—1) V 

(*■*.)' X A,A. J 


(£ 1 E0I-{(1-£,)(1-E,)}t < , < (£,£,)'+{(1-£,>(1-£.)}'. (17.60) 

If either E l or E t = 1, i.e. either t x or t t is the MV estimator of r(0), (17.60) collapses 
into the equality 


P = E*, (17.61) 

where E is the reciprocal of the relative variance of the other estimator, generally called 
its efficiency in large samples, for a reason to be discussed in the next section. 


Efficiency 

17.28 So far, our discussion of MV estimation has been exact, in the sense that 
it has not restricted sample size in any way. We now turn to consideration of large- 
sample properties. Even if there is no MV estimator for each value of », there will 
often be one as n tends to infinity. Since most of the estimators we deal with are 
asymptotically normally distributed in virtue of the Central Limit theorem, the distribu¬ 
tion of such an estimator will depend for large samples on only two parameters—its 
mean value and its variance. If it is a consistent estimator (with a finite mean value) 
it will be asymptotically unbiassed. This leaves the variance as the means of dis¬ 
criminating between consistent, asymptotically normal estimators of the same para¬ 
metric function. 

Among such estimators, that with MV in large samples is called an efficient esti¬ 
mator, or simply efficient , the term being due to Fisher (1921a). It follows from the 
result of 17.26 that efficient estimators tend asymptotically to equivalence. 


17.29 Since we generally compare asymptotically normal estimators in large 
samples, we can reasonably set up a measure of efficiency, something we have not 
attempted to do for small n and arbitrarily-distributed estimators. We shall define 
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the efficiency of any other estimator, relative to the efficient estimator, as the reciprocal 
of the ratio of sample numbers required to give the estimators equal sampling variances, 
i.e. to make them equally accurate. 

If the efficient estimator is t x , and t t is another estimator, and (as is generally the 
case) the variances are, in large samples, simple inverse functions of sample size, we 
may translate our definition of efficiency into a simple form. Let us suppose that 


V x = var^InO ~ a x /n\ (r > OU 
V t = var (/,|«,) ~ « a /*j \ (* > 0),/ 


(17.62) 


where a x ,a t are constants independent of n, and we have shown sample size as an 
argument in the variances. If we are to have V x = V it we must have 

V x a x n\ 


Thus 


1 = ^ = lim - 1 -: 

* t »,-►« a i n i 


f 


?!- lim*- lim (V)'. > 

a x rf x \nj tff* 


(17.63) 


If t x is efficient, we must have r > s. If r > s, the last factor on the right of (17.63) 
will tend to zero, and hence, if the product is to remain equal to a t /a x , we must have 


— ^ oo, r > s, (17.64) 

n i 

and we would thus say that f, has zero efficiency. If, in (17.63), r = s, we have at once 



which from (17.62) may be written 



and the efficiency of is the reciprocal of this, namely 

E = lim^y /f . (17.65) 

Note that if r > s, (17.65) gives the same result as (17.64). If r = 1, which is the most 
common case, (17.65) reduces to the inverse variance-ratio encountered at the end of 
17 . 27 . Thus, when we are comparing estimators with variances of order 1 /«, we 
measure efficiency relative to the efficient estimator by the inverse of the variance-ratio. 

If the variance of the efficient estimator is not of the simple form (17.62), the 
measurement of relative efficiency is not so simple. Cf. Exercises 18.22, 18.32 and 
18.33 in the next chapter. 


Example 17.12 

We saw in Example 17.6 that the sample mean is a MVB estimator of the mean /< 
of a normal population, with variance a 1 In. A fortiori , it is the efficient estimator. 
We saw in Example 11.12 that it is exactly normally distributed. In 17 . 11 - 12 , we 
saw that the sample median is asymptotically normal with mean p and variance 7io 2 /(2n). 
Thus, from (17.65) with r = 1, the efficiency of the sample median is 2 In = 0-637. 
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Example 17.13 

Other things being equal, the estimator with the greater efficiency is undoubtedly 
the one to use. But sometimes other things are not equal. It may, and does, happen 
that an efficient estimator t t is more troublesome to calculate than an alternative t t . 
The extra labour involved in calculation may be greater than the saving in dealing 
with a smaller sample number, particularly if there are plenty of further observations 
to hand. 

Consider the estimation of the standard deviation of a normal population with 
variance a* and unknown mean. Two possible estimators are the standard deviation 
of the sample and the mean deviation of the sample multiplied by (jt/2)* (cf. 5.26). 
The latter is easier to calculate, as a rule, and if we have plenty of observations (as, for 
example, if we are finding the standard deviation of a set of barometric records and 
the addition of further members to the sample is merely a matter of turning up more 
records) it may be worth while estimating from the mean deviation rather than from 
the standard deviation. Both estimators are asymptotically normally distributed. 

In large samples the variance of the mean deviation is (cf. (10.39)) ^1— 

The variance of the estimator of a from the mean deviation is then approximately 

Now the variance of the standard deviation (cf. 10.8(d)) is 


a 1 
2n 


and we shall see 


later that it is an efficient estimator. Thus the efficiency of the first estimator is 

£ “l/{l ( ”- 2) } = 1/( ”- 2) " 0 - 876 - 


The accuracy of the estimate from the mean deviation of a sample of 1000 is then 
about the same as that from the standard deviation of a sample of 876. If it is easier 
to calculate the m.d. of 1000 observations than the s.d. of 876 and there is no shortage 
of observations, it may be more convenient to use the former. 

It has to be remembered, nevertheless, that in adopting such a procedure we are 
deliberately wasting information. By taking greater pains we could improve the 
efficiency of our estimate from 0-876 to unity, or by about 14 per cent of the former 
value. 


Minimum mean-square-error estimation 

17.30 Our discussions of unbiassedness and the minimization of sampling vari¬ 
ance have been conducted more or less independently. Sometimes, however, it is 
relevant to investigate both questions simultaneously. It is reasonable to argue that 
the presence of bias should not necessarily outweigh small sampling variance in an 
estimator. What we are really demanding of an estimator t is that it should be “ close ” 
to the true value 6. Let us, therefore, consider its mean-square-error about that true 
value, instead of its mean-square-error about its own expected value. We have at once 

E(t-ey = E{(t-E(t))+(E(t)-d)}* 

= var *+{£(*)- 0} 2 , 
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the cross-product term on the right being equal to zero. The last term on the right 
is simply the square of the bias of t in estimating 0. If t is unbiassed, this last term 
is zero, and mean-square-error becomes variance. In general, however, the minimiza¬ 
tion of mean-square-error gives different results. 

Example 17.14 

What multiple of the sample mean x estimates the population mean p with mini¬ 
mum mean-square-error ? We have, from previous results, 

E(ax)an, 
var(ai) = a'o'/n, 

where a 1 is the population variance and n is sample size, and thus we have 

E{ax—nY — a i a t /n+fi*(a— l) a . 

For variation in a, this is minimized when 

2aa t /n+2fi t (a—l) * 0, 

i.e. when 

_ /** 

a fi*+o*/n 

As n —► oo, a —* 1, and we choose the unbiassed estimator, but for any finite n, a < 1. 

If there is some known functional relation between p and a 8 , we can take the matter 
further. For example, if o 8 = p*, we obtain simply a = n/(n+l). 

Evidently considerations of this kind will only be of use in determining estimators 
when something is known of the relation between the parameters of the distribution 
from which we are sampling. Minimum mean-square-error estimators are not much 
used, but it is as well to recognize that the objection to them is a practical, rather than 
a theoretical one. In a sense, MV unbiassed estimators are tractable because they 
assume away the difficulty by insisting on unbiassedness. 

Sufficient statistics 

17.31 The criteria of estimation which we have so far discussed, namely con¬ 
sistency, unbiassedness, minimum variance and efficiency, are reasonable guides in 
assessing the properties of an estimator. There is, however, a class of situations in 
which these criteria are superseded by another, the criterion of sufficiency, which is 
due to Fisher (1921a, 1925). 

Consider first the estimation of a single parameter 0. There is an unlimited number 
of possible estimators of 0, from among which we must choose. With a sample of n S* 2 
observations as before, consider the joint distribution of a set of r functionally inde¬ 
pendent estimators, 

fr (ft lit l%t • • • * It—1 1 ®)) “ 2, 3, ...» It, 

where we have selected the estimator t for special consideration. Using the multi¬ 
plication theorem of probability (7.9), we may write this as the product of the marginal 
distribution of t and the conditional distribution of the other estimators given t, i.e. 

..<,-l|0) =g(t\0)h r - l {t 1 ,...,t r - l \t,6). (17.66) 

Now if the last factor on the right of (17.66) is independent of 0, we clearly have a 
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situation in which, given t, the set t lf ..., * r -i contribute nothing further to our know¬ 
ledge of 0. If, further, this is true for every r and any set of (r— 1) estimators t it we 
may fairly say that t contains all the information in the sample about 0, and we there¬ 
fore call it a sufficient statistic for 0. We thus formally define t as sufficient for 0 if 
and only if 

fr (f» fi* • • • » tr-l |®) ~ &(? | ®)^r—I (^1* • • • i ^r— 111)> (17.67) 

where K-i is independent of 0, for r = 2, 3,__ n and any choice of t x .t r _i. ( * > 

t 

17.32 As it stands, the definition of (17.67) does not enable us to see whether, in 
any given situation, a sufficient statistic exists. However, we may reduce it to a con¬ 
dition on the Likelihood Function. For if the latter may be written 

L . . 10) - g (t 10) k (*i,..., .v B ), (17.68) 

where £(f |0) is the marginal distribution of t as before and k is independent of 0, it 
is easy to see that (17.67) is deducible from (17.68). For a rrj '.xed r, and any set of 
f lf ..., tf-i insert the differential elements dx t ... dx n on both sides of (17.68) and 
make the transformation 

{ t = t(x i,..., *»)) 

t{ = t{ (*1, . • • , *n), i — 1*2, ... t T — 1, 
t t = *<, * = r,1. 

The Jacobian of the transformation will not involve 0, and (17.68) will be transformed to 

g(t\6)dtl(t,t 1 . tf— i, t r ,... ,t n - x ) "n dt u (17.69) 

and if we now integrate out the redundant variables t r ,, t n -u we obtain, for the 
joint distribution of t, t lt ..., t r -u precisely the form (17.67). 

It should be noted that in performing the integration with respect to ..., t n _ u 

i.e. x„ __ we have assumed that no factor in 0 was thereby introduced. This 

is clearly so when the range of the distribution of the underlying variable is independent 
of 0***; we shall see later (17.40-1) that these integrations remain independent of 0 when 
one terminal of the range depends on 0, and also when both terminals depend on 0, 
provided that a condition is satisfied. 

The converse result is also easily .'blished. In (17.67) with r = n, put t t = x t 
(i = 1,2,..., n— 1). We then have 

fr (t, X Xt Xf, . •., r«-i 10) — g{t 10) hn-l (*i» • • • »*n-l I <)• (17.70) 

On inserting the differential elements dtdx { ... dx n ..\ on either side of (17.70), the 
transformation 

f*n = #nO «l* • • • > *«-l)* 

\»i ~ x it i = 1,2,..., n— 1 

applied to (17.70) yields (17.68) at once. Thus (17.67) is necessary and sufficient 

<a > This definition is usually given only for r = 2, but the definition for all r seems to us more 
natural. It adds no further restriction to the concept of sufficiency. 

(t| In this case it is not necessary that g(t | 0) be the distribution of t —it may be any function 
of t and 0 alone, 
c 
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for (17.68). This proof deals only with the case when the variates are continuous. 
In the discrete case the argument simplifies, as the reader will find on retracing the 
steps of the proof. A very general proof of the equivalence of (17.67) and (17.68) is 
given by Halmos and Savage (1949). 

We have discussed only the case n > 2. For n = 1 we take (17.68) as the definition 
of sufficiency. 

Sufficiency and minimum variance 

17.33 The necessary and sufficient condition for sufficiency at (17.68) has one 
immediate consequence of interest. On taking logarithms of both sides and differenti¬ 
ating, we have 

ai^t _ aiog g m (17.71) 

UV OU 

On comparing (17.71) with (17.27), the condition that a MVB estimator of t( 0) exist, 
we see that such an estimator can only exist if there is a sufficient statistic. In fact, 
(17.27) is simply the special case of (17.71) when 

- m {!—t(0) }. (17.72) 

Thus sufficiency, which perhaps at first sight seems a more restrictive criterion than 
the attainment of the MVB, is in reality a less restrictive one. For whenever (17.27) 
holds, (17.71) holds also, while even if (17.27) does not hold we may still have a sufficient 
statistic. 

Example 17.15 

The argument of 17.33 implies that in all the cases (Examples 17.6, 17.8, 17.9, 
17.10) where we have found MVB estimators to exist, they are also sufficient statistics. 

Example 17.16 

Consider the estimation of 6 in 

dF(x) = dx/0, 0 < x < 0. 

The Likelihood Function is 

L(x|0) - 6 ", (17.73) 

and does not explicitly contain the observations. A sufficient statistic for 0 can be 
found. For we have seen (cf. (14.1) with r = n) that the distribution of the largest 
observation, * (n) , in a sample of n independent observations is 

dG n (*(„>) = » {F(* (rt) ) }"- 1 /(*(„ ) )dr (fl) , 
which in this case becomes 

dG n (*(»>) = njfo 1 <&(«)/G" “ £(*(n) 10) <&(*). 

Thus we may write (17.73) as 

nx ln) 

satisfying (17.68), and x (n) is sufficient for 0. It is not an unbiassed estimator of 0. 
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This example makes it clear that where the range of f(x\ 0) depends on 0 we must 
be careful to verify that g(t | 0) is a frequency function. For we may in this case write 

L(x\6) 1 

for any function p(x lt ..., *„). 


P (*i» • • • * 

But only g (*<„) 10) gives us the sufficient statistic. 


17.34 The sufficient statistic, as defined by (17.68), is unique, except that if t is 
sufficient, any one-to-one function of t will also be sufficient. For if we take t — t (u), 
we may write (17.68) as 

£(*!«)-?(*l»).|<'(«)l-j£||. 

and this may be rewritten 

*(*!«>-*(«I*)*»(*>. 

where g x (u 10) is the frequency function of u, and k x is independent of 0. Thus u is 
also sufficient for 0. Such ambiguities offer no difficulty in practice, for we simply 
choose a function of t which is a consistent estimator, and usually also an unbiassed 
estimator, of 0. Functions of t which are not one-to-one may also be sufficient in 
particular cases. Cf. Exercise 23.31. 

Apart from this, the sufficient statistic is unique. For if there were two distinct 
sufficient statistics, t x and t t , we should have, from (17.67) with r = 2, 

t t \6) = g l (t 1 \d)h l (t a \t l ) -f i (l i |®)* t (*il*A (17-74) 

so that we may write, from (17.74), the functional relationship 

<i-*(«■,*). (17.75) 

But t x and t % are functions of the observations only, and not of 0. Hence, from (17.75), 
is functionally related to t a . 

17.35 We have seen in 17.33 that a sufficient statistic provides the MVB estimator, 
where there is one. We now prove a more general result, due to C. R. Rao (1945) and 
Blackwell (1947), that irrespective of the attainability of any variance bound, the MV 
unbiassed estimator of t(0) is always a function of the sufficient statistic, if one exists. 

Let t be sufficient for 0 and t x another statistic with 

E(t x ) = t(0). (17.76) 

Because of (17.68), we may write (17.76) as 

t(0) = J ... J tig(t\d)k(x lt ... ,x n )dx i ...dx n . (17.77) 

We transform the right-hand side of (17.77) to a new set of variables t,x t ,x it 
and integrate out the last («— 1) of these, obtaining 

r(e)^ jp(t)g(t\6)dt. (17.78) 

07.78) shows that there is a function p (t) of the sufficient statistic which is unbiassed 
for t( 0). Furthermore, from the derivation of (17.78) it is seen that p(t) = E{t x \ t). 
Now 


var(, = E {!,-t(9))’ = £{[<,-?(/)] + [?(*)-t(»)) }* 

- £{<.-#(<) }*+£{P(<)-t(0))’. 
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since E {*i— p(t )} {p (t)—x(0)} — 0 on taking the conditional expectation given t. 
Thus 

var t x - E {<1 -/•(«) } a +var {p(t) } > var p(t), 
which establishes the result. 

We have already seen (17.26) that the MV estimator of x (0) is unique. It follows 
that when there is a sufficient statistic t for 0, and an unbiassed estimator of t( 0) exists, 
there is a unique function p (t) which is a MV unbiassed estimator of r (0). 


Distributions possessing sufficient statistics 

17.36 We now seek to define the class of distributions in which a sufficient statistic 
exists for a parameter. We first consider the case where the range of the variate does 
not depend on the parameter 0. From (17.71) we have, if Ms sufficient for 0 in a 
sample of n independent observations, 




(17.79) 


where K is some function of t and 0. Regarding this as an equation in t, we see that 
it remains true for any particular value of 0, say zero. It is then evident that t must 
be expressible in the form 

* = *(*,)}, (17.80) 


where M and k are arbitrary functions. If to = 2 k (*,), then K i. a function of 
and to only, say JV(0, to). We have then, from (17.79), 

3*logL dN 3to /non 

~Wdxi ~ dwdi; ' ’ 


Now the left-hand side of (17.81) is a function of 0 and x s only and — is a function 

OXj 

dN 

of Xj only. Hence - — is a function of 0 and x, only. But it must be symmetrical 
dw 

in the x’s and hence is a function of 0 only. Hence, integrating it with respect to to, 

iV(0,to) = t vp(d)+q(6), 

where p and q are arbitrary functions of 0. Thus (17.79) becomes 


whence 


® logL = ~ 2 log/ (X, 10) = f (0)2A(*,)+,(0), 


- log/(* 10) - p (0) k (x) + q (l 9)/n , 


(17.82) 


giving 

/(jc 1 0) = exp {A (0) B(x)+C (jc) +D (0)}. (17.83) 

This result, which is due to Pitman (1936) and Koopman (1936), is precisely the form 
of the exponential family of distributions, obtained at (17.30) as a condition for the 
existence of a MVB estimator for some function of 0. 
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If (17.83) holds, it is easily verified that if the range of /(* 10) is independent of 0, 
the Likelihood Function yields a sufficient statistic for 0. Thus, under this condition, 
(17.83) is sufficient as well as necessary for the distribution to possess a sufficient 
statistic. 

Thus, e.g., all the parent distributions of Example 17.15 are of the form (17.83). 

17.37 We conclude, therefore, that there is a one-to-one correspondence between 
the existence of a sufficient statistic for 0 and the existence of a MVB estimator of some 
function of r(0) when the regularity conditions for the latter are satisfied. If (17.83) 
holds, a sufficient statistic exists for 0, and there will be just one function, t, of that 
statistic (itself sufficient) which will satisfy (17.27) and so estimate some function t( 0) 
with variance equal to the MVB. In large samples, moreover (cf. 17.23), any function 
of the sufficient statistic will estimate its expected value with MVB accuracy. Finally, 
for any n (cf. 17.35), any function of the sufficient statistic will have the minimum 
attainable variance in estimating its expected value. 

Sufficient statistics for several parameters 

17.38 All the ideas of the previous sections generalize immediately to the case 
where the distribution is dependent upon several parameters 0 lt ..., 0*. It also makes 
no difference to the essentials if we have a multivariate distribution, rather than a uni¬ 
variate one. Thus if we define each x ( as a vector variate with P(> \) components, 
t and t< as vectors of estimators, and 8 as a vector of parameters with k components, 
17.31 and 17.32 remain substantially unchanged. If we can write 

L(x|0)-*(t|0)A(x) (17.84) 

we call the components of t a set of (jointly) sufficient statistics for 8. The property 
(17.67) follows as before. 

If t has s components, we may have s greater than, equal to, or less than k. If 
i = 1, we may call t a single sufficient statistic. In fact, if we put t = x, we see that 
the observations themselves always constitute a set of sufficient statistics for 8. In 
order to reduce the problem of analysing the data as far as possible, we naturally desire 
s to be as small as possible. In Chapter 23 we shall define the concept of a minimal 
set of sufficient statistics for 8, which is a function of all other sets of sufficient statistics. 

It evidently does not follow from the joint sufficiency of t for 8 that any particular 
component of t, say Z (I) , is individually sufficient for d v This will only be so if*(t|8) 
factorizes with gi(Z (U |®i) as one factor. But the converse is true always: individual 
sufficiency of all the implies joint sufficiency. 

Example 17.17 

Consider the estimation of the parameters /x and a 2 in 

dF W - „(L)‘' xp {~K^r) ! }‘ ,x ' - 00 «*« 

We have 

(17.85) 
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and we have seen (Example 11.7) that the joint distribution of x and s a in normal 
samples is 

so that, remembering that Z(x—/u) a = n{s a +(x—/u) a }, we have 

L(x\fi,o a ) =g(x,s a \fi, o a )k(x) 

and therefore x and s* are jointly sufficient for n and o a . Wc have already seen (Examples 
17.6,17.15) that x is sufficient for jn when o a is known and (Examples 17.10,17.15) that 

-2 (x—fi) a is sufficient for o a when fi is known. It is easily seen directly from (17.85) 

ft 

that 5* is not sufficient for a* alone. 


17.39 The principal results for sufficient statistics generalize to the ^-parameter 
case in a natural way. The condition (generalizing (17.83)) for a distribution to possess 
a set of k jointly sufficient statistics for its k parameters becomes, under similar condi¬ 
tions of continuity and the existence of derivatives, 


/(*) = exp { 2^, (6) Bj (x) + C(x) + D (6) j, (17.86) 


a result due to Koopman (1936) and Pitman (1936). The result of 17.35 on the unique 
MV properties of functions of a sufficient statistic finds its generalization in a theorem 
due to C. R. Rao (1947): for the simultaneous estimation of r (< k) functions r< of the 
k parameters 8„ the unbiassed functions of a minimal set of k sufficient statistics, say 
have the minimum attainable variances, and (if the range is independent of the 0,) 
the (not necessarily attainable) lower bounds to their variances are given by 


var/,> 2 2 * = 1,2,. 

j=.i i-i oUj dUi 

where the information matrix 




(17.87) 

(17.88) 


is to be inverted. (17.87), in fact, is a further generalization of (17.22) and (17.50), 
and is derived by the analogue of the argument leading to (17.22), its simplest case. 
Like (17.22), (17.87) takes account only of terms of order 1 /n in the variance. 


Sufficiency when the range depends on the parameter 

17.40 We now consider the situation in which the range of the variate does depend 
on 6. First, we take the case where only one terminal of the range depends on 6. 
Without loss of generality, we may take this to be the lower terminal, and we may 
take its value to be equal to 0. 

Suppose that the range of the frequency function is from 0 to b, where b is fixed. 
If there is a sufficient statistic for 6, say t, the distribution for fixed t of any other statistic 
is independent of Q. Take x Wi the smallest observation in the sample, as this other 
statistic. Then if t is fixed, the distribution of * (1 ) is independent of 0 , which is clearly 
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impossible unless in fixing t we also fix that is to say, * (1) is a function of t. Thus 
if a sufficient statistic exists x m must be a function of it. 

Similarly if the range is from a to 0, the largest sample observation must be a func¬ 
tion of a sufficient statistic for 0. 

If t is sufficient for 0, the conditional distribution of x for fixed x w (t) is independent 
of 0, that is to say, 

f(x\0)/r f(x\e)dx 
/ J*C1> 

is independent of 0. This holds good for any x ( ,Xj and hence f(xt\0)/f(x i \6) is 

independent of 0. Thus for n ^ 2 we must have 

/(*!«) - *«/*(«). (17.89) 

and this is the most general form admitting a sufficient statistic. Evidently the same 
result holds for estimation of the upper terminal of the range, where the largest obser¬ 
vation, *( n) , is appropriate. Comparison of (17.89) with (17.83) shows that we have 
here the same form as (17.83) with the term containing both x and 0 omitted. 

17.41 Suppose now that both extremities of the range, a and 6, depend on 0. 

We omit the trivial case n = 1. By the same argument as in 17 . 40 , we see that *<i) 
and x (H) are a pair of jointly sufficient statistics for 0 if and only if ( 17 . 89 ) holds. We 
now have to consider whether a single sufficient statistic exists for 0. If it does, it will 
be a function of x w and x (n) . 

Without loss of generality, we may take a to be 0 itself, so that the range is from 
0 to 6(0)(> 0). Suppose first that b(6) is a monotone decreasing function of 0, and 
let b(X) — x { „) define the value X. Our statistic is 

t = min (*(i), X). (17.90) 

(17.90) implies that of the inequalities 

t < *o), b(t) 2* *( B) , (17.91) 

one at least is a strict equality. If the first is, we have 

1 2* 0, (17.92) 

while if the second inequality in (17.91) is a strict equality, 

b (t) < b (0). (17.93) 

But (17.92) and (17.93) imply each other: hence both hold, and with (17.91) give 

0 < t < * (1) < *<•) < b(t) < 6(0), (17.94) 

so that if t is fixed the distribution of the sample lies in a fixed range. If/(x|0) is of 
the form (17.89) (0 < x ^ 6(0)), the distribution of the sample within the fixed range 
(f,6(t)) will be independent of 0. Hence t is a sufficient statistic in this case. 

The preceding results are due to Pitman (1936). Davis (1951) has shown that 
if 0 lies in a non-degenerate interval and if 6 (0) is not a monotone decreasing function 
of 0, no single sufficient statistic for 0 exists. The condition on 0 is important— 
cf. Example 17.23. 

Example 17.18 

For the rectangular distribution 

dF(x) = dx/(26), -0 < x < 0, 
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we confirm that the upper terminal 0 of the range is a monotone decreasing function of 
the lower terminal (—0). Thus from (17.90), the sufficient statistic for (—0) is 

t = min (X(D, -*(„>) 

i.e. for 0 itself we take 

*'=-< = max(|* (1) |, |* (B) |) 
which is otherwise obvious intuitively. 

Example 17.19 
The distribution 

dF{x) = exp(—(*—a)} dx, a < x < oo, 
is of the form (17.89), since it may be written 

/(*) = exp(—*)/exp(—a). 

Here the smallest observation, x (1) , is sufficient for the lower terminal a. 

Example 17.20 
The distribution 

dF(x) cc exp (—xd)dx, 0 < x < 0, 

evidently cannot be put in the form (17.89). Thus there is no single sufficient statistic 
for 0 when n > 2. 

Example 17.21 

In the two-parameter distribution 

dF(x) = dx/(P~ a), a < x < 

it is clear that, given /?, x ( i) is sufficient for a ; and given a, x (B) is sufficient for /?. x (] , 
and X( B) are thus a set of jointly sufficient statistics for a and /3. This is confirmed by 
observing that the joint distribution of x (1) and x M is, by (14.2) with r = 1, f = », 

£(*(0»*(»)) = «(n -1) (*(„) - *(i))" - V(^ - «)". 
so that we may write 

L(x\x,p) = 0?-a)-» = g(x { ,),* (n) )A(x). 


Example 17.22 

The rectangular distribution 

dF(x) = dx/0, kd < x < (^ + 1)0 ; k > 0 

does not come within the scope of the discussion of 17 . 41 , since although the distribu¬ 
tion is of form (17.89), (A + 1)0 is not a monotone decreasing function of kO. Never¬ 
theless, as in Example 17.21, x ( i) and x (n) form a pair of jointly sufficient statistics for 
the single parameter 0. But no single sufficient statistic exists (see 17 . 41 ). It is easily 
confirmed that neither x (1) nor x (n) alone is sufficient for 0, for the conditional distribu¬ 
tion of either of these statistics, given the other, depends on 0. 

Example 17.23 

The rectangular distribution 

dF = dx, 0 < x < 0 +1 ; 0 = 0,1,2,..., 
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in which 0 is confined to integer values, does not satisfy the condition that the upper 
terminal be a monotone decreasing function of the lower. But, evidently, any single 
observation, x h in a sample of » is a single sufficient statistic for 6. In fact, [*,] esti¬ 
mates 6 with zero variance. 

17.42 We have how concluded our discussion of the basic ideas of the theory of 
estimation. In later chapters (23-4) we shall be developing the theory of sufficient 
statistics further. Meanwhile, we continue our study of estimation from another point 
of view, by studying the properties of the estimators given by the Method of Maximum 
Likelihood. 


EXERCISES 


17.1 Show that in samples from 

1 


dF = 


xP- 1 e- x l*dx, p > 0 ; 0 < x < oo, 


TifiW 

the MVB estimator of 0 for fixed p is x/p, with variance 0*/(np), while if 0 = 1 that of 

n 

s 


3 1 • 1 v . -.k • p*i og r(p)'i / 

z-logr(p) 18 - 2 . log*i with variance, , > / n. 

op n ^ dp* J / 


17.2 Verify the relations (17.46) and use them to derive (17.47) from (17.45). 

17.3 Evaluate J it m 2?^ ^ for the binomial distribution in Example 17.11, 

and use it to evaluate (17.45) exactly. Compare the result with the exact variance of I 
when 0 = J, as given in the Example. 


17.4 Writing (17.27) as 


(t-r) = 


r'(0) V 

Ju L' 


and the characteristic function of t about its mean as 4 (*) (z — i u), show that for a MVB 
estimator 




a. \ 

and that its cumulants are given by 

dr dx r / 

* r+l ~ 30' SO j Jlu 


r - 2, 3, 


Hence show that the covariance between t and an unbiassed estimator of its rth cumulant 
is equal to its (r+l)th cumulant. 

(Bhattacharyya, 1946) 

17.5 Establish the inequality (17.50) for an estimated function of several parameters, 
and show that the final result of Exercise 17.4 holds in this case also when the bound is 
attained. 


(Bhattacharyya, 1947) 
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17.6 Show that in estimating a in the distribution 

1 


dF = 


<r( 2«)» 


exp 




- 00 < * < 00 , 




and 


'■ “ {i?i <» - *>*}* r {|<» - 1 »}/ r (i“) 

are both unbiassed. Show that (17.53) generally gives a greater bound than (17.24), 
which gives a*/(2n), but, by considering the case n = 2, that even this greater bound is 
not attained for small n by 

(Chapman and Robbins, 1951) 


17.7 In estimating n % in 


dF 


VO) 


exp {-i(x-M)*}dx, 


1 dL 1 d*L 

show that (**—1/n—/**) is a linear function of —and — and hence, from 
(17.42), that **—1/w is an unbiassed estimator of /** with minimum attainable variance. 


17.8 Show by direct consideration of the Likelihood Functions that, in the cases 
considered in Examples 17.8 and 17.9, sufficient statistics exist. 


17.9 For the three-parameter distribution 

show from (17.86) that there are sufficient statistics for p and a individually when the 
other two parameters are known ; and hence that there are sufficient statistics for p and a 
jointly if a is known ; and that if a is known and p = 1, there is a sufficient statistic for a. 

17.10 Establish the bound (17.87) for the variance of one estimator in a set of 
estimators of several parametric functions. 

17.11 Show that if t x is an efficient estimator, and t t another consistent estimator, 
of 0, the covariance of t x and (** — *i) is asymptotically zero. Hence show that if the 
estimators are jointly normally distributed we may regard the variation of (*i —0) as 
composed of two independent parts, one being the variation of (*i — 6) and the other a 
component due to inefficiency of estimation. 

(Fisher, 1925) 


17.12 Show that the distribution 

^ _ 1 °tdx_ 

* )■>’ 


— 00 < X < 00 , 


does not possess a single sufficient statistic for either parameter if the other is known, 
or a pair of jointly sufficient statistics if both are unknown. 

(Koopman, 1936) 


17.13 Show that if a distribution has a single sufficient statistic for either of two 
parameters when the other is known, it possesses a pair of jointly sufficient statistics 
when both parameters are unknown. 


(Koopman, 1936) 
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17.14 For a sample of n observations from a distribution with frequency function 
(17.86), and the range of the variates independent of the parameters, show that the statistics 


2 
»—l 


j 1, 2, • • •, A, 


arc a set of A jointly sufficient statistics for the k parameters 8 lt ..., 0*, and that their 
joint frequency function is 


,t*|e) = exp {nD (6) } h ( t lt t .<*) exp A) (6) 


& (f I> • • • > 1 

which is itself of the form (17.86). 

17.15 Use the result of Exercise 17.14 to derive the distribution of x in Example 17.6. 


17.16 Show that--S (x—x)* is the multiple of the sample variance with minimum 

n+l 

mean-square-error in estimating the variance of a normal population. 

17.17 Use the method of 17,10 to correct the bias of the sample variance in estimating 
the population variance. (Cf. the result of Example 17.3.) 

(Quenouille, 1956) 

17.18 Show that if the method of 17.10 is used to correct for bias, the variance of 
t' m is the same as that of t n to order 1/n. 

(Quenouille, 1956) 


17.19 Use the method of 17,10 to correct the bias in using the square of the sample 
mean to estimate the square of the population mean. 


17.20 For a (positive definite) matrix of variances and covariances, the product of 
any diagonal element with the corresponding diagonal element of the reciprocal matrix 
cannot be less than unity. Hence show that if, in (17.87), we have r = k and r< = 6< 
(all i), the resulting bound for an estimator of 6* is not less than the bound given by (17.24). 
Give a reason for this result. 

(C. R. Rao, 1952) 


17.21 

^i* • • 

ance is 


and that 


If t u tjc are independent unbiassed estimators of 6 with variances 

show that the unbiassed linear combination of them with minimum vari- 


t 



var t = 1 /E —. 

i <?i % 


17.22 The MVB (17.22) holds good for a distribution /(x|0) whose range (a, b) 
depends on 6, provided that (17.18) remains true. Show that this is so if 


and that if in addition 


me) = /(*|0) -o, 


p/(*|0)l 

p/(*|0)1 

1 

a 

N 

-j 

00 


(17.19) also remains true and we may write the MVB in the form (17.23). 
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17.23 Apply the result of Exercise 17.22 to show that the MVB holds for the estima¬ 
tion of 0 in 

dF(x) — =~r (x-0) p-1 exp {-(*-0) }dx, 0 «£ * < oo ; p > 2 
V\p) 

and is equal to (p—2)/n, but is not attainable since there is no single sufficient statistic 
for 0. 

17.24 For the binomial distribution whose terms are arrayed by (tn+x)", show that 
any polynomial in w and x can be expressed as the mean value of a corresponding ex¬ 
pression in terms of type i“ , [r]/«[r] where p\ T \ is the factorial moment. Hence show how 
to derive an unbiassed estimator of a polynomial in w and x and an approximation to any 
function of them with a Taylor expansion. 

Verify that an unbiassed estimator of nwx is given by j(n—J)/(n— 1) where j is the 
observed number of successes. 

17.25 If the pair of statistics (t u t t ) is jointly sufficient for two parameters (0i, 0»),and /, 
is sufficient for 6 1 when 0, is known, show that the conditional distribution of f t , given t u 
is independent of 0,. As an illustration, consider k independent binomial distributions 
with sample sizes n<(t = 1, 2 ,..., k) and parameters 0< connected by the relation 

log (r~e;) = * +(ixt > 

and show that if yt is the number of “ successes ” in the tth sample, the conditional 
distribution of Zxiyi, given Zyi, is independent of a. 

4 4 (D. R. Cox, 1958a) 

17.26 Show that there is no exactly unbiassed estimator of the reciprocal of the 
parameter of a Poisson distribution. 

17.27 If the zero frequency of a Poisson distribution cannot be observed, it is called 
a truncated Poisson distribution. Show that from a single observation x (x = 1,2,...), 
on a truncated Poisson e~ e 0*/xl 9 the only unbiassed estimator of 1 —e~ 6 takes the values 
0 when x is odd, 2 when x is even. 



CHAPTER 18 


ESTIMATION: MAXIMUM LIKELIHOOD 

18.1 We have already (8.6-10) encountered the Maximum Likelihood (abbrevi¬ 
ated ML) principle in its general form. In this chapter we shall be concerned with 
its application to the problems of estimation, and its properties when used as a method 
of estimation. We shall confine our discussion for the most part to the case of samples 
of n independent observations from the same distribution. The joint probability of 
the observations, regarded as a function of a single unknown parameter 0, is called 
the Likelihood Function (abbreviated LF) of the sample, and is written 

L(x\Q) = /(*i|0)/(**|0).../(* B |0), (18.1) 

where we write f[x 10) indifferently for a univariate or multivariate, continuous or 
discrete distribution. 

The ML principle, whose extensive use in statistical theory dates from the work 
of Fisher (1921a), directs us to take as our estimator of 0 that value (say, §) within the 
admissible range of 0 which makes the LF as large as possible. That is, we choose § 
so that for any admissible value 0 

L(x\&) > L(x\9). (18.2) 

18.2 The determination of the form of the ML estimator becomes relatively 
simple in one general situation. If the range of f(x \ 9) is independent of 0 (or if/(* \ 0) 
is zero at its terminals for all 0), and 6 may take any real value in an interval (which 
may be infinite in either or both directions), stationary values of the LF within the 
interval will, if they exist, be given by roots of 

L'(*|0) = ^lM®) = O. (18.3) 

A sufficient (though not a necessary) condition that any of these stationary values 
(sav, 9) be a local maximum is that 

L"(x\9) < 0. (18.4) 

If we find all the local maxima of the LF in this way (and, if there are more than 
one, choose the largest of them) we shall have found the solution(s) of (18.2), provided 
that there is no terminal maximum of the LF at the extreme permissible values of 9, 
and that the LF is a twice-differentiable function of 9 throughout its range. 

18.3 In practice, it is often simpler to work with the logarithm of the LF than 
with the function itself. Under the conditions of the last section, they will have 
maxima together, since 

|io g L - l;l 

and L > 0. We therefore seek solutions of 

(log L)' = 0 

35 


(18.5) 
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for which 

(logL)" < 0, (18.6) 

if these are simpler to solve than (18.3) and (18.4). (18.5) is often called the likeli¬ 
hood equation. 

Maximum Likelihood and sufficiency 

18.4 If a single sufficient statistic exists for 0, we see at once that the ML estimator 
of 0 must be a function of it. For sufficiency of t for 0 implies the factorization of 
the LF (17.84). That is, 

L(x\d) = g(t\6)h(x), (18.7) 

the second factor on the right of (18.7) being independent of 0. Thus choice of 0 
to maximize L(x 10) is equivalent to choosing $ to maximize g (t 10), and hence § will 
be a function of t alone. 

However, although 5 is a single-valued function of t, it need not be a one-to-one 
function—whether it is so depends on the form of the LF. If not, 6 is not necessarily 
a sufficient statistic for 0, since different values of t may be associated with the same 
value of 0, so that some information has been lost. For general purposes, therefore, 
t is to be preferred to 0 in such circumstances, but 0 can remain a reasonable estimator. 

In Example 18.5 below, we shall encounter a case where the ML estimator is a 
function of only one of a pair of jointly sufficient statistics for a single parameter 0, 
and consequently has a larger variance than another estimator. 

18.5 If the other regularity conditions necessary for the establishment of the 
MVB (17.22) are satisfied, it is easy to see that the likelihood equation (18.5) ahvays 
has a unique solution, and that it is a maximum of the LF. For we have seen ( 17 . 33 ) 
that, when there is a single sufficient statistic, the LF is of the form in which MVB 
estimation of some function of 0 is possible. Thus, as at (17.27), the LF is of the form 

(logL)'= ^(0 ){/-t(0)}, (18.8) 

so that the solutions of (18.5) are of form 

/ = t(S). (18.9) 

Differentiating (18.8) again, we have 

(logL)" = A' (0){£—t(0) }-^(0)t'(0). (18.10) 

But since, from (17.29), 

t'( 0)/^4(0) = var t, 

the last term in (18.10) may be written 

- A (0) t' (0) = - {A (0) } 2 var t. (18.11) 

Moreover, at $ the first term on the right of (18.10) is zero in virtue of (18.9). Hence 
(18.10) becomes, on using (18.11), 

(logL)"a = - {A(6) } 2 var t < 0. (18.12) 

By (18.12), every solution of (18.5) is a maximum of the LF. But under regularity 
conditions there must be a minimum between successive maxima. Since there is no 
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minimum, it follows that there cannot be more than one maximum. This is other¬ 
wise obvious from the uniqueness of the MVB estimator t. 

(18.9) shows that where a MVB (unbiassed) estimator exists, it is given by the ML 
method. 

18.6 The uniqueness of the ML estimator where a single sufficient statistic exists 
extends to the case where the range of f(x 10) depends upon 0, but the argument is 
somewhat different in this case. We have seen (17.40-1) that a single sufficient statistic 
can only exist if 

The LF is thus also of form 

L(*|8). h *(*,)/{*(«)}", (18.14) 

and (18.14) is as large as possible if h (0) is as small as possible. Now from (18.13) 

1 = ^f{x\e)dx = ^ g(x)dx/h{Q), 

where integration is over the whole range of x. Hence 

h(0) = (*)<&. (18.15) 

From (18.15) it follows that to make h (0) as small as possible, we must choose B so that 
the value of the integral on the right (one or both of whose limits of integration depend 
on 0) is minimized. 

Now a single sufficient statistic for 0 exists (17.40-1) only if one terminal of the 
range is independent of 0 or if the upper terminal is a monotone decreasing function 
of the lower terminal. In either of these situations, the value of (18.15) is a monotone 
function of the range of integration on the right-hand side, reaching a unique terminal 
minimum when that range is as small as is possible, consistent with the observations. 
The ML estimator B obtained by minimizing this range is thus unique, and the LF 
(18.14) has a terminal maximum at L{x\B). 

The results of this and the previous section were originally obtained by Huzurbazar 
(1948), who used a different method in the “ regular ” case of 18.5. 

18.7 Thus we have seen that where a single sufficient statistic t exists for a para¬ 
meter 0, the ML estimator B of 0 is a function of t alone. Further, B is unique, the 
LF having a single maximum in this case. The maximum is a stationary value (under 
regularity conditions) or a terminal maximum according to whether the range is inde¬ 
pendent of, or dependent upon, 0. 

18.8 It follows from our results that all the optimum properties of single sufficient 
statistics are conferred upon ML estimators which are functions of them. For example, 
we need only obtain the solution of the likelihood equation, and find the function of 
it which is unbiassed for the parameter. It then follows from the results of 17.35 
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that this will be the unique MV estimator of the parameter, attaining the MVB (17.22) 
if this is possible. 

The sufficient statistics derived in Examples 17.8, 17.9, 17.10, 17.16, 17.18 and 
17.19 are all easily obtained by the ML method. 

Example 18.1 

To estimate 0 in 

dF(x) = dx/B , 0 ^ x < 6, 

we maximize the LF 

L(*|0) = 0-" 

by minimizing our estimator of 0. Since we know that the largest observation x w 
satisfies 

*<») < 0 , 

we have for our sufficient ML estimator 

B = *(„). 

Obviously, B is not an unbiassed estimator of 0. The modified unbiassed estimator 
is easily seen to be 

t = (»+l)« {B) /». 


Example 18,2 

To estimate the mean 0 of a normal distribution with known variance. We have 
seen (Example 17.6) that 

(logL)' = £(*-0). 

We obtain the ML estimator by equating this to zero, and find 

B = x. 

In this case, B is unbiassed for 0. 

The general case 

18.9 If no single sufficient statistic for 0 exists, the LF no longer necessarily ha$ 
a unique maximum value, and we choose the ML estimator to satisfy (18.2). We now 
have to consider the properties of the estimators obtained by this method. We shall 
see that, under very broad conditions, the ML estimator is consistent; and that under 
regularity conditions, the most important of which is that the range of f{x\ 0) does not 
depend on 0, the ML estimator is asymptotically normally distributed and is an efficient 
estimator. These, however, are large-sample properties and, important as they are, 
it should be borne in mind that they are not such powerful recommendations of the 
ML method as the properties, inherited from sufficient statistics, which we have 
discussed in sections 18.4 onwards. Perhaps it would be unreasonable to expect 
any method of estimation to produce “ best ” results under all circumstances and for 
all sample sizes. However that may be, the fact remains that, outside the field of 
sufficient statistics, the optimum properties of ML estimators are asymptotic ones. 
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Example 18.3 

As an example of the general situation, consider the estimation of the correlation 
parameter p in samples of n from the standardized bivariate normal distribution 

- oo < x,y < oo ; |/>| < 1. 

We find 

logL = — n log {hi) —|n log (1 — p 2 ) — —- (2 x* — 2p Z xy+Z_y*), 

*\ l ~P ) 

whence, for = 0 we have 

d P 

reducing to the cubic equation 

/>(!“ P*)+(1+P*)^2xy— p(-Zx t +-Hy*\ = 0. 

ft \n n / 

This has three roots, two of which may be complex. If all three are real, and yield 
values of p in the admissible range, then in accordance with (18.2) we choose as the 
ML estimator that which corresponds to the largest value of the LF. 

If we express the cubic equation in the form 

A 8 +/rt+? = 0 

with 

A - 

the condition that there shall be only one real root is that 

4p 3 +27q* > 0 

and is certainly fulfilled when p > 0, where 

(18.16) 

Since, by the results of 10.3 and 10 . 9 , the sample moments in (18.16) are consistent 
estimators of the corresponding population moments, we see from (18.16) that p con¬ 
verges in probability to 

(1 +1 — $/>*— 1 ) = 1 — \ p % > 0 . 

Thus, in large samples, there will tend to be only one real root of the likelihood equa¬ 
tion, and it is this root which will be the ML estimator, the complex roots being inad¬ 
missible values. 

The consistency of Maximum Likelihood estimators 

18.10 We now show that, under very general conditions, ML estimators are 
consistent. 


D 
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As at (18.2), we consider the case of n independent observations from a distribu¬ 
tion f(x 10), and for each n we choose the ML estimator 6 so that, if 0 is any admissible 
value of the parameter, we have (,) 

logL(x|0) > logL(x|d). (18.17) 

We denote the true value of 0 by 0 O , and let E 0 represent the operation of taking expecta¬ 
tions when the true value 0„ holds. Consider the random variable L(x\6)/L{x\6 0 ). 
In virtue of the fact that the geometric mean of a non-degenerate distribution cannot 
exceed its arithmetic mean, we have, for all 0* ^ 0 O » 


Now the expectation on the right-hand side of (18.18) is 


( 18 . 18 ) 


Thus (18.18) becomes 
or, inserting a factor 1/n, 



£(*| Q * )1 


< 0 


2?,{ilogL(*|0*)} < 2? o {ilogL(*|0 o )} 

provided that the expectation on the right exists. 

Now for any value of 0 


(18.19) 


ilogi(*|«) = j L log/(*,|») 

is the mean of a set of n independent identical random variables with expectation 


By the Strong Law of Large Numbers (7.25), therefore, ^ log L{x \ 0) converges with 

Tl 

probability unity to its expectation, as n increases. Thus for large n we have, from 
(18.19), with probability unity 

llogI(*|#») < tlog£(x|«,) 

tl ft 


or 

lim prob {log L (x \ 0*) < log L (x \ 0 O ) } = 1. (18.20) 

n~>oo 

On the other hand, (18.17) with 0 = 0 O gives 

log L (x | #) > log L (x 10 O ). (18.21) 


Because of the equality sign in (18.17), the sequence of values of 6 may be determinable in 
more than one way. See 18.11 and 18.13 below. 
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Since, by (18.20), (18.21) only holds with probability zero for any 0* ± 0 O , it follows 

that 

lim prob {0 = 0 O } =■ 1, (18.22) 


n->»oo 


which establishes the consistency of the ML estimator. 

This direct proof of consistency is a simplified form of Wald’s (1949) proof. Its 
generality is clear from the absence of any regularity conditions on the distribution 
/(x)0). The integral on the right of (18.19) exists very generally. 

18.11 We have shown that any sequence of estimators § obtained by use of (18.2) 
is consistent. This result is strengthened by the fact that Huzurbazar (1948) has shown 
under regularity conditions that ultimately, as n increases, there is a unique consistent 
ML estimator. 

Suppose that the LF possesses two derivatives. It follows from the convergence 
in probability of 0 to 0 O that 

i (18 - 23) 

Now by the Strong Law of Large Numbers, once more, 

i^logi(x|6) = i j ^log/(x,|8) 

is the mean of n independent identical variates and converges with probability unity 
to its mean value. Thus we may write (18.23) as 

ton prob([^,logL(x|e)] j E, I»)], ,} = »• (18.24) 

But we have seen at (17.19) that under regularity conditions 

e[^, lo 8i(*l«)] = -«{(-° g ^ |6) )’} < »• 08.25) 

Thus (18.24) becomes 

lim prob | ^j^logL(jc|0)J ^ < oj = 1. (18.26) 


18.12 Now suppose that the conditions of 18.2 hold, and that two local maxima 
of the LF, at 6 X and 0 a are roots of (18.5) satisfying (18.6). If log Z. (jc 10) has a second 
derivative everywhere, as we have assumed in the last section, there must be a mini¬ 
mum between the maxima at and 0 2 . If this is at 0 3 , we must have 

T0 2 logL(x| 0)1 

L J # _, 

But since 0 2 and are consistent estimators, 0 3 , which lies between them in value, 
must also be consistent and must satisfy (18.26). Since (18.26) and (18.27) directly 
contradict each other, it follows that we can only have one consistent estimator 0 
obtained as a root of the likelihood equation (18.5). 


Si 0. 


(18.27) 
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18.13 A point which should be discussed in connexion with the consistency of 
ML estimators is that, for particular samples, there is the possibility that the LF has 
two (or more) equal suprema, i.e. that the equality sign holds in (18.2). How can we 
choose between the values B u B t , etc., at which they occur ? There seems to be an 
essential indeterminacy here. Fortunately, however, it is not an important one, since 
the difficulty in general only arises when particular configurations of sample values 
are realized which have small probability of occurrence. However, if the parameter 
itself is essentially indeterminable, the difficulty can arise in all samples, as the following 
example makes clear. 


Example 18.4 

In Example 18.3 put 

cos 6 = p. 

To each real solution of the cubic likelihood equation, say p, there will now correspond 
an infinity of estimators of 0, of form 

6 r = arccosp + 2rjr 

where r is any integer. The parameter 6 is essentially incapable of estimation. Con¬ 
sidered as a function of 6, the LF is periodic, with an infinite number of equal maxima 
at B r , and the B r differ by multiples of 2n. There can be only one consistent estimator 
of 0 O , the true value of 0, but we have no means of deciding which B r is consistent. 
In such a case, we must recognize that only cos0 is directly estimable. 


Consistency and bias of ML estimators 

18.14 Although, under the conditions of 18.10, the ML estimator is consistent, 
it is not unbiassed generally. We have already seen in Example 18.1 that there may 
be bias even when the ML estimator is a function of a single sufficient statistic. Under 
regularity conditions, we must expect bias, for if the ML estimator, B, of 0 is a root of 
(18.3), and we seek to estimate a non-trivial function t( 0), its estimator will be a root of 


8L = dL /dr (0) _ Q 
dr (0) 00/ 00 


(18.28) 


dL dL 

so that T s and —- vanish together, and hence the estimator of r(0) is r(0). But 

0T(0) 00 


in general 

so that if B is unbiassed for 0, t(0) cannot be unbiassed for t(0). Of course, if the 
conditions of 18.10 hold, the bias of the ML estimator will tend to zero with large n, 
provided that it has a finite mean value. 


The efficiency and asymptotic normality of ML estimators 

18.15 When we turn to the discussion of the efficiency of ML estimators, we can¬ 
not obtain a result as clear-cut as that of 18.10. The following example is enough to 
show that we must make restrictions before we can obtain optimum results on efficiency. 
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Example 18.5 

We saw in Example 17.22 that in the distribution 

dF{x) — dx/0, kd < x < (A+1)0 ; k > 0, 
there is no single sufficient statistic for 0, but that the extreme observations jc ( 1) and x (n) 
are a pair of jointly sufficient statistics for 0. Let us now find the ML estimator of 0. 
We maximize the LF 

L (* 10) = 0~" 

by making our estimator 0 as small as possible. Now we must have 

*oo < (*+1)0 

so that no estimator of 0 consistent with the observations can be less than 


$ *(„)/(* + 1), 

which is accordingly the ML estimator. We see at once that 0 is a function of jc ( h) 
only, although x w and x (H) are both required for sufficiency. 

Now by symmetry, x (l) and x {H) have the same variance, say V. The ML estimator 
has variance 

vara - *7(*+l) 8 , 

and the estimator 

0* = x w /k 

has variance 


var0 # = V /k*. 

Since x w and x {H) are asymptotically independently distributed (14.23), the function 

0 = aa+(l —a)0* 

will, like a and 0*, be a consistent estimator of 0, and its variance is 


var 


t(*+i)’ k> I 


. . 

which is minimized (cf. Exercise 17.21) when a = ,„ v . Then 

v ' **+(*+1) 8 

var0 = V/{k*+(k+\)* }. 

Thus, for all k > 0, 

var 0 _ (£+1)* | 

vaTa “ * 8 +(*+l) 8 < 

and the ML estimator has larger variance. If k is large, the variance of $ is nearly 
twice that of the other estimator. 


18.16 We now show, following Cramer (1946), that if the first two derivatives of 
the LF with respect to 0 exist in an interval of 0 including the true value 0 O , if 


^(a'ogL^io)) _ 0> 


(18.29) 


and 
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exists and is non-zero for all 0 in the interval, the ML estimator 0 is asymptotically 
normally distributed with mean 0 O and variance equal to l/R 2 (d). 

Using Taylor’s theorem, we have 




(18.31) 


where 0* is some value between $ and 0. Under our regularity conditions, 0 is a root 
of (18.5), so the left-hand side of (18.31) is zero and we may rewrite it as 


(d-e 0 )R(6 0 ) 



(18.32) 


In the denominator on the right of (18.32), we have, since $ is consistent for 0 O and 0* 
lies between them, from (18.24) and (18.30), 




(18.33) 


so that the denominator converges to unity. The numerator on the right of (18.33) 
is the ratio to R(0 o ) of the sum of the n independent identical variates log/(x,|0 o ). 
This sum has zero mean by (18.29) and variance defined at (18.30) to be f? 2 (0 o ). The 
Central Limit Theorem (7.26) therefore applies, and the numerator is asymptotically 
a standardized normal variate; the same is therefore true of the right-hand side as 
a whole. Thus the left-hand side of (18.32) is asymptotically standard normal or, in 
other words, the ML estimator § is asymptotically normally distributed with mean 0 O 
and variance l/f? 2 (0 o ). 


18.17 This result, which gives the ML estimator an asymptotic variance equal to 
the MVB (17.24), implies that under these regularity conditions the ML estimator is 
efficient. Since the MVB can only be attained in the presence of a sufficient statistic 
(cf. 17.33) we are also justified in saying that the ML estimator is “ asymptotically 
sufficient.” 


Lecam (1953) has objected to the use of the term “ efficient ” because it implies 
absolute minimization of variance in large samples, and in the strict sense this is not 
achieved by the ML (or any other) estimator. For example, consider a consistent 
estimator t of 6, asymptotically normally distributed with variance of order if 1 . Define 
a new statistic 


We have 


J t if |t| > ft“l, 
\kt if |t| < if*. 


(18.34) 


lim varf'/vart = 
n-> oo 


1 if 0 * 0, 
A* if 0 = 0, 


and k may be taken very small, so that at one point t' is more efficient than t> and nowhere 
is it worse. Lecam has shown that such u superefficiency ” can arise only for a set of 
^-values of measure zero. In view of this, we shall retain the term “ efficiency ” in its 
ordinary use. 
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Example 18.6 

In Example 18.3 we found that the ML estimator p of the correlation parameter 
in a standardized bivariate normal distribution is a root of the cubic equation 

f - - 0 . 

If we differentiate again, we have 

— n ( 1 +P_ , )_( 1 + 3 / >, )/^ a .2_2pSay+Sv 1 )+—^_Say 

dp* (1 —/>*)* (1 — p*)* V P ^ ^ (1^ 

so that, since E(x t ) = Ely 1 ) = 1 and I?(ay) « p, 

F (d*L\_n(l+p*) 2n(l + 3/>*) 4«p* 

Uv (1-P 2 ) 4 (1 — P*)* + (1 — P*) 1 

= "(l+P 8 ) 

(l-p*)»‘ 

Hence, from 18.16, we have asymptotically 

varS - -'’V 

P -(!+(>■) 

Example 18.7 
The distribution 

dF(x) = | exp {— | x—6 1 }dx, — oo < x < oo, 
yields the log likelihood 

logL(*|0) = —«log2— S |x t —0|. 

<=i 

This is maximized when S | x t —6 1 is minimized, and by the result of Exercise 2.1 this 

i 

occurs when 6 is the median of the n values of x. (If n is odd, the value of the middle 
observation is the median; if n is even, any value in the interval including the two 
middle observations is a median.) Thus the ML estimator is 6 = x, the sample 
median. It is easily seen from (14.20) that its large-sample variance in this case is 

var0 = 1/n. 

We cannot use the result of 18.16 to check the efficiency of 6, since the differenti¬ 
ability conditions there imposed do not hold for this distribution. But since 

aiog/(*i®) 
dd~ ~ 

only fails to exist at * = 0, we have 

/31og/(*16)\ 


V 


d0 


so that if we interpret E f J 


+1 

if 

x > 6, 

-1 

if 

x < 0, 

= 1, 


X ¥* 0, 

I as 
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we have 


*{ (¥)■) -* 


so that the MVB for an estimator of 6 is 

var/ > 1/n, 

which is attained asymptotically by 6. 

18.18 The result of 18.16 simplifies for a distribution admitting a single sufficient 
statistic for the parameter. For in that case, from (18.10), (18.11) and (18.12), 

(18.35) 


£ (^) - - (t?-)*. 


so that there is no need to evaluate the expectation in this case: the MVB becomes 
simply —1 j -ffi— 'j > * s attained exactly when 0 is unbiassed for 8, and asymp¬ 
totically in any case under the conditions of 18.16. 

If there is no single sufficient statistic, the asymptotic variance of 6 may be esti¬ 
mated in the usual way from the sample, an unbiassed estimator commonly being 
sought. 

Example 18.8 

To estimate the standard deviation a of a normal distribution 

1 


dF(x) m 


o(Ljip 


exp 


(-£)*■ 


— 00 < X < 00 . 


We have 


logL(*|fl) = -»log<r-|£. 


(logL)' = —n/a +2jc*/«*. 

so that the sufficient ML estimator is d = and 

(logI)" - »/o»-IS**/o* - 

Thus, using (18.35), we have as n increases 

vard—► - \/(\ogL)'L a = a 2 /(2n). 


The cumulants of a ML estimator 

18.19 Haldane and Smith (1956) have carried out an investigation in which, under 
regularity conditions, they obtain expressions for the first four cumulants of a ML 
estimator. Suppose that the distribution sampled is divided into a denumerable set 
of classes, and that the probability of an observation falling into the rth class is 
7i r (r — 1,2,...). We thus reduce any distribution to a multinomial distribution 
(5.30), and if the range of the original distribution is independent of the unknown 
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parameter 0, we seek solutions of the likelihood equation (18.5). Since the prob¬ 
abilities n r are functions of 0, we write, from (5.78), 

L(x\6)Klin? t (18.36) 

r 

where n r is the number of observations in the rth class and 2 n T = n, the sample size. 

r 

(18.36) gives the likelihood equation as 


aiogL n 


= = 0 , 


(18.37) 


where a prime denotes differentiation with respect to 0. Now, using Taylor’s theorem, 
we expand n r and ri T about the true value 0 O , and obtain 

*,($). *,(«„)+(«-e.)n;(9„)+} <«.) +... ,i „ 

- «e„)+(«-e.X'<e.)+*0-«„)*<"(e.)+ —/ 1 ' 1 

If we insert (18.38) into (18.37), expand binomially, and sum the series, we have, 
writing 

A, - S {*((«.) }'«/{*,(«.) }*, 

r 

Bi = S K(«.) }‘<(9.)/K(«.) 

c, - s {„;(«.) }--■«(«.) }•/{»,(«.)}‘. 

B, -SK(« 0 ) }'<'(«.)/{„,(«.)}*, 

r 

«, - 2 W(9.)}‘{^-»r(«.)}/ {*,(«.) }‘. 

A - s {*(9.) }t-*ar;'<«.) |^-se ,(«„))-j {*,(«.) }*, 

A = S (»;(«.) )■-<'(«.) —rtr(8.)|/{*,(«.) }‘. 

the expansion 

i 1 -(^ 1 + «,-^ 1 )(5-0 o ) + i(2^,-3B 1 -l-2«,-3^-l-d 1 )(5-0o)* 

+ i(6^ 8 -lZB l +3C 1 +4i) 1 )(^-®o) 3 + ... = 0. (18.39) 

For large », (18.39) may be inverted by Lagrange’s theorem to give 

0~ ®o) = + 

+ -^i -Sa 1 [ {2(-^» — i^i)* - Ai(A 3 —2B t +iCi + fi^) }af 

— 3^4 i (^4 {—f Bi) «i (a* — Pi) + \A\ a t (2a 8 — 3^ 8 +d t ) 

+^(« s -^ 1 )*] + 0(n-3). (18.40) 

(18.40) enables us to obtain the moments of § as series in powers of n -1 . 

18.20 Consider the sampling distribution of the sum 

ir=2A r |j-.T r (0 o )}, 


(18.39) 


(18.40) 
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where the h r are any constant weights. From the moments of the multinomial distri¬ 
bution (cf. (5.80)), we obtain for the moments of W t writing S t = £A*7r r (0 o ), 


MW) = 0, I 

t*,(W) = #-*(5,-5 1 5 1 +25«), 

/< 4 (W0 = 3»-«(5 1 -5f)*+»- 8 (5 4 -45 1 5,-3^+125f5 1 -65}), ' 

W = 10n- a (5* - S?) (S 3 - 35,5 2 +25?)+ O (»-*), 
ti t {W) = 15n~ 3 (iS g —Sf) s +0(n -4 ). 


(18.41) 


From (18.41) we can derive the moments and product-moments of the random vari¬ 
ables <x 4 , Pi and d ( appearing in (18.40), for all of these are functions of form W. Finally, 
we substitute these moments into the powers of (18.40) to obtain the moments of 0. 
Expressed as cumulants, these are 


k, = n-'A^+n-'At'i-Al+lBl+AiiAs-Bt-DJ-AU + Oin-*), 
k 3 = »-*i4 1 ~ 8 (^ 2 -3fi 1 ) + 0(»- s ), 

k 4 = » _ Mf 6 [— 12Bj (A t —2B X )+A l (A a —4D l )~ 3A\ ] + O (» -4 ), 


> (18.42) 


whence 


Yi - *z/i4 = n-i.ArHAtSBJ+oin-i), 

Yt = * t /4 = »-Mr»[-12fi 1 (^,-2B a )+^ 1 (^,-4D 1 )-3^*]+o(»- 1 )- 

The first cumulant in (18.42) shows that the bias in 8 is of the order of magnitude n~ x 
unless B x — 0, when it is of order » - *, as may be confirmed by calculating a further 
term in the first cumulant. The leading term in the second cumulant is simply the 
asymptotic variance previously established in 18 . 16 . (18.43) illustrates the rapidity 
of the tendency to normality, established in 18 . 16 . 

If the terms in (18.42) were all evaluated, and unbiassed estimates made of each of 
the first four moments of 8, a Pearson distribution (cf. 6 . 2 - 12 ) could be fitted and an 
estimate of the small-sample distribution of 8 obtained which would provide a better 
approximation than the ultimate normal approximation of 18 . 16 . 



Successive approximation to ML estimators 

18.21 In most of the examples we have considered, the ML estimator has been 
obtained in explicit form. The exception was in Example 18.3, where we were left 
with a cubic equation to solve for the estimator, and even this can be done without 
much trouble when the values of x are given. Sometimes, however, the likelihood 
equation is so complicated that iterative methods must be used, using as a starting- 
point the observed value of some consistent (but inefficient) estimator which is easily 
computed. In large samples, such an estimator will tend to be fairly close to the value 
of the ML estimator, and the higher its efficiency the closer it will tend to be, in virtue 
of the result of (17.61) concerning the correlation between estimators. If, then, we can 
find an estimator t whose variance is not greatly in excess of the MVB, this will afford 
a good means of deriving closer approximations to the value of the ML estimator 8 . 
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As at (18.31) we expand 3 log L/30 in a Taylor series, but this time about its value 
at t , obtaining 



(18.44) 


where 0* lies between 0 and t. In large samples 0* will, since t and # are consistent, 
tend in probability to 0 O , the true value. Further, (3 2 logL/30*) flo will tend in prob¬ 
ability to its expectation, which by 18.16 is 



(18.45) 


Thus, using (18.44) and (18.45), we have asymptotically 


0 = (18.46) 

and if t is consistent, (18.46), with var5 estimated from the sample if necessary, will 
give a closer approximation to a root of the likelihood equation. The operation can 
be repeated, carrying on if necessary until no further correction is achieved. The 
process is evidently a direct application of Newton’s method of approximation. 

It should* be noted that there is no guarantee that the root of the likelihood equation 
reached in this way will correspond to the absolute maximum of the LF: this must 
be verified in each case. For large n, the fact (18.12) that there is a unique consistent 
root comes to our aid. 


Example 18.9 

To estimate the parameter 0 in the Cauchy distribution 

iF(x) “ * {r + t-er }' 

The likelihood equation is 

31ogL 


— oo < x 4 oo. 


30 


- 2 S - - 0 


an equation of degree (2 n— 1) in 0. We have, from (18.45), the MVB 


Hence 


1 

var0 


-•pa- 1 )—W 

n r® 2(x—6) 2 —2 . 

ttj -®{l + (*-0) a } s 
_ 4» f ® (**—1 )dx 
( 1+* 2 ) 3 

= — n/2. 


% 


var@ = 2/n. 

The median of the sample, /, has large-sample variance (Example 17.5) 

var / = jr*/(4 n ) 

and thus has efficiency 8/n 2 = 0-S approximately. We therefore use the median as 
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our starting-point in seeking the value of B, and solve (18.46), which here becomes 

0 - t+ „f {i+( Xi -t)*y 

This is our first approximation to B, which we may improve by further iterations of 
the process. 


Example 18.10 

We now examine the iterative method of solution in more detail, and for this pur¬ 
pose we use some data due to Fisher (1925-, Chapter 9). 

Consider a multinomial distribution (cf. 5.30) with four classes, their probabilities 
being 

Pl = (2+0)/4, 

Pt-Pt- (l-0)/4. 

P » = 0/ 4. 

The parameter 0, which lies in the range (0, 1), is to be estimated from the observed 
frequencies (a, b, c, d) falling into the classes, the sample size n being equal to 
a+b+c+d. We have 

L(a, b, c, d 1 0) oc (2+0) a (l-0) i+t 0*, 

so that 

01og L _ a (b+c) d 

~dd 2+0 TT + y 

and if this is equated to zero, we obtain the quadratic equation in 0 

n0*+ {2{b+c)+d-a}6-2d - 0. 

Since the product of the coefficient of 0* and the constant term is negative, the 
product of the roots of the quadratic must also be negative, and only one root can be 
positive. Only this positive root falls into the permissible range for 0. Its value 0 
is given by 

2 nB = {a-</-2(&+c)}+[{a+2(0 + c) + 3d}*-8a(6+c)]>. 

The ML estimator B can very simply be evaluated from this formula. For Fisher’s 
(genetical) example, where the observed frequencies are 

a = 1997, b = 906, c = 904, d = 32, n = 3839 
the value of B is 0-0357. 

It is easily verified from a further differentiation that 

* var B _?__ 20(1—0)(2+0) 

g ^logl^ »(1 +20) ’ 

the value being 0-0000336 in this case, when B is substituted for 0 in var 0. 

For illustrative purposes, we now suppose that we wish to find B iteratively in this 
case, starting from the value of an inefficient estimator. A simple inefficient esti¬ 
mator which was proposed by Fisher is 

t = (a+d-(6 + c) }/n, 
which is easily seen to be consistent and has variance 

varf = (1—0 2 )/n. 
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The value of t for the genetical data is 

t = {1997+32-(906+ 904) }/3839 = 0 0570. 

This is a long way from the value of 6, 0-0357, which we seek. Using (18.46) we 
have, for our first approximation to $, 

0i = 00570 + (P^j 6 ( (var0) 9 . t . 

Now 


aiogZA = 1997 _ 1810 32 

00 /e-o-0570 20570 0-9430 00570 


(var @)o_oo670 


2 x 0-057 x 0-943 x 2-057 
3839x1-114 


-387-1713, 

0 00005170678, 


so that our improved estimator is 

= 0 0570 - 387-1713 x 0 00005170678 = 0-0570 - 0-0200 

= 0-0370, 

which is in fairly close agreement with the value sought, 0-0357. A second iteration 

gives 

/aiogZA 1997 1810 . 32 


\ d6 /0=o 0370 2-037 0-963 0-037 

2 x 0 037 x 0-963 x 2 037 


(var 6 ) 0=00370 = 


3839x1-074 


+ ^ = -34-31495, 

= 0 00003520681, 


and hence 


0 2 = 0-0370 - 34-31495 x 0-00003520681 = 0-0370 - 0-0012 

= 0-0358. 


This is very close to the value sought. At least one further iteration would be 
required to bring the value to 0-0357 correct to 4 d.p., and a further iteration to confirm 
that the value of 6 arrived at was stable to a sufficient number of decimal places to 
make further iterations unnecessary. The reader should carry through these further 
iterations to satisfy himself that he can use the method. 

This example makes it clear that care must be taken to carry the iteration process 
far enough for practical purposes. It is a somewhat unfavourable example, in that t has 


an efficiency of 


26(2+0) 
( 1 + 0 ) ( 1 + 20 )’ 


which takes the value of 0-13, or 13 per cent, when 


b = 0-0357 is substituted for 0. One would usually seek to start from the value of 
an estimator with greater efficiency than this. 


ML estimators for several parameters 

18.22 We now turn to discussion of the general case, in which more than one 
parameter are to be estimated simultaneously, whether in a univariate or multivariate 
distribution. If we interpret 0 , and possibly also x, as a vector, the formulation of 
the ML principle at (18.2) holds good : we have to choose the set of admissible values 
of the parameters 0!.0 t which makes the LF an absolute maximum. Under 
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the regularity conditions of 18.2-3, the necessary condition for a local turning-point 
in the LF is that 


jgr\ogL(x\e u ... ,6 k ) - 0, 
ou r 


t — 1» 2,..., k, 


(18.47) 


and a sufficient condition that this be a maximum is that the matrix 

/3*logL\ 

\dd r d0j 

be negative definite. The k equations (18.47) are to be solved for the k ML esti¬ 
mators Q k . 


(18.48) 


The case of joint sufficiency 

18.23 Just as in 18.4, we see that if there exists a set of s statistics t k . t, 

which are jointly sufficient for the parameters 0 k .0*, the ML estimators § u ..., d k 

must be functions of the sufficient statistics. As before, this follows immediately from 
the factorization (cf. (17.84)). 

L(x\ 0„ ..., 0*) = g(t v 0!. 0 k )h(x), (18.49) 

in virtue of the fact that h(x) does not contain 0 lP ..., 0*. 


18.24 The uniqueness of the solution of the likelihood equation in the presence 
of sufficiency (18.5) extends to the multiparameter case if s = k, as Huzurbazar (1949) 
has pointed out. Under regularity conditions, the most general form of distribution 
admitting a set of k jointly sufficient statistics (17.86) yields a LF whose logarithm is 
of form 

logL = £ ,4,(6) £ £,(*,)+ £ C(*,) + «D(6), (18.50) 

;=1 i=l «-l 

where 6 is written for 0*,..., 0* and x is possibly multivariate. The likelihood equa¬ 
tions are therefore 




t — 1 » 2 ,..., h t 


and a solution (8 = 0*) of (18.51) is a maximum if 


(18.51) 

(18.52) 


forms a negative definite matrix (18.48). 
From (17.18) we have 



and further 


/a uogL N 
\ 30,50 J 



(18.53) 

(18.54) 


Evidently, (18.53) and (18.54) have exactly the same structural form as (18.51) and 
(18.52), the difference being only that T = E Bj (*,) is replaced by its expectation and 
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0 by the true value 0. If we eliminate T from (18.52), using (18.51), and replace 0 
by 9, we shall get exactly the same result as if we eliminate E(T) from (18.54), using 
(18.53). We thus have 


/ dMogZA _ /3»loglA 

\de r dej 6 . 9 - 1! ‘\de r mj i 


(18.55) 


which is the generalization of (18.35). Moreover, from (17.19), 


‘(W )--*((¥)')• 

and analogously 

pplogZA_„ fdlogJL 31og.LI 

\dd r ddj \ dd r ' dd, y 

and we see that the matrix 


(18.56) 

(18.57) 



(18.58) 


is negative definite or semi-definite. For the matrix on the right-hand side of (18.58) 
is the dispersion matrix D of the variates 3 log L/dO r , and this is non-negative definite, 
since for any variables x r the quadratic form 

E | S (x r -E(x r ))«,}*= u'Du > 0, (18.59) 

where u is a vector of dummy variables. Thus the dispersion matrix D is non-negative 
definite. If we rule out linear dependencies among the variates, D is positive definite. 
In this case, the matrix on the left of (18.58) is negative definite. Thus, from (18.55), 
the matrix 



is also negative definite, and hence any solution of (18.51) is a maximum. But under 
regularity conditions, there must be a minimum between any two maxima. Since 
there is no minimum, there can be only one maximum. Thus, under regularity con¬ 
ditions, joint sufficiency ensures that the likelihood equations have a unique solution, 
and that this is at a maximum of the LF. 


Example 18.11 

We have seen in Example 17.17 that in samples from a univariate normal distribution 
the sample mean and variance, x and s\ are jointly sufficient for the population mean 
and variance, n and a 2 . It follows from 18.23 that the ML estimators must be func¬ 
tions of x and s*. We may confirm directly that x and s* are themselves the ML esti¬ 
mators. The LF is given by 

log L = - Jn log (2st) - In log (o 2 ) - 2 (x, - ju) 2 /(2o 2 ), 

» 
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whence the likelihood equations are 

9 log L = S(x-p) _ n(x—/i) _ Q 
dp a* <7* ’ 

dlog£ _ _« Z(*-/0 2 _ 0 

d(o») 2a * 2a* 

The solution of these is 

jx = x 

& = is (*-*)* = x*. 

n 

While p is unbiassed, a z is biassed, having expected value {n—\)a z /n. As in the one- 
parameter case (18.14), ML estimators need not be unbiassed. 

18.25 In the case where the terminals of the range of a distribution depend on 
more than one parameter, there has not, so far as we know, been any general investiga¬ 
tion of the uniqueness of the ML estimator in the presence of sufficient statistics, 
corresponding to that for the one-parameter case in 18.6. But if the statistics are 
individually, as well as jointly, sufficient for the parameters on which the terminals 
of the range depend, the result of 18.6 obviously holds good, as in the following example. 

Example 18.12 

In Example 17.21, we saw that for the distribution 

dF{x) = -p- t « < x < /?, 

the extreme observations x (1) and * (n ) are a pair of jointly sufficient statistics for a and /?. 
It is also true (cf. Example 18.1) that * ( i) is individually sufficient for a and x (n) for /?. 
In this case, it is clear that the ML estimators 

® = ®(1)» P — ®(n)» 

maximize the LF uniquely, and the same will be true whenever each terminal of the 
range of a distribution depends on a different parameter. 

Consistency and efficiency in the general multiparameter case 

18.26 In the general case, where there is not necessarily a set of k sufficient statistics 
for the k parameters, the joint ML estimators have similar optimum properties, in 
large samples, to those in the single-parameter case. 

In the first place, we note that the proof of consistency given in 18.10 holds good 
for the multiparameter case if we there interpret 6 as a vector of parameters Q ly , 0 t 
and 0, 0* as vectors of estimators of 0. We therefore have the result that under very 
general conditions the joint ML estimators converge in probability, as a set, to the true 
set of parameter values 0 O . 

Further, by an immediate generalization of the method of 18.16, we may show 
(see, e.g., Wald (1943a)) that the joint ML estimators tend, under regularity conditions, 
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to a multivariate normal distribution, with dispersion matrix whose inverse is given by 

a&Q - ‘<rSr^Sr} (1860) 

We shall only sketch the essentials of the proof. The analogue of the Taylor 
expansion of (18.31) becomes, on putting the left-hand side equal to zero, 


(*V) - -e(- 




r — 1,2,..., k* 


(18.61) 


Since 6* is a value converging in probability to 0 O , and the second derivatives on the 
right-hand side of (18.61) converge in probability to their expectations, we may regard 
(18.61) as a set of linear equations in the quantities 0 r —O r0 ), which we may rewrite 

y = V-*z (18.62) 

where y = * = 6—8 0 and V -1 is defined at (18.60). 

d0 


By the multivariate Central Limit theorem, the vector y will tend to be multi- 
normally distributed, with zero mean if (18.29) holds good for each 0 r , and hence 
so will the vector z be. The dispersion matrix of y is V -1 of (18.60), by definition, 
so that the exponent of its multinormal distribution will be the quadratic form (cf. 15.3) 

-ly'Vy. (18.63) 

The transformation (18.62) gives the quadratic form for z 

— Jz'V -1 z, 

so that the dispersion matrix of z is (V -1 ) -1 = V, as stated at (18.60). 


18.27 If there is a set of k jointly sufficient statistics for the k parameters, we may 
use (18.55) in (18.60) to obtain, for the inverse of the dispersion matrix of the ML 
estimators in large samples, 

(V?) = - 

(18.64), which is the generalization of the result of 18.18, removes the necessity for 
finding mean values. 

If there is no set of k sufficient statistics, the elements of the dispersion matrix may 
be estimated from the sample by standard methods. 


/a*iogL\ _ /aiog l aiogiA 

\ddrdeJt-o V 00, ' 00. 


(18.64) 


18.28 The fact that the ML estimators have the dispersion matrix defined at 
(18.60) enables us to establish a further optimum property of joint ML estimators. 

Consider any set t lt ..., t k of consistent estimators (supposed not to be function¬ 
ally related) of the parameters 0 X . 0 k , with dispersion matrix D. As at (17.21), 

we have asymptotically, under regularity conditions, since a consistent estimator is 
asymptotically unbiassed, 

J ... J t t L(x\0)dx l .. ,dx n - 0, 


so that, on differentiating, 



ti ~M~Ldx 1 ...</*„ = 

OUj 



i = h 
« * h 


E 
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which we may write, in view of (17.18), 




(18.65) 


Let us now consider the dispersion matrix of the 2k variates *i> • • • » **> 


Slog L Slog L 


8d l 


dd k 


This is, using (18.65) and the results of 18.26, 



(18.66) 


where I* is the identity matrix of order k. C, being a dispersion matrix, is non¬ 
negative definite (cf. (18.59)). Hence its determinant 

|C| - |D||F- 1 H/||/| > 0 


or 


l»l > |^r|- (18.67) 

Thus the determinant of the dispersion matrix of any set of estimators, which is called 
their generalized variance, cannot be less than 1/| V~ l \ in value asymptotically. But 
we have already seen in 18.26 that the ML estimators have 

\D\ = \V\ = \/\V~'\ 

asymptotically. Thus the ML estimators minimize the generalized variance in large 
samples, a result due originally to Geary (1942a). 


Example 18.13 

Consider again the ML estimators x and x* in Example 18.11. We have 

S*logL _ _ n 
“fy* o*’ 

S*log L _ n _Z(x— ft)* 

8(<r 2 ) 2 “ 2a* ~o* ' 

3 2 logL _ _n(x—fj) 
dfi d(a 2 ) a* 

Remembering that the ML estimators x and x a are sufficient for (i and a\ we use (18.64) 
and obtain the inverse of their dispersion matrix in large samples by putting x = p 
and E(x— fi) 1 = no* in these second derivatives. We find 



so that 

v = / o*/n 0 \ 

V 0 2o*/n)‘ 

We see from this that x and x* are asymptotically normally and independently distributed 
with the variances given. However, we know that the independence property and 
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the normality and variance of x are exact for any n (Examples 11.3, 11.12); but the 
normality property and the variance of s* are strictly limiting ones, for we have seen 
(Example 11.7) that ns 1 /a* is distributed exactly like x a with (»— 1) degrees of freedom, 

the variance of s* therefore, from (16.5), being exactly .2(« — 1) = 2o*(n— l)/«*. 


18.29 Where a distribution depends on k parameters, we may be interested in 
estimating any number of them from 1 to k, the others being known. Under regu¬ 
larity conditions, the ML estimators of the parameters concerned will be obtained by 
selecting the appropriate subset of the k likelihood equations (18.47) and solving them. 
By the nature of this process, it is not to be expected that the ML estimator of a par¬ 
ticular parameter will be unaffected by knowledge of the other parameters of the distri¬ 
bution. The form of the ML estimator depends on the company it keeps, as is made 
dear by the following example. 


Example 18.14 

For the bivariate normal distribution 






- 00 < X, y < 00 ; a lt o, > 0 ; | p \ < 1 


we obtain the logarithm of the LF 

log£(*,y= -nlog(2w)-Jn {logof+logo|+log(1-p*) } 

-^p?M=?)P?)*Pv)'} 

from which the five likelihood equations are 
SlogL 


°g L = _*_ . CP _ n 

dflx <Ti(l-p*)l <Ti 0 2 J 

?1 °g L _ _ f ^-^a) (*-/*i) l = n I 

du t o,(l -p 2 )\ o. Ox J ’J 


31ogL 




d{o\) 2of(l-p*){ o| o x o, J J 

dlogL 

J 7 T~ a ~ \ V* ~ 7 T~7T \ \f'\ — Zz —r 

'2 


(18.68) 


(18.69) 


(1-P 2 )l p (i-p 2 )L p V of <4 J 


-(i+ p *)Z(*_M{y ft) | = 0 . 


o, o 


1 U 1 


(18.70) 


(a) Suppose first that we wish to estimate p alone, the other four parameters being 
known. We then solve (18.70) alone. We have already dealt with this case, in 
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standardized form, in Example 18.3. (18.70) yields a cubic equation for the ML 
estimator p. 

(b) Suppose now that we wish to estimate of, of and p, fi t and ft t being known. 
We have to solve the three likelihood equations (18.69) and (18.70). Dropping the 
non-zero factors outside the braces, these equations become, after a slight rearrange* 
ment, 


and 


»(1-P*) 

»(!-,*) 


s (*-/*i) a s(*-/*i)(:y-/*»)' 

of 0i0* * ^ 

?0'-/**) a _ E(*-**!>(>-£•) ' 

of OjOj . 


(18.71) 


n(l- P *) = s (*-A*i)* + ^(y-A«s) , _ l+j> a S(*-fti)Q>-/* t ) (18.72) 

If we add the equations in (18.71), and subtract (18.72) from this sum, we have 

»(1-P 2 ) = 

P 

or 


P - 


is (x-^j) (>>-/i t ) 

71 


0!0, 


Substituting (18.73) into (18.71) we obtain 


(18.73) 


1 ” 

% = 

» j 


(18.74) 


and hence, from (18.73) 

~ s (*- 

P= - _ —. (18.75) 

0!0, 

In this case, therefore, the ML estimator p is the sample correlation coefficient 
calculated about the known population means. 

(c) Finally, suppose that we wish to estimate all five parameters of the distribution. 
We solve (18.68), (18.69) and (18.70) together. (18.68) reduces to 


(*-/*i) _ ) 

— p 9 

Oj o, 

( y-M ») _ Ax-tn) 

— — p » 

O t Ot 

a pair of equations whose only solution is 

x~fi i =y-t*» - 0. 


(18.76) 


( 18 . 77 ) 
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Taken with (18.74) and (18.75), which are the solutions of (18.69) and (18.70), (18.77) 
gives for the set of five ML estimators 


Mi - *> df = ^2(*-5)*, is (*-*)(*-;?) 

P = n _ _> 

h-9, 


(18.78) 

Thus the ML estimators of all five parameters are the corresponding sample moments. 


18.30 Since the ML estimator of a parameter is a different function of the observa¬ 
tions, according to which of the other parameters of the distribution is known, its large- 
sample variance will also vary. To facilitate the evaluation of the dispersion matrices 
of ML estimators, we recall that if a distribution admits a set of k sufficient statistics for 
its k parameters, we may avail ourselves of the form (18.64) for the inverse of the disper¬ 
sion matrix of the ML estimators, in large samples. 

Example 18.15 

We now proceed to evaluate the large-sample dispersion matrices of the ML 
estimators in each of the three cases considered in Example 18.14. 

(a) When we are estimating p alone, p is not sufficient. But we have already evalu¬ 
ated its large-sample variance in Example 18.6, finding 


(»—o')* 
P »(!+«*)' 


(18.79) 


The fact that we were there dealing with a standardized parent distribution is 
irrelevant, since p is invariant under changes of origin and scale. 

(b) In estimating the three parameters a v of and p, the three ML estimators given 
bv (18.74) and (18.75) are jointly sufficient, and we therefore make use of (18.64). 
Writing the parameters in the above order, we find for the 3x3 inverse dispersion 
matrix 


n 


(1 ~P 2 )\ 


_/3«logL\ 

\30 r d0 9 /0„ 9 


/ 2 — p % — p 2 

4 a* '4ff?<r| 

-p 

2af 

-pi 

2—p* 

~P 

4ofo| 

4a} 

SI 

~P 
\ 2o? 

-P 

2°i 

t—L 1 — * 

1 + 


(18.80) 


Inversion of (18.80) gives for the large-sample dispersion matrix 

j / 2 a\ 2p*6\di p(l-p l )<r? 


Va = 


(18.81) 


2 p* <rf <r| 2 a} p(l— p*)o§ 

p(1-p“K p(W 2 K (1-p 1 )* 

(c) In estimating all five parameters, the ML estimators (18.78) are a sufficient set. 
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Moreover, the 3x3 matrix V, -1 at (18.80) will form part of the 5 x 5 inverse variance 
matrix V 6 _1 which we now seek. Writing the parameters in the order p u /<„ of, of, />, 
(18.80) will be the lower 3x3 principal minor of V 6 _1 . For the elements involving 
derivatives with respect to fi l and /*„ we find from (18.68) 


while 


a*logL _ -n a*log L_ lip a*log L_ -n 

a/if <r?(i-/>*)’ dfi.dfi, ^ 0,(1 - P *y a/if of“(i—/>*)’ ' } 


a*iog l _ a a iog l _ a a iog l _ n . . , 

a/i,aof a/i,aof d^dp ’ 


(18.83) 


at x = /n lt y = /i 8 . Thus if we write, for the inverse of the dispersion matrix of the 
ML estimators of fix and /i„ 


we have 


V,- 1 ’ 


n 

(Tv) 


_ 1 _ 

-p 

Oi°i 



(18.84) 



(18.85) 


and we may invert Vj 1 and V, 1 separately to obtain the non-zero elements of the 
inverse of V, l . We have already inverted V 8 -1 at (18.81). The inverse of V 8 1 is, 
from (18.84), 


\ =-( po 1<T *\ 

* n \p a i o z r 


(18.86) 


SO 


v ‘-(ov.)’ (I887) 

with V, and V s defined at (18.86) and (18.81). 

We see from this result, what we have already observed (cf. 16.25) to be true for 
any sample size, that the sample means are distributed independently of the variances 
and covariance in bivariate normal samples, and that the correlation between the sample 
means is p ; and that the correlation between the sample variances is />* (Example 13.1). 


Non-identical parent distributions 

18.31 We have now largely completed our general survey of the ML method. 
Throughout our discussions so far, we have been considering problems of estimation 
when all the observations come from the same underlying distribution. We now 
briefly examine the behaviour of ML estimators when this condition no longer holds. 
In fact, we replace (18.1) by the more general LF 

L{X | 01 ,..., e k ) = Mx 1 \e)f t (x t \0) .. ./„(*„|0), (18.88) 

where the different factors f ( on the right of (18.88) depend on possibly different func¬ 
tions of the set of parameters Q x .0*. 
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It is not now necessarily true even that ML estimators are consistent, and in one 
particular class of cases, that in which the number of parameters increases with the 
number of observations (k being a function of »), the ML method may become in¬ 
effective. The two following examples illustrate the points. 


Example 18.16 

Suppose that x t is a normal variate with mean 0, and variance a* > 0 (t ■» 1,2,...,«). 
The LF (18.88) gives 

logL = - in log (2n) - log (a*) - ^ S (*< - 0<)* 

and 


yields the ML estimator 


Slog L 

8M 


——h-- 

2a* 2a* 


0 


a*= 1 -^(x i -6 i )\ (18.89) 

But, since we only have one observation from each distinct normal distribution, we 
also have 

B { = x t , (18.90) 

so that if we estimate a* and 0, (* = 1,2,..., n) jointly, (18.89) and (18.90) give 

6 * - 0 , 


an absurd result. We cannot expect effective estimation of a* with one observation 
from each distribution: (18.90) is a completely useless estimator. 

However, the situation is not much improved if we have two observations from 
each of the normal distributions. We then have 


= $(*«+*«) = *.» 
1*2 ► 
6 * - 5- 2 2 (*«-*,)*• 

But since 


(18.91) 


(cf. Example 17.3) we have from (18.91), for all «, 

E{8*) = \a\ 

so that a* is not consistent, as Neyman and Scott (1948) pointed out. What has hap¬ 
pened is that the small-sample bias of ML estimators (18.14) persists in this example 
as n increases, for the number of distributions also increases with n. 


Other examples of the type of Example 18.16 have been discussed in the literature 
in connexion with applications to which they are relevant. We shall discuss these 
as they arise in later chapters, particularly Chapter 29. Here we need only emphasize 
that careful investigation of the properties of ML estimators is necessary in non¬ 
standard situations—it cannot be assumed that the large-sample optimum properties 
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will persist. For example, the ML estimator may not even exist (cf. Exercise 18.34) 
or there may be a multiplicity of ML estimators, some of which are inconsistent (cf. 
Exercise 18.35). 

The use of the Likelihood Function 

18.32 It is always possible, as Fisher (1956) recommends, to examine the course 
of the LF throughout the permissible range of variation of 6 , and to draw a graph of 
the LF. While this may be generally informative, it does not seem to be of any immedi¬ 
ate value in the estimation problem. There has perhaps been a tendency to enshrine 
the LF as the repository of all the “ information ” in the sample. The tendency is 
useful, but tautologous: the LF contains all the information in the sample precisely 
in the sense that, as we remarked in 17.38, the observations themselves constitute a set 
of jointly sufficient statistics for the parameters of any problem. This way of putting it 
has the merit of drawing attention to the fact that the functional form of the distribu¬ 
tion^) generating the observations must be decided before the LF can be used at all, 
whether for ML estimation or otherwise. In other words, some information (in 
a general sense) must be supplied by the statistician: if he is unable or unwilling to 
supply it, resort must be had to the non-parametric hypotheses to be discussed in 
later chapters, and the quite different methods to which they lead. 

The estimation of location and scale parameters 

18.33 We may use ML methods to solve, following Fisher (1921a), the problem 
of finding efficient estimators of location and scale parameters for any given form of 
distribution. 

Consider a frequency function 

iF(x) = /(*--?) d (tzay f> > o. (18.92) 

The parameter a locates the distribution and is a scale parameter. We rewrite 
(18.92) as 

dF = exp {^(y) }dy = exp (g(y) }dx/0, 

where 

y = (*-a)//9, 

g(y) = log f(y). 

In samples of size n, the LF is 

logL(x|a,/9) = X g(y,)~n\ogp. 

»•-1 

(18.94) yields the likelihood equations 

tS* --JyW - o. 

■ 0> . 

where g'(y) = dg(y)/dy. Under regularity conditions, solution of (18.95) gives the 


(18.93) 


(18.94) 


(18.95) 
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(18.96) 


ML estimators a and /$. We now assume that for all permissible values of a and (} 

e(^) = -1 [£{>*'(>))+1] =o. 

As at (17.18), (18.96) will hold if we may differentiate under the integral signs on 
the left. We may rewrite (18.96) as 

£{*'(>) } = 0, (18.97) 

*WM1= -I. (18.98) 

We now evaluate the elements of the inverse dispersion matrix (18.60). If 

p /3*logL\_p/dlog L d log L\ 

\36 t 36,) \ 36 t * 36, )' 

these are as follows. From (18.95), dropping the argument of g(y), we have 


E (^-)-jT, E U'y ,+ Vy+i). 

which on using (18.98) becomes 
Also 

which on using (18.97) becomes 

£ (w)- ? EU " y) - 

(18.99-18.101) give, for the matrix (18.60), 

V- 1 = ~ — e( 

P \ 


(18.99) 


(18.100) 


g g"y 

3 


'-0- 


(18.101) 

(18.102) 


Kg y g y 

from which the variances and covariance may be determined by inversion. Of course, 
if i or (} alone is being estimated, the variance of the ML estimator will be the reciprocal 
of the appropriate term in the leading diagonal of V -1 . 


18.34 If g(y) is an even function of its argument, i.e. the distribution is symmetric 
about a, (18.102) simplifies. For then 

g(y) = g(-y)> 
g'(y) = -g'(-y). 

g"(y) = g"(-y)’ (18.103) 

Using (18.103), we see that the off-diagonal term in (18.102) 

£(!"(>■)>( =0, 


(18.104) 
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so that (18.102) is a diagonal matrix for symmetric distributions. Hence the ML 
estimators of the location and scale parameters of any symmetric distribution obeying 
our regularity conditions will be asymptotically uncorrelated, and (since they are 
asymptotically bivariate normally distributed by 18.26) asymptotically independent. In 
particular, this applies to the normal distribution, for which we have already derived 
this result directly in Example 18.13. 


18.35 Even for asymmetrical distributions, we can make the off-diagonal term in 
(18.102) zero by a simple change of origin. Put 


Then 


z 


= y- 


*U!"y) 
W) * 


E(g"y) - z{g" [*+^y]} 


(18.105) 


- £(g"*)+2?(g"y), 

so that 

E(g"z) = 0. (18.106) 


Thus if we measure from an origin as in (18.105), we reduce (18.102) to a diagonal 
matrix, and we obtain the variances of the estimators easily by taking the reciprocals 
of the terms in the diagonal. The origin which makes the estimators uncorrelated 
is called the centre of location of the distribution. The object of choosing the centre 
of location as origin is that, where iterative procedures are necessary, the estimators 
may be separately treated. 


Example 18.17 
The distribution 

«*<*> = * < * « - >» s * > 2 > 

has its range dependent upon a, but is zero and has a zero first derivative with respect 
to a at its lower terminal for p > 2 (cf. Exercise 17.23), so our regularity conditions 
hold. Here 

g (y) = “ log T (p) + (p-1 ) logy -y, 

and 


*(*"> - 
E(g"y) - 


1 

ip-2 )* 
-i, 


= -(/>-!)• 


Thus the centre of location is, from (18.105), 


Wy) 

E(g n ) 


p-2. 
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The inverse dispersion matrix (18.102) is 


v # : 2 


1 P 


(18.107) 


and its inverse, the dispersion matrix of a and /?, is easily obtained directly as 


V_(#- 

2n " 1-1 * 

\ p-2 


(18.108) 


If we measure from the centre of location, we have for the uncorrelated estimators 


var «u = (p-2)P*/n,\ 
= P*/(2n). J 


(18.109) 


Comparing (18.109) with (18.108) and (18.107), we see that var/3 is unaffected by the 
change of origin, while var&„ equals var& when « alone is being estimated. 


Efficiency of the method of moments 

18.36 In Chapter 6 we discussed distributions of the Pearson type. We were 
there mainly concerned with the properties of populations only and no question of 
the reliability of estimates arose. If, however, the observations are a sample from 
a population, the question arises whether fitting by moments provides the most efficient 
estimators of the unknown parameters. As we shall see presently, in general it does not. 

Consider a parent form dependent on four parameters. If the ML estimators of 
these parameters are to be obtained in terms of linear functions of the moments (as 
in the fitting of Pearson curves), we must have 

r = 1, ...,4, (18.110) 

du r 

and consequently 

f(x\O lt ... ,0 4 ) = exp^o+AiJc+ii^+ia^+A** 4 ), (18.111) 

where the b’s depend on the 0’s. This is the most general form for which the method 
of moments gives ML estimators. The b's are, of course, conditioned by the fact 
that the total frequency shall be unity and the distribution function converge. 

Without loss of generality we may take b t = 0. If, then, b 3 and b t are zero, the 
distribution is normal and the method of moments is efficient. In other cases, (18.111) 
does not yield a Pearson distribution except as an approximation. For example, 

= 2& t *+36 s **+46 4 *». 

OX 

If b z and b 4 are small, this is approximately 

d log/ _ 2b t x 

1 2 b* b t * 

which is one form of the equation defining Pearson distributions (cf. (6.1)). Only 
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when b a and b A are small compared with b t can we expect the method of moments to 
give estimators of high efficiency. 

18.37 A detailed discussion of the efficiency of moments in determining the para¬ 
meters of a Pearson distribution has been given by Fisher (1921a). We will here quote 
only one of the results by way of illustration. 

Example 18.18 

Consider the Gamma distribution with three parameters, a, a, p, 

dF ‘ (V 5 )'" 1 exp {~(^)} dx ‘ *<*«»;«> o; f> 

For the LF, we have 

logL = -nplog<r-nlog r(p) + (p— l)21og(*-ot)—2(*— v)/a. 

The three likelihood equations are 


aiogL_ 

da 


np/a+'L(x—a.)/a t = 0, 


= -nlogo-n^log r(p)+Slog(x—a) = 0. 

Taking the parameters in the above order, we have for the inverse dispersion matrix 
(18.60) 


(oHp- 


1 


1 


V- 1 = n 


with determinant 


(P-2) o* o(p-l) 

1 p 1 


1 1 dMogr(p) 

\o(p —1) a dp * 


IV 1 |/n 3 = A = —-- [t 

1 l/B (P-2K\ 


^iogr(p) 2 


dp* 


+• 


P-1 (p 




From this the sampling variances are found to be 

l L^iogro) 1 

dp'~ */’ 


vara 


yard = _d*logr(p)_ 

»A<x*\p-2 dp* (p 




var p= 2 —^r + r^TTiV (18.113) 

* *»A(p-2)o* n/ \ dp * p-1 (p-1)*/ v 1 

Now for large p, using Stirling’s series, 

= |.{iiog(2,) + 0» + i)io g / 1 - #+I ^-3^ + ...}. 
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We then find 


r\ d? | ft /I . . \ 2 1 1 r 1 1^1 1 

2 dp * logr ( 1+ ^ p + pi 3 [p* 5p * + Ip 1 
and hence approximately, from (18.113), 

V3r ^ N 1)3+ f(P“ ! )} ‘ 


(18.114) 


If we estimate the parameters by equating sample-moments to the appropriate moments 
in terms of parameters, we find 

#+op = m lt 
a*p = m„ 

2a*p — m„ 

so that, whatever a and a may be, 

- »»!/»** = 4/p, (18.115) 

where b x is the sample value of fi lt the skewness coefficient. Now for estimation by 
the method of moments (cf. 10.15), 

var*, - {4)54-24/5,+36+9^/3,-12/5,+35/? x }, 

ft 

which for the present distribution reduces to 

var^ = (18.116) 

n p 

Hence, from (18.115) we have for p, the estimator by the method of moments, 

varp = ^var b x « £p(p+l)(/>+5). 

For large p the efficiency of this estimator is then, from (18.114), 

" (0-!)*+*(?-1)J 

mrf P(P+i)(P+5) 

which is evidently less than 1. When p exceeds 391 (/3 X = 0*102), the efficiency is 
over 80 per cent. For p — 20 (/5j = 0*20), it is 65 per cent. For p — 5, a more 

exact calculation based on the tables of the trigamma function ^ J°® ^ ^ shows 

dp 1 

that the efficiency is only 22 per cent. 


EXERCISES 

18.1 In Example 18.7 show by considering the case n « 1 that the ML estimator 
does not attain the MVB for small samples; and deduce that in this case the efficiency 
of the sample mean compared with the ML estimator is $. 

18.2 Show that the most general form of distribution, differentiable in 0, for which 
the ML estimator of 0 is the sample arithmetic mean x 9 is 

f{x |0) = exp [A(0)+A'{6)(x-e)+B{x) } 

and hence that x must be a sufficient statistic for 0, with MVB variance of — 

nA (0) 
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18.3 Show that the most general continuous distribution for which the ML 
estimator of a parameter 0 is the geometric mean of the sample is 

/(*l«> - M exp {A (0)+B(x) }. 

Show further that the corresponding distribution having the harmonic mean as ML 
estimator of 0 is 

f(x\0) - exp ^ {6A‘(0)—A(0) }-4'(0) + B(x)J. 

(Keynes, 1911) 

18.4 In Exercise 18.3, show in each case that the ML estimator is sufficient for 0, 
but that it does not attain the MVB in estimating 0, in contrast to the case of the arithmetic 
mean in Exercise 18.2. Find in each case the function of 0 which is estimable with 
variance equal to its MVB, and evaluate the MVB. 

18.5 For the distribution 

dF(x) « exp {-(x -%)/ft)dx, 0 < a < x « ft, 

show that the ML estimators of a and fi are x ( d and x ( „) respectively, but that these are 
not a sufficient pair for a and p. 


18.6 Show that for samples of n from the extreme-value distribution (cf. (14.66)) 
dF(x) — n exp {—oc (x—/*) — exp [—a (x—/<) ] } dx, -» < x < oo, 

the ML estimators & and fi are given by 


1 . Zxe-** 

& ~ X Se- 4 * ’ 

e -*A = «-<**, 

n 


and that in large samples 


var ot as a*/(^ l /6), 


var 


* **/6 J * 


cov (&,/}) rn -(l-y)/(*V6), 
where y is Euler’s constant 0-5772. . . . 


(B. F. Kimball, 1946) 


18.7 If x is distributed in the normal form 

-«<*««• 

the lognormal distribution of y — <* has mean 6 t — cxp(jt + }o*) and variance 
0, = exp (2n+a*) {exp (a*) - 1}. (Cf. (6.63).) 

Show that the ML estimator of 0 t is 

0i = exp (x+Jr*), 

where 8 and t* are the sample mean and variance of x, and that 

(w —!) / o* 

• 2 K" 

so that 6 X is biassed upwards. Show that £($,) —► 0i, so 5, is asymptotically unbiassed. 

> 00 


E(8 X ) = E {exp (x) }£{exp(ii*) } = 0,exp 


{ 


) 


-K»-D 


> e 


u 
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18.8 In Exercise 18.7, define the series 


JK) «+l 2! + («+l)(n + 3)3! 


Show that the adjusted ML estimator 

fix = exp <*)/<***) 

is strictly unbiassed. Show further that 9 t > fix for all samples, so that the bias of fix 
over fix is uniform. 

(Finney, 1941) 


18.9 In Exercise 18.7, show that 

var fix ■ E {exp(2*) }E{exp(x*) }- {E(fij) }* 

exp {<J*/n}h .——J -M--J 

exactly, with asymptotic variance 

varfix /wexp(2/i+ff*).i(«T*+Jo 4 ), 

ft 

and that this is also the asymptotic variance of fi in Exercise 18.8. Hence show that the 
unbiassed moment-estimator of fix, 

9 = '-*y, 

fl 


has efficiency 


(a* + p (o*) -1}. 


(Finney, 1941) 


18.10 A multinomial distribution has n classes, each of which has equal probability 
1/ft of occurring. In a sample of N observations, k classes occur. Show that the LF 
for the estimation of ft is 


L(k\n) 


n(r,!)W V/ II (m,!) 

1 i-1 


where r<(> 0) is the number of observations in the ith class and m; is the number of 
classes with /(> 1) observations in the sample. Show that the ML estimator of ft is fi 
where 


N & 1 

A “ * f 

fi J 


and hence that approximately 



and that k is sufficient for n. Show that for large N, 


var ft ~ 



(Lewontin and Prout, 1956) 


18.11 In Example 18.14, verify that the ML estimators (18.78) are jointly sufficient 
for the five parameters of the distribution, and that the ML estimators (18.74-75) are 
jointly sufficient for <r?, and p . 
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18.12 In estimating the correlation parameter p of the bivariate normal population, 
the other four parameters being known (Examples 18.14 and 18.15, case (a)), show that 
the sample correlation coefficient (which is the ML estimator of p if all five parameters 
are being estimated—cf. (18.78)) has estimating efficiency 1/(1 -hp*). Show further 
that if the estimator 

1 


r = 


-E (*-/!,) 

ft 


cr, a. 


i w i 


is used, the efficiency drops even further, to 


(Stuart, 1955a) 


18.13 If Xi is a normally distributed variate with mean 0 and variance <r} (i = 1, 
2,. • •, n), show that, for any n, the ML estimator of 0 has least variance among unbiassed 
linear combinations of the observations (cf. Exercise 17.21). 


18.14 In Examples 18.14 and 18.15, find the ML estimators of when all other 
parameters are known, and of 0 * similarly, and show that their large-sample variances 

4o{(l — p 1 ) 

*(2-p*) ’ 

of when the other three parameters are known, and evaluate their large-sample dispersion 
matrix. 


are respectively o?(l — p*)/n and Find the joint ML estimators of /t t and 


18.15 In Example 18.17, derive the results (18.109) for the uncorrelated estimators 
4, and /?„ measured about the centre of location. 

18.16 Show that the centre of location of the Pearson Type IV distribution 

dF « exp ■{ - r arc tan ( —) H 1 + 1 ~~s~ ) )■ dx < — 00 < * < oo. 




vB 

where » and p are assumed known, is distant - - to the left of the mode of the 

P+4 

distribution. 

(Fisher, 1921a) 

18.17 For the distribution of Exercise 18.16 show that the variance of the ML 
estimator in large samples is 

1 0>+l)0>+2)(p+4) 

P (p+4)* + v* ’ 

and that the efficiency of the method of moments in locating the curve is therefore 

P*(p-l){(p+4)*+v*} 

(p+l)(p+2)0>+4)(p*+i-*)‘ 

(Fisher, 1921a) 

18.18 Members are drawn from an infinite population in which the proportion 
bearing a given attribute is n, the drawing proceeding until a members bearing that 
attribute have appeared. The sample number then attained is n. Show that the distri¬ 
bution of n is given by 


( :: 0 


Jl° (1 - 7t) n 


n-a, a + 1, a + 2. 
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and that the ML estimator of rt is a/n. Show also that this is biassed and that its asymp¬ 
totic variance is n*(l— n)/a. 


18.19 In the lognormal distribution of Exercises 18.7-8, consider the estimation of 
the variance fi t . Show that the ML estimator 

0 * = exp( 2 £+r'){exp(s*)-l} 
is biassed and that the adjusted ML estimator 


is unbiassed. 


6 t = exp ( 2 x) 





18.20 In Exercise 18.19, show that asymptotically 

varfl, exp(4/i+2c*)[2 {exp(o') — 1 }* + < 7 * {2exp(«r*)-l}*], 

It 

and hence that the efficiency of the unbiassed moment-estimator 

4 = ^3jS(y-y) f 
is 

_ 2 a*[2 {exp (a*)- 1 }* +a* {2 exp( 5 *) -1 }* ]_ 

{exp (<j*) -1 }* {exp ( 4 ( 7 *)—2 exp (3 <t*) + 3 exp (2 <t*)—4 } 

(Finney, 1941) 


18.21 For a normal distribution with known variance < 7 * and unknown mean ft 
restricted to take integer values , show that the ML estimator ft is the integer value nearest 
to the sample mean x, and that its sampling distribution is given by 

1 r (£-/»+*) V(*)/® 

Hence show that ft is unbiassed. 



e-*'dt\dft. 


! }‘ 


18.22 In the previous Exercise, show that (i is a consistent estimator of with 
asymptotic variance 


var /2 



decreasing exponentially as it increases. 


(Hammersley, 19S0) 


18.23 In the previous Exercises, define a statistic T by \T = the integer value 
nearest to $x. Show that 

varT < var/ 2 , when p is even, 
varT^l, when ft is odd, 

and hence that T is consistent or not according to whether ft is an even integer or not. 

(Hammersley, 1950 ; discussion by C. Stein) 


18.24 For a sample of it observations from/(x|0) grouped into intervals of width A, 
write 

r*+i* 


Me,h) = 


J x-\h 


f(y\0)dy. 
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Show by a Taylor expansion that 


/(*|0, A)- 


*/(*!<>) 
h* dx* 

+ 24 /(*|0) ,+ **• 


and hence, to the first approximation, that the correction to be made to the ML estimator 
6 to allow for grouping is 


(*f\ 
y ® ( — ) 

~24* TS* - 

2 ^ 0 °./) 


the value of the right-hand side being taken at 6. 


(Lindley, 1950) 


18.25 Using the last Exercise, show that for estimating the mean of a normal popula¬ 
tion with known variance, A = 0, while in estimating the variance with known mean, 
A - -A*/12. 

Each of these corrections is exactly the Sheppard grouping correction to the corres¬ 
ponding population moment. To show that the ML grouping correction does not 
generally coincide with the Sheppard correction, consider the distribution 

dF *» er*/ 9 dx/0, 6 > 0 ; 0 < x < ®>, 

where 6 — x, the sample mean, and the correction to it is 


A = 


_1_A* 

12 *’ 


whereas the Sheppard correction to the population mean is zero. 

(Lindley, 1950) 


18.26 Writing the negative binomial distribution (5.33) as 

*-H)Tr*)(=5»)'- 


show that for a sample of n independent observations, with it r observations at the value 
r and n 0 < n 9 the ML estimator of m is the sample mean 


while that of k is a root of 


m = f, 


»logfl+^ - S 

^ kJ r-l i-ok + t 

Show that as k decreases towards zero, the right-hand side of this equation exceeds the 
left, and that if the sample variance r, exceeds f the left-hand side exceeds the right as 
k —► QO, and hence that the equation has at least one finite positive root. On the other 
hand, if 4 < f, show that the two sides of the equation tend to equality as k —► oo, so 
that & =» oo, and f r reduces to a Poisson distribution with parameter m. 

(Anscombe, 1950) 


18.27 In the previous exercise, show that 

varm * (m+ m*/k)/n. 
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var k 


' 2 *(*+l) 

M*)'i 


cov (m, k ) ~0. 


1+2 £ 

i-2 



(Anscombe (1950); Fisher (1941) investigated 
the efficiency of the method of moments in 
this case.) 


18.28 For the Neyman Type A contagious distribution of Exercise 5.7, with fre¬ 
quency function /„ show that the ML estimators of A t , A, are given by the roots of the 
equations 

Ai = E r rt r (r + l)/r+i/(rt/r), 

AiA* = f, 

where n r , r have the same meanings as in Exercise 18.26. 

(Shenton (1949), who investigated the efficiency of the 
method of moments in this case and found it to be 
relatively low (< 70%) for small Aj (< 3) and large 
A, (> 1). In later papers (1950, 1951) this author 
developed a determinantal expansion for evaluating the 
efficiency of using moments in the general case and in 
the particular case of the Gram-Charlier Type A series.) 


18.29 For the “ logistic ” distribution 

~ 1 +exp {-(ct+Px) }’ 


- oo < x < oo, 


show that the ML estimators of a and ft are roots of the equations 

xt exp (-(Ixt) 


1 * 

X ~ P + i?i 1 +exp {-(<* +#*<) } 


/y A Xi i _ 

/ i-i 1 +exp {-('x + Pxi ) }’ 


e« = 2 S exp (-/?*<) 

«i-i 1 + exp { — (a + (txi) }’ 


18.30 Independent samples of sizes n u n % are taken from two normal populations 
with equal means p and variances respectively equal to Aa*, a*. Find the ML estimator 
of /i, and show that its large-sample variance is 

+»*y 

Hence show that the unbiassed estimator 

t = (Mx+ 

has efficiency 

^(/*i + «t) 8 _ 

which attains the value 1 if and only if A = 1. 


var (fi) = a % j ^ j 


18.31 For a sample of ft observations from a normal distribution with mean 0 and 
variance F(0), show that the ML estimator fi is a root of 

r = 2(.v-©)+^-S(.v-0)*, 

V ft 
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and hence that if V ( 6 ) = 0 * 6 *, where o* is known, 8 is a function of both x and E ** unless 
k = 0 (when 8 = x, the single sufficient statistic) or A =1 (when 8 is a function of Ex* 
only). 


18.32 y u . . . are independent normal variates with 

E(y r ) - r9, 
vary, = r*o*. 

Show that the ML estimator of 6 is 


•- (*$)/( = ;) 

and that 8 is unbiassed and exactly normally distributed with 


varfl 


‘/l^> 


so that the efficient estimator has variance decreasing with (logit ) -1 asymptotically. 

(This example is due to D. R. Cox) 


18.33 Show that if, as in Exercise 18.32, the efficient estimator has asymptotic vari¬ 
ance of order (log it) - *, s > 0, and efficiency is defined as in 17.29, every inefficient esti¬ 
mator has efficiency zero. 

18.34 A sample of it observations is drawn from a normal population with mean ft 
and a variance which has equal probabilities of being 1 or o*. Show that as it —> oo no 
ML estimator of (jt, a*) exists. 

(Kiefer and Wolfowitz, 1956). 

18.35 A sample of it observations is taken from a continuous frequency function 
/ (x), defined on the interval 0 < x < 1, which is bounded by 0 < f(x) < 2. Show that 

an estimator P(x) of F(x) is a ML estimator if and only if I }(x)dx = 1 , }(x) is con- 
- Jo 

tinuous and /(*<) = 2, i = 1, 2, ..., it. Hence show that many inconsistent ML 
estimators, as well as consistent ML estimators, exist. 


(Bahadur, 1958) 



CHAPTER 19 


ESTIMATION: LEAST SQUARES AND OTHER METHODS 


19.1 In this chapter we shall examine in turn principles of estimation other than 
that of Maximum Likelihood (ML), to which Chapter 18 was devoted. The chief 
of these, the principle (or method) of Least Squares (abbreviated LS), while concep¬ 
tually quite distinct from the ML method and possessed of its own optimum properties, 
coincides with the ML method in the important case of normally distributed observa¬ 
tions. The other methods, to be discussed later in the chapter, are essentially com¬ 
petitors to the ML method, and are equivalent to it, if at all, only in an asymptotic 
sense. 

The method of Least Squares 

19.2 We have seen (Examples 18.2, 17.6) that the ML estimator of the mean p 
in a sample of n from a normal distribution 


iFiy) - ^)^{ J ^-/)'} dy 


(19.1) 


is obtained by maximizing the Likelihood Function 

\ogL(y\p) = -i»log(2jto*)-^ i i {y f -pY (19.2) 

with respect to p. From inspection of (19.2) it is maximized when 

S 0-,-rt* (19.3) 

is minimized. The ML principle therefore tells us to choose p so that (19.3) is at 
its minimum. 

Now suppose that the population mean, p, is itself a linear function of parameters 
&,(« = 1, 2,..., k). We write 


P — S Xtdt, 


i-1 


(19.4) 


where the x { in (19.4) are not random variables but known constant coefficients com¬ 
bining the unknown parameters 0,. If we now wish to estimate the Q t individually, 
we have, from (19.3) and (19.4), to minimize 

s f y s x t eX (19.5) 

i=A i-i / 

with respect to the 8 { . We may now generalize a stage further: suppose that, instead 
of the n observations coming from identical normal distributions, the means of these 
distributions differ. In fact, let 


Pj = "L x if 8 { , 

«=i 


j — 1,2,..., n. 


75 


(19.6) 
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We now have to minimize 

(19.7) 

with respect to the 0*. 

19.3 The LS method gets its name from the minimization of a sum of squares 
as in (19.7). As a general principle, it states that if we wish to estimate the vector of 
parameters 0 in some expression p (x, 0) = 0, where the symbol x represents an observa¬ 
tion, we should choose our estimator 0 so that 

{*(*»•))» 

is minimized. 

As with any other systematic principle of estimation, the acceptability of the LS 
method depends on the properties of the estimators to which it leads. Unlike the 
ML method, it has no general optimum properties to recommend it, even asymptotically. 
However, in an extremely important class of situation, it does have the optimum prop¬ 
erty, even in small samples, that it provides unbiassed estimators, linear in the 
observations, which have minimum variance (MV). This situation is usually described 
as the linear model , in which observations are distributed with constant variance about 
(possibly differing) mean values which are linear functions of the unknown parameters, 
and in which the observations are all uncorrelated in pairs. This is just the situation 
we have postulated at (19.6) above, but we shall now abandon the normal distribution 
assumption which underlay the discussion of 19.2, since this is quite unnecessary to 
establish the optimum property of LS estimators. We now proceed to formalize the 
problem, and we shall find it convenient, as in Chapter 15, to use the notation and 
terminology of matrix and vector theory. 

The Least Squares estimator in the linear model 

19.4 We write the linear model in the form 

y = XO + c, (19.8) 

where y is an (nx 1) vector of observations, X is an (nxk) matrix of known coefficients 
(with n > k), 0 is a (A x 1) vector of parameters, and e is an (« x 1) vector of “ error ” 
random variables with 

E( c) = 0 (19.9) 

and dispersion matrix 

V (c) = E(ee') = a*I (19.10) 

where I is the (n x n) identity matrix. (19.9) and (19.10) thus embody the assumptions 
that the e, are uncorrelated, and all have zero means and the same variance o s . These 
assumptions are crucial to the results which follow. The linear model can be generalized 
to a less restrictive situation (cf. 19.17 and Exercises 19.2 and 19.5), but the results 
are correspondingly changed. 

The LS method requires that we minimize the scalar sum of squares 

S = (y-XO)'(y—X0) 


(19.11) 
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for variation in the components of 0. 
is that 


A necessary condition that (19.11) be minimized 


d_S 

80 


0 . 


Differentiating, we have 

2X'(y—X0) = 0, 

which gives for our LS estimator the vector 

0 - (X'X) -l X'y, (19.12) 

where we assume that (X'X), the matrix of sums of squares and products of the ele¬ 
ments of the column-vectors composing X, is non-singular and can therefore be inverted. 


Example 19.1 

Consider the simplest case, where 0 is a (1 x 1) vector, i.e. a single parameter. 
We may then write (19.8) as 

y = x0+* 

where x is now an (nx 1) vector. The LS estimator is, from (19.12), 

6 = (x'x)-ix'y 


Example 19.2 

Suppose now that 0 has two components. The matrix X now consists of two 
vectors x lt x 2 . The model (19.8) becomes 


(6J 

<0 t 


+ *» 


y - 

and the LS estimator is now, from (19.12), 

a _ / x i x l 

x^xj \x^y)' 

/ LxjxA-i/SxxyX 

Z*f / \Sx*y/’ 

where all summations are over the suffix= 1, 2,..., «. Since (X'X) is the matrix 
of sums of squares and cross-products of the elements of the column-vectors of X, 
and X' y the vector of cross-products of the elements of y with each of the x-vectors 
in turn, the generalization of this example to a 0 with more than two components 
is obvious. 




Example 19.3 

In Example 19.2 we specialize so that Xx = 1, a vector of units. 


0 = 



2**V7 Sy \ 
S*§/ \Zx*y) 


Hence, 
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and we now invert the first matrix directly, obtaining 

/ n Z*,\- x = 1 / -Z**\ 

\Xx t {«S'4-(S* i )»}V-S*,i » / 

Multiplying this by we ^ 

g = 1 

(nSa|-(Sx l )*} x-SxjSy+nS^y/’ 

so that 

« _ Sx|Sy-Sx,Sx,y 
l ~ nS^-fS*,)* ’ 

« _ nSx^-SxtS^ 

* nS*f-(2:c,)* ‘ 

Simplifying, 

= “S*iy--S*i.-Sy ^ 2 (*,-*,)(>>->) 

" *<*■-*■>* ’ 

and hence 

^ = y-8 t x s . 

It will be seen that 0, is exactly of the form of 8 in Example 19.1, with deviations 
from means replacing those from origins. This is a general effect of the introduction 
of a new parameter whose x-vector consists wholly of units (see Exercise 19.1). 

19.5 We may now establish the unbiassedness of the LS estimator (19.12). Using 
(19.8), it may be written 

6 = (x'xj-ix'fxe+c) - e+fx'x^x'e. (19.13) 

Since X is constant, we have, on using (19.9), 

E(fi) = 6 (19.14) 

as stated. The dispersion matrix of 6 is 

v(G) = £{(e-e)(e-e)'}, 

which, on substitution from (19.13), becomes 

V(8) = 2? {[(X'X) -1 X' e] [(X'X) -1 X'«]'} 

= (X' X) -1 X' E (e e') X (X' X) -1 . (19.15) 

Using (19.10), (19.15) becomes 

V(6) = <x*(X'X)-i. (19.16) 

(19.12) and (19.16) make it clear that the computation of the vector of LS estimators 

and of their dispersion matrix depends essentially upon the inversion of the matrix 
of sums of squares and cross-products (X' X). In the simpler cases (cf. Example 19.3) 
this can be done algebraically. In more complicated cases, it will be necessary to 
carry out the inversion by numerical methods, such as those described by L. Fox (1950) 
and by L. Fox and Hayes (1951). 
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Example 19.4 

The variance of 9 in Example 19.1 is, from (19.16), 

var(0) = a i /'Lx t j. 


Example 19.5 

In Example 19.2 we have 

(X'X)" 1 = (J*** Z* 1 **^" 1 


so that, from (19.16), 

var(^) = 


Vs*!*, Sxf ) 

1 / 2*i, -SxjxA 




(SxfSxS-^x,)*} 2je2 f 1 _(S*i**)V 

l \ 2xf2x§/ 


and var (5,) is the same expression with suffixes 1 and 2 interchanged. The covariance 
term is 

cov(0 lt 0.) = y 

and this is zero if, and only if, SxiXj = 0. 


Example 19.6 

We found in Example 19.3 that 


(X'X)-i 


1 

2 (*.-*i) 2 




From (19.16), we therefore have 

var(0 x ) = <r* 2 jei/2(x,-*,)*, 
var 0 t ) = <rY2(*j—* 2 ) a , 

COv(0 lf 0,)= -^Xj/Zfo-X,)*. 

Var (0,) is, as is to be expected, var (0) in Example 19.4, with deviations from the 
mean in the denominator. 0, and 0, are uncorrelated if and only if x t = 0. 


Optimum properties 

19.6 We now show that the MV unbiassed linear estimators of any set of linear 
functions of the parameters Q f are given by the LS method. This may be very elegantly 
demonstrated by a method used by Plackett (1949) in a discussion of the origins of 
LS theory which makes it clear that the fundamental results are due to Gauss. 

Let t be any vector of estimators, linear in the observations y, i.e. of form 

t = Ty. (19.17) 

If t is to be unbiassed for a set of linear functions of the parameters, say C 6, we must 

have 


E(t) = E( Ty) = C6 
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(where C is a known matrix of coefficients), which on using (19.8) gives 

E (T(X0+e) } = C0 (19.18) 

or, using (19.9), 

TX =» C. (19.19) 

The dispersion matrix of t is 

V(t) = E{(t-C0)(t-C0)' } (19.20) 

and since, from (19.17), (19.8) and (19.19) 

t-ce = t«, 

(19.20) becomes 

V(t) = jB(Tee'T') 

= <r*Tr (19.21) 


from (19.10). We wish to minimize the diagonal elements of (19.21), which are the 
variances of our set of estimators. 

Now the identity 

T”T = {CfX'X^X' } (CfX'X^X' y 

+ {T-CfX'X^X'} {T-C(X , X) -1 X' }' (19.22) 

is easily verified by multiplying out its right-hand side, which is the sum of two terms, 
each of form A A'. Each of these terms therefore has non-negative diagonal elements. 
But only the second term on the right of (19.22) is a function of T. The sum of the 
two terms therefore has strictly minimum diagonal elements when the second term 
has all zero diagonal elements. This occurs when 

T = C^'X^X', (19.23) 

so that the MV unbiassed vector of estimators of C8 is, from (19.17) and (19.23), 

t = C(X'X) _1 X'y, (19.24) 

in which 0 is simply replaced by its LS estimator (19.12), i.e. 

t = C$, (19.25) 

and from (19.21) and (19.23) 

V (t) = a* C (X' X)- 1 C\ (19.26) 

If C — I, the identity matrix, so that we are estimating the vector 0 itself, (19.24) 
and (19.26) reduce to (19.12) and (19.16) respectively. 


19.7 It is instructive to display this result geometrically, following Durbin and 
Kendall (1951). We shall here discuss only their simplest case, where we are esti¬ 
mating a single parameter 0 from a sample of n observations, all with mean 0 and 
variance a*. Thus 

y t = 0 + s* ; = 1,2,...,», 

which is (19.8) with k = 1 and X an (n x 1) vector of units. We consider linear 
estimators 

t = Zc,y h 


( 19 . 27 ) 
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the simplest case of (19.17). The unbiassedness condition (19.19) here becomes 

Sc, - 1. (19.28) 

Consider an n-dimensional Euclidean space with one co-ordinate for each c,. We call 
this the estimator space. (19.28) is a hyperplane in this space, and any point P in 
the hyperplane corresponds uniquely to one unbiassed estimator. Now since the y, 
are uncorrelated, we have from (19.27) 

vart - o 2 Sc5 (19.29) 

so that the variance of t is a 2 OP 2 , where O is the origin in the estimator space. It 
follows at once that t has MV when P is the foot of the perpendicular from O to the 
hyperplane. By symmetry, we must then have every c, = 1/n and t ■* y, the sample 
mean. 

Now consider the usual n-dimensional sample space, with one co-ordinate for each 
v. The bilinear form (19.27) establishes a duality between this and the estimator 
space. For any fixed t, a point in one space corresponds to a hyperplane in the other, 
while for varying t a point in one space corresponds to a family of parallel hyperplanes 
in the other. To the hyperplane (19.28) in the estimator space there corresponds 
the point (t, t,..., t) lying on the equiangular vector in the sample space. If a vector 
through the origin is orthogonal to a hyperplane in one space, the corresponding 
hvperplane and vector are orthogonal in the other space. 

It now follows that the MV unbiassed estimator will be given in the sample space 
by the hyperplane orthogonal to the equiangular vector at the point L = (y, y % ..., y). 
If 0 is the sample point, we drop a perpendicular from Q on to the equiangular vector 
to find L, i.e. we minimize QL 1 = S(y,—t) a . Thus we minimize a sum of squares 

in the sample space and consequently minimize the variance (another sum of squares) 
in the estimator space, as a result of the duality established between them. 

19.8 A direct consequence of the result of 19.6 is that the LS estimator & minimizes 
the value of the generalized variance for linear estimators of 6. This result, which 
is due to Aitken (1948), is exact, unlike the equivalent asymptotic result proved for 
ML estimators in 18.28. We give Daniels* (1951-2) proof. 

The result of 19.6, specialized to the estimation of a single linear function c'6, 
where c' is a (1 x k) vector, is that 

var(c'd) ^ var(c'u), (19.30) 

where 6 is the LS estimator, and u any other linear estimator, of 6. We may rewrite 
(19.30) as 

c'Vc c'Dc, (19.31) 

where V is the dispersion matrix of 0 and D is the dispersion matrix of u. 

Now we may make a real non-singular transformation 

c = Ab (19.32) 

which simultaneously diagonalizes V and D. Using (19.32), (19.31) becomes 

b'(A'VA)b ^ b'(A'DA)b, (19.33) 
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where the bracketed matrices are diagonal. By suitable choice of b, it is easily seen 
that every element of (A'VA) cannot exceed the corresponding element of (A'DA). 
Thus the determinant 


i.e., 


jA'VAl < \A'DA\, 


or 

the required result. 


m ^ idi, 


(19.34) 


Estimation of variance 

19.9 The result of 19.6 is the first part of what is now usually called the Gauss 
theorem on LS. The second part of the theorem is concerned with the estimation 
of the variance, a 2 , from the observations. 

Consider the set of “ residuals ” in LS estimation, 

y-Xfi = [Xe + el-XtfX'X^X'fXe + e)], (19.35) 

by (19.8) and (19.12). The terms in 6 cancel, and (19.35) becomes 

y-Xft = {I n -X(X'X)" 1 X'}«, (19.36) 

where I„ is the identity matrix of order n. 

Now the matrix in braces on the right of (19.36) is symmetric and idempotent, 
as may easily be verified by transposing and by squaring it. Thus the sum of squared 

rPQlnllfllQ IQ 

(y—Xft)'(y—Xft) - «'{I.-X(X'X)- 1 X'}«. (19.37) 

Now 

e Be = 2 2 bfjCfCj. 

i i*s*} 

Thus, from (19.10), 

£(e'Be) = <r 2 trB. (19.38) 

Applying (19.38), we have from (19.37) 

£{(y-X6)'(y-X6)} = <r*tr{I n -X(X'X)-^X'} 

= <r 2 [trl„—tr {XfX'X)- 1 ^} ], (19.39) 

and we may commute the matrices X(X'X) -1 and X' under the trace operator, con¬ 
verting the product from an (» x n) to a (A x k) matrix. The right-hand side of (19.39) 
becomes 

= a 2 (trl„—trX'.X(X'X) _1 } 

= a 2 (tr L—tr I*), 

so that 

£{(y-X6)'(y-XS)} = o 2 (n-k). (19.40) 

Thus an unbiassed estimator of a 2 is, from (19.40), 

J^(y-X8)'(y-X«) = t », (19.41) 

the sum of squared residuals divided by the number of observations minus the number 
of parameters estimated. 
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This result permits unbiassed estimators to be formed of the dispersion matrices 
at (19.16) and (19.26), simply by putting j* of (19.41) for a 2 in those expressions. 

Example 19.7 

The unbiassed estimator of a 2 in Examples 19.1 and 19.4 is, from (19.41), 

’’ - 

so that var ($) is estimated unbiassedly by xj. 

Example 19.8 

In Examples 19.2 and 19.5, the unbiassed estimator of a 2 is, from (19.41), 

S * = »T 2 ^ 

n — Lj= 1 

where 

/«A = _ 1 _/ Sx|, 

W 2*? A2*07 

“ {l:x 2 l:4-{^x 1 x t ) 2 }\Lxl'Lx t y-'Lx l x i 'Lx 1 y) , 
and we reduce this to the situation of Examples 19.3 and 19.6 by putting all = 1. 

The normality assumption 

19.10 All our results so far have assumed nothing concerning the distribution 
of the errors, e„ except the conditions (19.9) and (19.10) concerning their first- and 
second-order moments. It is rather remarkable that nothing need be assumed about 
the forms of the distributions of the errors: we make unbiassed estimators of the 
parameters and, further, unbiassed estimators of the sampling variances and covariances 
of these estimators, without distributional assumptions. However, if we wish to test 
hypotheses concerning the parameters, distributional assumptions are necessary. We 
shall be discussing the problems of testing hypotheses in the linear model in Chapter 24 ; 
here we shall only point out some fundamental features of the situation. 

19.11 If we postulate that the e ( are normally distributed, the fact that they are 
uncorrelated implies their independence (cf. 15.3), and we may use the result of 15.11 
to the effect that an idempotent quadratic form in independent standardized normal 
variates is a chi-squared variate with degrees of freedom given by the rank of the 
quadratic form. Applying this to the sum of squared residuals (19.37), we have, in 
the notation of (19.41), the result that (n—k)s 2 /o 2 is a chi-squared variate with (n—k) 
degrees of freedom. 

Further, we have the identity 

y'y = (y-X6)'(y-X6)+(X6)'(X6), (19.42) 

which is easily verified using (19.12). The second term on the right of (19.42) is 
8'XXfi = y'X(X , X)- 1 X'y = (e' + 0'X')X(X , X)- 1 X , (X0 + €). (19.43) 
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From (19.43) it follows that if 8 = 0, 

6'X'X0 - €'X(X'X)- l X'€, (19.44) 

and (19.42) may then be rewritten, using (19.37) and (19.44), 

e'e = € , {I n -X(X'X)- l X , }€+e , {X(X , X)- l X'}€. (19.45) 

We have already seen in 19.9 that the rank of the first matrix in braces on the 
right of (19.45) is (»—A), and we also established there that the rank of the second 
matrix in braces in (19.45) is k. Thus the ranks on the right-hand side add to n, 
the rank on the left, and Cochran’s theorem (15.16) applies. Thus the two quadratic 
forms on the right of (19.45) are independently distributed (after division by <x 2 in 
each case to adjust the scale) like chi-squared with ( n—k ) and k degrees of freedom. 

19.12 It will have been noticed that, in 19.11, the chi-squared distribution of 
(y—Xd)'(y—X0) holds whatever the true value of 8, while the second term in (19.42), 
(X6)'(X6), is only so distributed if the true value of 8 is 0. Whether or not this 
is so, we have from (19.43), using (19.9), 

£{(x8)'(x 8)} = £{€ , x(x , x)- i x , «}+e'x , xe. (19.46) 

We saw in 19.9 that the first term on the right has the value k cr 2 . Thus 

£{(X8)'(X8)} = ko* + (X 8)'(X8), (19.47) 

which exceeds k o* unless X 8 = 0, which requires 8 = 0 unless X takes special values. 
Thus it is intuitively reasonable to use the ratio (X8)'(X6)/(Ar 2 ) (where r 2 , defined 
at (19.41), always has expected value o 2 ) to test the hypothesis that 8 = 0. We shall 
be returning to the justification of this and similar procedures from a less intuitive 
point of view in Chapter 24. 

The singular case 

19.13 In our formulation of the linear model in 19.4, we assumed that the number 
of observations n was greater than k, the number of parameters to be estimated ; and 
that the matrix (X' X) was non-singular. We now allow any value of n and suppose 
X to have rank r < k ; it will follow that (X' X) will be singular of rank r, since its 
rank is the same as that of X. We must now discuss the LS estimation problem afresh, 
since (X'X) cannot be inverted. The treatment is that of Plackett (1950). 

It is now no longer true that we can find an estimator 

t = Ty 

which is unbiassed for 8 whatever the value of 8. For, from (19.8), 

£(t) = T2?(y) = TX8 

and the condition for unbiassedness is therefore 

I = TX. (19.48) 

Now, remembering that X is of rank r, we partition it into 

X = (.;.J. (19.49) 

the suffixes of the matrix elements of (19.49) indicating the numbers of rows and columns. 
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We assume, without loss of generality, that X, (f is non-singular, and therefore has 
inverse Define a new matrix, of order kx(k—r), 


D = 


X -i x •. 
r t f A r t k-r 


lb—r 




(19.50) 


where I fc _ r is the identity matrix of that order. Evidently, D is of rank k—r. If we 
form the product XD, we see from (19.49) and (19.50) that its first r rows will contain 
only zeros. Since X has rank r, the rank of XD cannot exceed r, and therefore all 
its rows are linearly dependent upon its first r rows. Hence XD consists entirely of 
zeros, i.e. 

XD - 0. (19.51) 

If we postmultiply (19.48) by D, we obtain 

D = TXD = 0 (19.52) 

from (19.51). This contradicts the fact that D has rank k—r. Hence (19.48) cannot 
hold. 


19.14 In order to resolve this difficulty, and find an unbiassed estimator of 0, 
we must introduce a set of linear constraints 

c = B0, (19.53) 

where c is a (k—r)x 1 vector of constants and B is a (k—r)xk matrix, of rank (k— r). 
We now seek an estimator of the form 

t = Ly+Nc. 

The unbiassedness condition now becomes 

I = LX+NB, (19.54) 

and in order to avoid a contradiction, as at (19.52), we lay down the non-singularity 
condition 

|B£>| * 0. (19.55) 


19.15 We may now proceed to a LS solution. B, of rank (k—r), makes up the 
deficiency in rank of X. In fact, we treat c as a vector of dummy random variables, 
and solve (19.8) and (19.53) together, in the augmented model 


(c) = (b)H> < 19 - 56 > 

may be inverted. For it is equal to (X'X+B'B), which is 

the matrix of a non-negative quadratic form. Moreover, in view of (19.51) and (19.55), 
this quadratic form is strictly positive. Thus it has rank k. 

(19.56) therefore yields, as at (19.12), the solution 

6 = (X'X+B'B)- 1 (X'y+B'c), (19.57) 

which as before is the MV linear unbiassed estimator of 0. Its dispersion matrix is, 
since c is not a random variable, 

V(6) = o 9 (X' X+B' B) _1 X' X (X' X+B' B) -1 . 


The matrix 


(TO 


(19.58) 
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19.16 The matrix B in (19.53) is arbitrary, subject to (19.55). In fact, if for B 
we substitute UB, where U is any non-singular (k—r)x(k—r) matrix, (19.57) and 
(19.58) ate unaltered in value. Thus we may choose B for convenience in computa¬ 
tion in any particular case. 


Example 19.9 

As a simple example of a singular situation suppose that we have 



Here n «* 4, k = 3 and X has rank 2 < k because of the linear relation between its 
column vectors 

*i-**~*s = 0. 

The matrix D at (19.50) is of order 3x1, being 



expressing the linear relation. We now introduce the matrix of order 1x3 

B«(l 0 0), 

which satisfies (19.55) since BD = 1, a scalar in this case of a single linear relation. 
Hence (19.53) is 

c = (l 0 0 )/m=9„ 


again a scalar in this simple case. From (19.57), the LS estimator is 



0 1(1 0 0 ) 

VO/ 


'1111 
10 10 
0 10 1 
■0 -1 0 i 





Thus (0t+0*) is estimated by \ (yi+y 3 ), (0*+0*)by | (y,+y 4 ). The estimator of 0 X 
is c, for the reason that we chose B so that c = 0^ 0 X is, in fact, a location parameter, 
and neither it nor 0* nor 0* can be estimated separately from the other parameters. 
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We say that they are unidentifiable . This is true whatever the value of B chosen. If, 
for example, we had taken B = (1 1 1), we should have found 

/0A /5 3 3\ —1 / 2y+c\ / h2y-c\ 

I 0*1 = (3 3 1J \yi+ya+c ) = ( -Hy*+y*)+ c ]’ 

\& 9 / \3 1 3/ \yt+y4+c/ \-Hyi+y*)+c/ 

which yields the same estimators of (0i+0j) and (0i+0 a ) as before. The estimator of 
6] is still arbitrarily determinable by choice of c. The dispersion matrix of the esti¬ 
mators is, from (19.58), 


/ 1 -1 -1\ /4 2 2 
V (6) = o 2 ( — 1 | 1112 2 0 

\-l 1 4/\2 0 2, 

/0 0 0 \ 

- a* ( 0 4 0 ) 

\o o y 


i -l 
-l | 
-l l 



so that 


var$, = varSg = a*/ 2, 


as is evident from the fact that each is, apart from a constant, a mean of two observa¬ 
tions with variance a 1 . Also 


cov (0!,0,) = 0, 

a useful property which is due to the orthogonality of the second and third columns 
of X. When we come to discuss the application of LS theory to the Analysis of Vari¬ 
ance in Volume 3, we shall be returning to this subject. 


The most general linear model 

19.17 The LS theory which we have been developing assumes throughout that 
(19.10) holds, i.e. that the errors are uncorrelated and have constant variance. There 
is no difficulty in generalizing the linear model to the situation where the dispersion 
matrix of errors is o 2 V, V being completely general, and we find (the details we left 
to the reader in Exercises 19.2 and 19.5) that (19.24) generalizes to 

t = C (X' V 1 X)- 1 X' V- 1 y, (19.59) 

and that this is the MV unbiassed linear estimator of C0. Further, (19.26) becomes 

V(t) = a 2 C (X' V -1 X) -1 C'. (19.60) 

In particular, if V is diagonal but not equal to I, so that the are uncorrelated but 
with unequal variances, (19.59) provides the required set of estimators. 

To use these equations, of course, we need to know V. In practical cases this is 
often unknown and the estimation problem then becomes much more difficult. 


Ordered Least Squares estimation of location and scale parameters 

19.18 A particular situation in which (19.59) and (19.60) are of value is in the 
estimation of location and scale parameters from the order-statistics, i.e. the sample 
observations ordered according to magnitude. The results are due to Lloyd (1952) 
and Downton (1953). 

G 
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We denote the order-statistics, as previously (14.1), by y (1) , y (2) ,..., y (n) . As 
usual, we write ft or a for the location and scale parameters to be estimated (which 
are not necessarily the mean and standard deviation of the distribution), and 

*(D = (y«)-f*)/o, r a 1, 2.». (19.61) 

Let 

vS: vj < i962 > 

where z is the (nxl) vector of the z (r y Since z has been standardized by (19.61), 
a and V are independent of ft and a. 

Now, from (19.61) and (19.62), 

E(y)=ftl+oa, (19.63) 

where y is the vector of y (r) and 1 is a vector of units, while 

V(y) = <r*V. (19.64) 

We may now apply (19.59) and (19.60) to find the LS estimators of fi and a. We 
have 


?) = {(1 j «)'V-»(1} «)}->(! | «)'V- l y 


(19.65) 


where A = 

From (19.65) and (19.67), 

A 

n 

A 

a 

From (19.66) and (19.67) 


r^) = <7*{(l;«)'V-(l ;«)}->. 

- (1 i« ) !-=r V " 1 rV "“V 1 

1 ‘ ft Vl'V- 1 ® a'v- 1 *) 

(19.66) 

= —( a, v -1 « -rv->«\ 

AV-rv- 1 ® rv-»i ) 

(19.67) 

{ (1' V -1 1) (a' V -1 a) — (1' V -1 a)* }. 

(19.68) 

= — a' V -1 (1 a' — a 1') V -1 y/A,') 

= 1' V -1 (1 a' — a 1') V -1 y/A. / 

(19.69) 

var fi, = a* a'V -1 a/A,'J 
vara = a’l'V-U/A.l 

(19.70) 

co v(/2,d) = — a* r V -1 a/A. J 



19.19 Now since V and V -1 are positive definite, we may write 

V = TT', ") 

v-i = (T-iyT- 1 ,; 

so that for an arbitrary vector b 

b'Vb = b'TT'b = (T'b)'(T'b) = 2 hi 

«=i 

where hf is the ith row element of the vector T'b. 


(19.71) 
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Similarly, for a vector c, 

c'V _1 c = (T-icJ'CT-^c) - hj, 

ki being the element of T _1 c. Now by the Cauchy inequality, 

S= b'Vb.c'V _1 c > (SM<) 1 = {(T'b)'(T-ic)} 8 = (b'c) 8 . 

In (19.72), put 

b - (V->—1)1,1 
c = a. / 

We obtain 

l'(V-*-I)V(V- l -I)l.a'V- l « > {l'(V _1 -I)«} 8 . 

It is easily verified that 

» = rurvu 
r« = o. / 


Using (19.75) in (19.74), it becomes 

(1'V-‘1-»)«'V-1« > (l'v- 1 *) 8 , 

which we may rewrite, using (19.70) and (19.68), 


(19.72) 

(19.73) 

(19.74) 

(19.75) 


var fi < a*/n = vary. (19.76) 

(19.76) is obvious enough, since y, the sample mean, is a linear estimator and therefore 
cannot have variance less than the MV estimator fi. But the point of the above argu¬ 
ment is that it enables us to determine when (19.76) becomes a strict equality. This 
happens when the Cauchy inequality (19.72) becomes an equality, i.e. when h ( = 
for some constant A, or 

T'b = AT _1 c. 


From (19.73) this is, in our case, the condition 

T' (V -1 — 1)1 = AT- 1 *, 
or 

TT'(V -1 — 1)1 = Aa. (19.77) 

Using (19.71), (19.77) finally becomes 

(I —V)1 = Aa, (19.78) 

the condition that var fi = vary = o-/n. If (19.78) holds, we must also have, by the 
uniqueness of the LS solution, 

fi = % (19.79) 

and this may be verified by using (19.78) on fi in (19.69). 


19.20 If the parent distribution is symmetrical, the situation simplifies. For then 
the vector of expectations 

'£(*».)\ /«,' 


a = 


has 


, E (*(«))> 
«i - -«n+l -i. 



(19.80) 
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as follows immediately from 

(14.2). Hence 


and thus (19.69) becomes 

a'V-U = l'V- 1 a - 0 

(19.81) 

H . l'V-iy/l'V-il,\ 
d-a'V-iy/a'V- 1 *,/ 

(19.82) 

while (19.70) simplifies to 

var/J - cr*/l'V- 1 l,'| 
vard = a* /a' V -1 a, > 

(19.83) 


cov (/2,d) = 0. J 



Thus the ordered LS estimators p and d are uncorrelated if the parent distribution 
is symmetrical, an analogous result to that for ML estimators obtained in 18.34. 


Example 19.10 

To estimate the midrange (or mean) p and range a of the rectangular distribution 
dF(x) = dx/a, p—\o < * < 

Using (14.2), it is easy to show that, standardizing as in (19.61), 

«, -EM - {>■/(«+ l»-i. (19.84) 

and that the elements of the dispersion matrix V of the z (r) are 

V Tt = r(»-r+!)/{(»+!)*(»—2)}, r < r. (19.85) 


The inverse of V is 


V-i . (n+l)(n+2) 



(19.86) 


From (19.86), 



l'V- 1 = (»+l)(»+2)| 



(19.87) 


and, from (19.84) and (19.86), 



8 

i 


6 


(19.88) 


a'V-i = i (» + !)(»+2) 




ESTIMATION : LEAST SQUARES AND OTHER METHODS 


91 


Using (19.87) and (19.88), (19.82) and (19.83) give 

A = +>’(»))» 

* * (n+l)(y M -y w )/(n-l), 

var/2 - <rV{2(»+l)(»+2)}, [ (19.89) 

yard = 2o*/{(»-l)(n+2)}, 
cov = 0. 

Apart from the bias correction to 6, these are essentially the results we obtained by 
the ML method in Example 18.12. The agreement is to be expected, since y ( i) and 
v (n) are a pair of jointly sufficient statistics for p and or, as we saw in effect in Example 
'17.21. 

19.21 As will have been made clear by Example 19.10, in order to use the theory 
in 19.18-20, we must determine the dispersion matrix V of the standardized order- 
statistics, and this is a function of the form of the parent distribution. This is in direct 
contrast with the general LS theory using unordered observations, discussed earlier 
in this chapter, which does not presuppose knowledge of the parent form. In Chapter 32 
we shall return to the properties of order-statistics in the estimation of parameters. 

The general LS theory developed in this chapter is fundamental in many branches 
of statistical theory, and we shall use it repeatedly in later chapters. 

Other methods of estimation 

19.22 We saw in the preceding chapter that, apart from the fact that they are 
functions of sufficient statistics for the parameters being estimated, the desirable pro¬ 
perties of the ML estimators are all asymptotic ones, namely: 

(i) consistency; 

(ii) asymptotic normality ; and 

(iii) efficiency. 

Evidently, the ML estimator, B, cannot be unique in the possession of these properties. 
For example, the addition to B of an arbitrary function of the observations, which tends 
to zero in probability, will make no difference to its asymptotic properties. It is thus 
natural to inquire, as Neyman (1949) did, concerning the class of estimators which 
share the asymptotic properties of B. Added interest is lent to the inquiry by the 
numerical tedium sometimes involved (cf. Examples 18.3, 18.9) in evaluating the ML 
estimator. 

19.23 Suppose that we have r (^ 1) samples, with tt ( observations in the rth sample. 
As at 18.19, we simplify the problem by supposing that each observation in the *th 
sample is classified into one of k t mutually exclusive and exhaustive classes. If n ti is 
the probability of an observation in the tth sample falling into thejth class, we therefore 

have 

I = 1, (19.90) 

i=i 

and we have reduced the problem to one concerning a set of s multinomial distributions. 
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Let n,j be the number of tth sample observations actually falling into the jth class, 
and Pu = ttij/ftt the corresponding relative frequency. The probabilities n u are 
functions of a set of unknown parameters (0 t .0 r ). 

A function T of the random variables p if is called a Best Asymptotically Normal 
estimator (abbreviated BAN estimator) of 0 lt one of the unknown parameters, if 

(i) T ( {p u }) is consistent for 0 t ; 

9 

(ii) T is asymptotically normal as N = 2 n t —> oo; 

»-i 

(iii) T is efficient; and 

(iv) dT/dpu exists and is continuous in p if for all tj. 

The first three of these conditions are precisely those we have already proved for 
the ML estimator in Chapter 18. It is easily verified that the ML estimator also 
possesses the fourth property in this multinomial situation. Thus the class of BAN 
estimators contains the ML estimator as a special case. 

19.24 Neyman showed that a set of necessary and sufficient conditions for an 
estimator to be BAN is that 

(i) !■({*„})-0,; 

(ii) condition (iv) of 19.23 holds; and 

» i *« r/dT\ "I* 

(iii) 2 — 2 (- 5 —) n u be minimized for variation in dT/dp ti . 

i=\ n ij=l L \dpiJ/ Pu=nijJ 

Condition (i) is enough to ensure consistency: it is, in general, a stronger condition 
than consistency.**) In this case, since the statistic T is a continuous function of the 
p u , and the p tj converge in probability to the 7t w , T converges in probability to 
T({*,,}), i.e. to 0j. 

Condition (iii) is simply the efficiency condition, for the function there to be 
minimized is simply the variance of T subject to the necessary condition for a 

v /ar\ . 

minimum 21 -r— ) = 0. 

j \ t y<Vpu=-iu 

As they stand, these three conditions are not of much practical value. However, 
Neyman also showed that a sufficient set of conditions is obtainable by replacing (iii) 
by a direct condition on dT/dp ih which we shall not give here. From this he deduced 
that 

(a) the ML estimator is a BAN estimator, as we have already seen; 

(b) that the class of estimators known as Minimum Chi-Square estimators are also 

BAN estimators. 

We now proceed to examine this second class of estimators. 

Minimum Chi-Square estimators 

19.25 Referring to the situation described in 19.23, a statistic T is called a Mini- 


**) In fact, (i) is the form in which consistency was originally defined by Fisher (1921a). 
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»-i n { \^«i n it / 

To minimize (19.91), we put 

= 0, 

»1 \7lii) 


(19.91) 


(19.92) 


mum Chi-Square (abbreviated MCS) estimator of 0 lt if it is obtained by minimizing, 
with respect to 0 lf the expression 

x t = sis <*"“*«>* 

where the nr w are functions of 6 U ..., 0 f 

30i 

and a root of (19.92), regarded as an equation in 6 V is the MCS estimator of 0,. Evi¬ 
dently, we may generalize (19.92) to a set of r equations to be solved together to find 
the MCS estimators of 0 X .0 f . 

The procedure for finding MCS estimators is quite analogous to that for finding 
ML estimators, discussed in Chapter 18. Moreover, the (asymptotic) properties of 
MCS estimators are similar to those of ML estimators. In fact, there is, with prob¬ 
ability 1, a unique consistent root of the MCS equations, and this corresponds to the 
absolute minimum (infimum) value of (19.91). The proofs are given, for the com¬ 
monest case s — 1, by C. R. Rao (1957). 


19.26 


A modified form of MCS estimator is obtained by minimizing 

(%')* = 2 - L to'”**)* = s- (s^-l) 

pij i n i\jPu ) 


(19.93) 


instead of (19.91). In (19.93), we assume that no p i} = 0. To minimize it for varia¬ 
tion in 0i, we put 

^f-2ziz(=*)5* 

90i > n i j \Pii/ 90i 

and solve for the estimator of 8 V These modified MCS estimators have also been 
shown to be BAN estimators by Neyman (1949). 


= 0 


(19.94) 


19.27 Since the ML, the MCS and the modified MCS methods all have the same 
asymptotic properties, the choice between them must rest, in any particular case, 
either on the grounds of computational convenience, or on those of superior sampling 
properties in small samples, or on both. As to the first ground, there is little that can 
be said in general. Sometimes the ML, and sometimes the MCS, equation is the more 
difficult to solve. But when dealing with a continuous distribution, the observations 
must be grouped in order to make use of the MCS method, and it seems rather wasteful 
to impose an otherwise unnecessary grouping for estimation purposes. Furthermore, 
there is, especially for continuous distributions, preliminary inconvenience in having 
to determine the n tj in terms of the parameters to be estimated. Our own view is 
therefore that the now traditional leaning towards ML estimation is fairly generally 
justifiable on computational grounds. The following example illustrates the MCS 
computational procedure in a relatively simple case. 


Example 19.11 

Consider the estimation, from a single sample of n observations, of the parameter 0 
of a Poisson distribution. We have seen (Examples 17.8,17.15) that the sample mean x 
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is a MVB sufficient estimator of 0, and it follows from 18.5 that x is also the ML 
estimator. 

The MCS estimator of 0, however, is not equal to x, illustrating the point that 
MCS methods do not necessarily yield a single sufficient statistic if one exists. 

The theoretical probabilities here are 

jtj = e~ 9 &/j\ t ; = 0 , 1,2 . 

so that 



The minimizing equation (19.92) is therefore, dropping the factor 1/n, 



(19.95) 


This is the equation to be solved for 0, and we use an iterative method of solution 
similar to that used for the ML estimator at 18.21. We expand the left-hand side of 
(19.95) in a Taylor series as a function of 0 about the sample mean x, regarded as a 
trial value. We obtain to the first order of approximation 

(i9 - 96) 

where we have written m t = «“***// !• If (19.96) is equated to zero, by (19.95), we 
find 


(d-x) 


X . 


S^O'-jc) 
}*h__ _ 


(19.97) 


We use (19.97) to find an improved estimate of 0 from x, and repeat the process as 
necessary. 

As a numerical example, we use Whitaker’s (1914) data on the number of deaths 
of women over 85 years old reported in The Times newspaper for each day of 1910- 
1912, 1,096 days in all. The distribution is given in the first two columns of the 
table on page 95. 

The mean number of deaths reported is found to be * = 1295/1096 = 1T81569. 
This is therefore the ML estimator, and we use it as our first trial value for the MCS 
estimator. The third column of the table gives the expected frequencies in a Poisson 
distribution with parameter equal to x, and the necessary calculations for (19.97) 
are set out in the remaining five columns. 

Thus, from (19.97), we have 

* - l m6 {' + .3^} 

= 1-198 


as our improved value. K. Smith (1916) reported a value of 1-196903 when working to 
greater accuracy, with more than one iteration of this procedure. 
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r 


, No. of 

deaths (j) 

i 

Frequency 
reported (npj) 

mrtj 

_ npi 

nmj mj 

(/-*) 

< 

mU-*) 

0 

364 

336-25 

394-1 

1-1816 

-465-7 

' 1 

376 

i 397-30 

355-8 

0-1816 

- 64-6 

2 

218 

234-72 

202-5 

0-8184 

165-8 

3 

89 

1 92-45 

85-69 

1-8184 

155-8 

4 

33 

27-31 

39-87 

2-8184 

112-4 

5 

13 

6-45 

26-20 

3-8184 

100-0 

6 

2 

1-27 

3-15 

4-8184 

15-2 

7 

1 

0-25 

4-00 

5-8184 

23-3 

Total 

! 

n a 1096 

1096-00 



+42-2 



0 +(/-*)*> 

m§ 

1 




1-396 

551-1 i 

; 




1-033 

365-9 





2-670 

540-6 





6-307 

540-4 





11-943 

476-1 





19-580 

512-9 





29-217 

92-0 

1 




40-854 

163-4 

i 





3242-4 

i 



Smith also gives details of the computational procedure when we are estimating 
the parameters of a continuous distribution. This is considerably more laborious. 

19.28 Small-sample properties, the second ground for choice between the ML 
and MCS methods, seem more amenable to general inquiry, although little has yet 
been done in assessing the sampling properties of the methods in small samples. Berk- 
son (1955, 1956) has carried out sampling experiments which show that, in a situation 
arising in a bio-assay problem, the ML estimator presents difficulties, being sometimes 
infinite, while another BAN estimator has smaller mean-square error. These papers 
should be read in the light of another by Silverstone (1957), which points out some 
errors in them. 

There is evidently need for a good deal more research before anything general can 
be deduced concerning the small-sample properties of the ML and other BAN 
estimators. 


EXERCISES 

19.1 In the linear model (19.8), suppose that a further parameter 0 o is introduced, 
so that we have the new model 

y = Xe + 10 o + e 

where 1 is an (n x 1) vector of units. Show that the LS estimator in the new model of 0, 
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the original vector of k parameters, remains of exactly the same form (19.12) as in the 
original model, with yj replaced by ( 37 — y) and xy by (x{j — xt) for j = 1 , 2 , ..., n, and 

t = If 2, • a * , 

19.2 If, in the linear model (19.8), we replace the simple dispersion matrix (19.10) 
by a quite general dispersion matrix <r*V which allows correlations and unequal variances 
among the *i, show that the LS estimator of CO is 

C 6 = C(X'V~ l X )- 1 X'V -1 y 

and, by the argument of 19.6, that Cfi is the MV unbiassed estimator of C9. 

(Aitken, 1935 ; Plackett, 1949) 

19.3 Generalizing (19.38), show that if £’(«*') = V, £(«'Bc) = <r*tr(BV). 

19.4 Show that in 19.12 the ratio (Xfi)'(Xd)/(Ar*) is distributed in Fisher’s F 
distribution with k and (n — k) degrees of freedom. 

19.5 In Exercise 19.2, show that, generalizing (19.26), 

V(Cft) = ^.CfX'V-'XJ^C, 

and that the generalization of (19.40) is, using Exercise 19.3, 

E{€' [V - 1 - V - 1 X (X' V - 1 X )" 1 X' V - 1 ]«} = (»-*) «*. 

19.6 Prove the statement in 19.16 to the effect that 6 and V ( 6 ) in the singular case 
are unaffected by replacing B by UB, where U is non-singular. 

19.7 Using (19.51), (19.54) and (19.55), show that (X'X+B'B)-*B'B = D(BD)~ l B 
and hence that (19.58) may be written 

V(fl)(X' X) = D(BD) _ 1 B}. 

(Plackett, 1950) 

19.8 Using the result of Exercise 19.7, 

(X'X+B'B)-*B'B = D(BD)” l B, 

modify the argument of 19.9 to show that the unbiassed estimator of d 1 in the singular 
case is ^-I^(y-X 6 )'(y-X 6 ). 

19.9 Verify that (19.79) follows from (19.78) and (19.69). 

19.10 Show that in the case of a symmetrical parent distribution, the condition that 
the ordered LS estimator ft in (19.82) is equal to the sample mean y = l'y/1'1 is that 

1 VI = 1, 

i.e. that the sum of each row of the dispersion matrix be unity. Show that this property 
holds for the univariate normal distribution. (Lloyd, 1952) 

19.11 For the exponential distribution 

dF(x) = dy/ a > a > 0 J 

show that in (19.62) the elements of a are 

a r = 2 (n —i + l )” 1 
»*i 
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and that those of V are 


Vn = 2 (n—i+l)~* where m — min (r, s). 
i-1 

Hence verify that the inverse matrix is 

/n* + (n-l)\ — (« — 1 )*» 

/ — (n— 1 )*, (n—l)* + (n— 2 ) 1 , -(»- 2 )*, 

/ 

v-» = I 


\ - 2 *. 2 *+l 1 , - 1 « / 

\ - 1 *. 1 */ 

19.12 In Exercise 19.11, show from (19.69) that the MV unbiassed estimators are 

ft - y(i) - (y - y(i))/(n - 1 ), 6 = n{y - y ( i))/(n— 1 ), 

and compare these with the ML estimators of the same parameters. 

(Sarhan, 1954) 

19.13 Show that when all the n< are large the minimization of the chi-squared ex¬ 
pression (19.91) or (19.93) gives the same estimator as the ML method. 

19.14 In the case s » 1, show that the first two moments of the statistic (19.91) are 
given by 

«8W> - *i - 1, 


nfvnrM = 2(* t -l)(l 

\ n iJ *i 

and that for any e > 0, the generalization of (19.93) has expectation 

E W"‘Z’fc +i } - *'- 1+ n7 [»-«♦»& h - <3 - £) ‘ 1 + ! ] +0 (4) 

Thus, to the second order at least, the ny disappear from the expectation if b = c— 2. 

If b *■ 0, c = 2, it is (k x — l)f 1—- ) and if b — 1, c * 3, it is (k x — 1)+—, which for 

\ » X / n » 


If b - 0, e = 2, it is ( k x - 


k x > 2 is even closer to the expectation of (19.91). 

(F. N. David, 1950; Haldane, 1955a) 

19.15 For a binomial distribution with probability of success equal to a, show that the 
MCS estimator of n obtained from (19.91) is identical with the ML estimator for any n ; 
and that if the number of successes is not 0 or n, the modified MCS estimator obtained 
from (19.93) is also identical with the ML estimator. 

19.16 In Example 19.11, show from (19.94) that the modified MCS estimator of 
the parameter of the Poisson distribution is a root of 


and establish the analogue of (19.97) for obtaining this root iteratively from the sample 


19.17 Use the result of Exercise 19.16 to evaluate the modified MCS estimator of 
the parameter in the numerical illustration of Example 19.11. 



CHAPTER 20 


INTERVAL ESTIMATION: CONFIDENCE INTERVALS 


20.1 In the previous three chapters we have been concerned with methods which 
will provide an estimate of the value of one or more unknown parameters; and the 
methods gave functions of the sample values—the estimators—which, for any given 
sample, provided a unique estimate. It was, of course, fully recognized that the 
estimate might differ from the parameter in any particular case, and hence that there 
was a margin of uncertainty. The extent of this uncertainty was expressed in terms 
of the sampling variance of the estimator. With the somewhat intuitive approach 
which has served our purpose up to this point, we might say that it is probable that 
0 lies in the range f ± -y/ (var t), very probable that it lies in the range *±2-\/(var f), 
and so on. In short, what we might do is, in effect, to locate 0 in a range and not at 
a particular point, although regarding one point in the range, viz. t itself, as having 
a claim to be considered as the “ best" estimate of 0. 


20.2 In the present chapter we shall examine this procedure more closely and 
look at the problem of estimation from a different point of view. We now abandon 
attempts to estimate 0 by a function which, for a specified sample, gives a unique 
estimate. Instead, we shall consider the specification of a range in which 0 lies. Three 
methods, of which two are similar but not identical, arise for discussion. The first, 
known as the method of Confidence Intervals, relies only on the frequency theory of 
probability without importing any new principle of inference. The second, which we 
shall call the method of Fiducial Intervals, explicitly requires something beyond a 
frequency theory. The third relies on Bayes’ theorem and some form of Bayes postu¬ 
late (8.4). In the present chapter we shall attempt to explain the basic ideas and 
methods of Confidence Interval estimation, which are due to Neyman—the memoir 
of 1937 should be particularly mentioned (see Neyman (19370)). In Chapter 21 we 
shall be concerned with the same aspects of Fiducial Intervals and Bayes’ estimation. 


Confidence statements 


20.3 Consider first a distribution dependent on a single unknown parameter 0 
and suppose that we are given a random sample of n values x v ..., x n from the popula¬ 
tion. Let a be a variable dependent on the x’s and on 0, whose sampling distribution 
is independent of 0. (The examples given below will show that in some cases at least 
such a function may be found.) Then, given any probability 1 — a, we can find a value 
z 1 such that 



and this is true whatever the value of 0. In the notation of the theory of probability 
we shall then have 


P(z > z x ) — 1—a. 


(20.1) 
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Now it may happen that the inequality z > z x can be written in the form 0 < t x or 
0 ^ t lt where t t is some function depending on the value z x and the x's but not on 0. 
For instance, if z = x—0 we shall have 


and hence 


x—0 > z x 

6 < S—Zx. 


If we can rewrite this inequality in this way, we have, from (20.1), 

P(0<*i)-l-a. (20.2) 

More generally, whether or not the distribution of z is independent of 0, suppose 
that we can find a statistic t lf depending on 1 — a and the x’s but not on 0, such that 
(20.2) is true for all 0. Then we may use this equation in probability to make certain 
statements about 0. 


20.4 Note, in the first place, that we cannot assert that the probability is 1—a that 
0 does not exceed a constant t v This statement (in the frequency theory of prob¬ 
ability) can only relate to the variation of 6 in a population of 0’s, and in general we 
do not know that 0 varies at all. If it is merely an unknown constant, then the prob¬ 
ability that 0 < /, is either unity or zero. We do not know which of these values is 
correct, but we do know that one of them is correct. 

We therefore look at the matter in another way. Although 0 is not a random vari¬ 
able, t x is, and will vary from sample to sample. Consequently, if we assert that 0 < 
in each case presented for decision, we shall be right in a proportion 1 — a of the cases 
in the long run. The statement that the probability of 0 is less than or equal to some 
assigned value has no meaning except in the trivial sense already mentioned ; but the 
statement that a statistic t t is greater than or equal to 0 (whatever 0 happens to be) 
has a definite probability of being correct. If therefore we make it a rule to assert 
the inequality 0 < f x for any sample values which arise, we have the assurance of 
being right in a proportion 1 — a of the cases “ on the average " or “ in the long run.” 

This idea is basic to the theory of confidence intervals which we proceed to develop, 
and the reader should satisfy himself that he has grasped it. In particular, we stress 
that the confidence statement holds whatever the value of O', we are not concerned 
with repeated sampling from the same population, but just with repeated sampling. 

20.5 To simplify the exposition we have considered only a single quantity t x and 
the statement that 0 < t x . In practice, however, we usually seek two quantities t 0 
and such that for all 0 

P(*o < 0 < t x ) = 1-«,<*> (20.3) 

and make the assertion that 0 lies in the interval t 0 to f x , which is called a Confidence 
Interval for 0. t 0 and t x are known as the Lower and Upper Confidence Limits respec¬ 
tively. They depend only on 1 —a and the sample values. For any fixed 1—a, the 
totality of Confidence Intervals for different samples determines a field within which 0 

'*> We shall almost always write 1 — « for the probability of the interval covering the parameter, 
but practice in the literature varies, and a is often written instead. Our convention is nowadays 
the more common. 
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is asserted to lie. This field is called the Confidence Belt. We shall give a graphical 
representation of the idea below. The fraction 1 — a is called the Confidence Coefficient. 


Example 20.1 

Suppose we have a sample of size n from the normal population with known variance 
(taken without loss of generality to be unity) 


dF ~ <-»(*-/<)• }<**. 
The distribution of the sample mean x is 

dFm V(^) <sxp { - 2 C * -i “ ) ’}‘ £e * 


— 00 < X < 00. 


— oo < je < oo. 


From the tables of the normal integral we know that the probability of a positive 
deviation from the mean not greater than twice the standard deviation is 0 97725. We 
have then 


P(x-ft < 2/Vn) « 0-97725, 

which is equivalent to 

P(x-2/Vn < ft) = 0-97725. 

Thus, if we assert that ft is greater than or equal to x—2/y/n we shall be right in about 
97-725 per cent of cases in the long run. 

Similarly we have 

P(x-fi > -2/Vn) « P(ft ^ x+2/y/n) = 0-97725. 

Thus, combining the two results, 

P{x-2/Vn < ft < x+2/y/n) = 1-2(1-0-97725) 

= 0-9545. (20.4) 

Hence, if we assert that ft lies in the range x±2/y/n, we shall be right in about 95-45 
per cent of cases in the long run. 

Conversely, given the confidence coefficient, we can easily find from the tables of 
the normal integral the deviation d such that 

P{x-d/y/n < ft < x+d/y/ti) = 1—a. 

For instance, if 1—a = 0-8, d = 1-28, so that if we assert that ft lies in the range 
x±l'2$/y/n the odds are 4 to 1 that we shall be right. 


The reader to whom this approach is new will probably ask: but is this not a round¬ 
about method of using the standard error to set limits to an estimate of the mean ? 
In a way, it is. Effectively, what we have done in this example is to show how the use 
of the standard error of the mean in normal samples may be justified on logical grounds 
without appeal to new principles of inference other than those incorporated in the 
theory of probability itself. In particular we make no use of Bayes’ postulate (8.4). 

Another point of interest in this example is that the upper and lower confidence 
limits derived above are equidistant from the mean x. This is not by any means 
necessary, and it is easy to see that we can derive any number of alternative limits for 
the same confidence coefficient 1—a. Suppose, for instance, we take 1—a = 0-9545, 
and select two numbers a 0 and ot 1 which obey the condition 

<x 0 +ai = a = 0-0455 
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say « 0 ** 0 01 and a! = 0 0355. From the tables of the normal integral we have 

P(x-fi < 2-326 /Vn) = 0-99 
P(X-pt > 1-806 /y/n) - 0-9645, 

and hence 



2-326 

V» 


< p < X+ 


l-806\ 

Vn) 


0-9545. 


(20.5) 


Thus, with the same confidence coefficient we can assert that /a lies in the interval 
x-2/y/n to x+2/Vn, or in the interval *-2-326/Vn to £+1-806/ Vn. In either 
case we shall be right in about 95-45 per cent of cases in the long run. 

We note that in the first case the interval has length 4 /V n , while in the second case 
its length is 4-132/V^- Other things being equal, we should choose the first set of 
limits since they locate the parameter in a narrower range. We shall consider this 
point in more detail below. It does not always happen that there is an infinity of 
possible confidence limits or that the choice between them can be made on such clear- 
cut grounds as in this example. 


Graphical representation 

20.6 In a number of simple cases, including that of Example 20.1, the confidence 
limits can be represented in a useful graphical form. We take two orthogonal axes, 
OX relating to the observed x and OY to /i (see Fig. 20.1). 
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The two straight lines shown have as their equations 

H = x+2, ft — x—2. 

Consequently, for any point between the lines, 

x—2 < ft ^ £+2. 

Hence, if for any observed x we read off the two ordinates on the lines corresponding 
to that value, we obtain the two confidence limits. The vertical interval between the 
limits is the confidence interval (shown in the diagram for x — 1), and the total zone 
between the lines is the confidence belt. We may refer to the two lines as upper and 
lower confidence lines respectively. 

This example relates to the case » — 1 in Example 20.1. For different values of n, 
there will be different confidence lines, all parallel top j, and getting closer to each 
other as n increases. They may be shown on a single diagram for selected values 
of n, and a figure so constructed provides a useful method of reading off confidence 
limits in practical work. 

Alternatively, we may wish to vary the confidence coefficient 1—a, which in 
our example is 0*9545. Again, we may show a series of pairs of confidence lines, each 
pair corresponding to a selected value of 1—a, on a single diagram relating to some 
fixed value of n. In this case, of course, the lines become farther apart with increasing 
1—a. In fact, in many practical situations, we are interested in the variation of the 
confidence interval with 1—a, and we may validly make assertions of the form (20.3) 
simultaneously for a number of values of a: each will be true in the corresponding 
proportion of cases in the long run. Indeed, this procedure may be taken to its extreme 
form, when we consider all values of 1—a in (0,1) simultaneously, and thus generate 
a “ confidence distribution ” of the parameter—the term is due to D. R. Cox (e.g. 1958b): 
we then have an infinite sequence of simultaneous confidence statements, each con¬ 
tained within the preceding one, with increasing values of 1—a. 

Central and non-central intervals 

20.7 In Example 20.1 the sampling distribution on which the confidence intervals 
were based was symmetrical, and hence, by taking equal deviations from the mean, 
we obtained equal values of 

1 «o ~ P(to ^ ®) 

and 1 — <Xj = P(0 < t x ). 

In general, we cannot achieve this result with equal deviations, but subject always to 
the condition a 0 +«! = a, a 0 and a x may be chosen arbitrarily. 

If a 0 and a z are taken to be equal, we shall say that the intervals are central. In 
such a case we have 

P(*o > 0) = P(0 > t t ) = a/2. (20.6) 

In the contrary case the intervals will be called non-central. It should be observed 
that centrality in this sense does not mean that the confidence limits are equidistant 
from the sample statistic, unless the sampling distribution is symmetrical. 

20.8 In the absence of other considerations it is usually convenient to employ 
central intervals, but circumstances sometimes arise in which non-central intervals are 
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more serviceable. Suppose, for instance, we are estimating the proportion of some 
drug in a medicinal preparation and the drug is toxic in large doses. We must then 
clearly err on the safe side, an excess of the true value over our estimate being more 
serious than a deficiency. In such a case we might like to take a a equal to zero, so that 

P(6 < t0 - 1 

P(*o < 0) = 1 —a, 

in order to be certain that 0 is not greater than t v But if our statistic has a sampling 
distribution with infinite range, this is only possible with t x infinite, so we must content 
ourselves with making a! very close to zero. 

Again, if we are estimating the proportion of viable seed in a sample of material 
that is to be placed on the market, we are more concerned with the accuracy of the 
lower limit than that of the upper limit, for a deficiency of germination is more serious 
than an excess from the grower's point of view. In such circumstances we should 
probably take a 0 as small as conveniently possible so as to be near to certainty about 
the minimum value of viability. This kind of situation often arises in the specification 
of the quality of a manufactured product, the seller wishing to guarantee a minimum 
standard but being much less concerned with whether his product exceeds expectation. 

20.9 On a somewhat similar point, it may be remarked that in certain circumstances 
it is enough to know that P(t 0 < 0 < f t ) > 1 —a. We then know that in asserting 0 
to lie in the range t 0 to t x we shall be right in at least a proportion 1 — a of the cases. 
Mathematical difficulties in ascertaining confidence limits exactly for given 1—a, or 
theoretical difficulties when the distribution is discontinuous may, for example, lead 
us to be content with this inequality rather than the equality of (20.3). 

Example 20.2 

To find confidence intervals for the probability m of “ success " in sampling for 
attributes. 

In samples of size n the distribution of successes is arrayed by the binomial (*+®)", 
where % *» 1 — m. We will determine the limits for the case n = 20 and confidence 
coefficient 0-95. 

We require in the first instance the distribution function of the binomial. The 
table overleaf shows the functions for certain specified values up to id = 0*5 (the 
remainder being obtainable by symmetry). For the accurate construction of the con¬ 
fidence belt we require more detailed information such as is obtainable from the 
comprehensive tables of the binomial function referred to in 5.7. These, however, 
will serve for purposes of illustration. 

The final figures may be a unit or two in error owing to rounding up, but that need 
not bother us to the degree of approximation here considered. 

We note in the first place that the variate p is discontinuous. On the other hand, 
we are prepared to consider any value of w in the range 0 to 1. For given m we cannot 
in general find limits to p for which 1 — a is exactly 0-95 ; but we will take p to be 
the sample proportion which gives confidence coefficient at least equal to 0-95, so 

H 
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as to be on the safe side. We will consider only central intervals, so that for given ta 
we have to find w 0 and ra 1 such that 

P(p > tu 0 ) > 0-975 
P(P < njj) ^ 0-975, 

the inequalities for P being as near to equality as we can make them. 

Consider the diagrammatic representation of the type shown in Fig. 20.2. 

From the table we can find, for any assigned ta, the values gj 0 and ta x such that 
P(p ^ B7 0 ) > 0-975 and P(p ^ ta x ) > 0-975. Note that in determining ta x the distri¬ 
bution function gives the probability of obtaining a proportion p or less of successes, 
so that the complement of the function gives the probability of a proportion strictly 
greater than p. Here, for example, on the horizontal through ta = 0-1 we find ro 0 = 0 
and njj = 0-25 from our table ; and fore? = 0-4 we have ta 0 = 0-15 and ta x = 0-60. The 
points so obtained lie on stepped curves which have been drawn in. For example, when 
ta = 0-3 the greatest value of oj 0 such that P{p ^ bj 0 ) ^ 0-975 is 0-1. By the time ta has 
increased to 0-4 the value of ta 0 has increased to 0-20. Somewhere between is the marginal 
value of ta such that P(p > 0-1) is exactly 0-975. If we tabulated the probabilities for 
finer intervals of ta these step curves would be altered slightly ; and in the limit, if we 
calculate values of ta such that P(p ^ ta 0 ) = 0-975 exactly we obtain points lying inside 
our present step curves. These points have been joined by dotted lines in Fig. 20.2. 

The zone between the stepped lines is the confidence belt. For any p the prob¬ 
ability that we shall be wrong in locating ta inside the belt is at the most 0-05. We 
determine p 0 and p x by drawing a vertical at the observed value of p on the abscissa and 
reading off the values where it intersects the appropriate lines giving ta 0 and ta x . That 
these are, in fact, the required limits will be shown in a moment. 
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Fig. 20.2—Confidence limits for a binomial parameter 

We consider a more sophisticated method of dealing with discontinuities below 

( 20 . 22 ). 

It is, perhaps, worth noticing that the points on the curves of Fig. 20.2 were con¬ 
structed by selecting an ordinate to and then finding the corresponding abscissae ta 0 
and to v The diagram is, so to speak, constructed horizontally. In applying it, how¬ 
ever, we read it vertically , that is to say, with observed abscissa p we read off two values 
p 0 and Pi and assert that p 0 < to < p v It is instructive to observe how this change 
of viewpoint can be justified without reference to Bayes’ postulate. 

Considering the diagram horizontally we see that, for any given to, an observation 
falls in the confidence belt with probability > 1 — a. This, being true for any to, is true 
for any set of id's or for all to. Thus, in the long run, a proportion > 1 — « of the observa¬ 
tions fall in the confidence belt, whether they emanate from just one population or 
from a set of populations with different values of to. Our confidence statement is 
really equivalent to this. We assert for any observed p that the observation fell in the 
confidence belt (to therefore lying between the confidence limits), knowing that this 
assertion is true with probability > 1 — a over all possible values of p. 

Confidence Intervals for large samples 

20.10 We have seen (18.16) that the first derivative of the logarithm of the Likeli¬ 
hood Function is, under regularity conditions, asymptotically normally distributed with 
zero mean and 


(20.7) 
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We may use this fact to set confidence intervals for 0 in large samples. Writing 

-¥/[*{(*#)'}]• M 
so that tp is a standardized normal variate in large samples, we may from the normal 
integral determine confidence limits for 6 in large samples if ip is a monotonic function 
of 0, so that inequalities in one may be transformed to inequalities in the other. The 
following examples illustrate the procedure. 


Example 20.3 

Consider again the problem of Example 20.1. We have seen in Example 17.6 


that in this case 

#1 

1 

Jit 

8 

II 

*>,3. 

O CO 

CO 

(20.9) 

so that 



a*iogL 
dpt* n 

(20.10) 

and, from (20.7) and (20.8), 

tp = (x-/i)Vn 

(20.11) 

is normally distributed with unit 

variance for large n. 

(We know, of course, that this 


is true for any n in this particular case.) Confidence limits for pi may then be set as 
in Example 20.1. 


Example 20.4 

Consider the Poisson distribution whose general term is 

/(*,*) = * = o,i. 

X 1 

We have seen in Example 17.8 that 


dlog£ = «/- 


BX 


(x-X). 


Hence 


( 20 . 12 ) 


d*logL _ nil 

~HX* 7 * 

and E (-^) = J (2(U3 > 

Hence, from (20.7) and (20.8) 

tp = (x-X)V(n/X). (20.14) 

For example, with 1—a = 0*95, corresponding to a normal deviate ±1-96, we have, 
for the central confidence limits, 

(x-X)V(n/X) = ±196, 

giving, on solution for X, 

X*-(2x+—\x+x* = 0 
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or 


A = 




•84* 


n 


+■ 


3-69\ 


the ambiguity in the square root giving upper and lower limits respectively. 

To order this is equivalent to 

A = x+l*96\/(*/»)» (20.15) 

from which the upper and lower limits are seen to be equidistant from the mean x, 
as we should expect. 


20.11 The procedure we have used in arriving at (20.15) requires some further 
examination. If we have probabilities like 

P(6 < t) or PiQ- 1 4 t), 0 > 0 

they can be immediately “ inverted ” so as to give 

P(t Ss (?) or P(t~ l < 0). 

But we may encounter more complicated forms such as 

p{gm «o} 

where g is, say, a polynomial in * or 0 or both, of degree greater than unity. The prob¬ 
lem of translating such an expression into terms of intervals for 0 may be far from 
straightforward. 

Let us reconsider (20.13) in the form 

y = n*(x-X)/XK (20.16) 

Take a confidence coefficient 1 — a and let the corresponding values of y be y 0 and y> lt i.e. 

P{y o < y> < Vi } = 1 -a- (20.17) 

Equation (20.16) may be written 

A*-(2*+»-V)2+** = 0 (20.18) 

and if the intervals of y are central, that is to say, if v» 0 — — Vi> the roots in X of (20.18) 
are the same whether we put y = y 0 or ip =» y> v Moreover, the roots are always real. 
Let X 0) X t be the roots of the equation with y — y>o ( or Y>i)> an ^ let be the larger. 
Then, as y goes from — oo to y» 0 , X is seen from (20.18) to go from + oo to ; as y goes 
from v’ 0 to y lt X goes (downwards) from X t to A 0 ; and as y goes from y x to + oo, X 
goes from A 0 to — oo. Thus 

P(y 0 < y> < Wi) ~ 1 _a 

is equivalent to 

P(A 0 < A < Aj) *= 1—a, 

and our confidence intervals are of the kind required. 

It is instructive to consider this diagrammatically, as in Fig. 20.3. 

From (20.15) we see that, for given n and y, the curves relating A (ordinate) and * 
(abscissa) may be represented as 

(A—*) a = kX, (20.19) 

where £ is a positive constant. For varying k, these are parabolas with A = * as the 
major axis, passing through the origin. The line A — * corresponds to k * 0 or 
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n = oo and we have shown two other curves (not to scale) for values n x and n t (n l < «,). 
From our previous discussion it follows that, for given n, the values of X corresponding 
to values of y> inside the range y> 0 to lie inside the appropriate parabolas. It is also 
evident that the parabola for n 1 lies wholly inside the parabola for any smaller n. 

Thus, given any x, we may read off ordinate-wise two corresponding values of X 
and assert that the unknown X lies between them. The confidence lines in Fig. 20.3 
have similar properties of convexity and nestedness to those for the binomial distribu¬ 
tion in Example 20.2. 

20.12 Let us now consider a more complicated case. Suppose we have a statistic t 
from which we can set limits t 0 and t lt independent of 0, with assigned confidence coeffi¬ 
cient 1—a. And suppose that 

t = aQ’+bO'+cO+d, (20.20) 

where a, b, c, d are constants. Sometimes, but not always, there will be three real 
values of 0 corresponding to a value of t. How do we use them to set limits to 0 ? 

Again the position is probably clearest from a diagram. In Fig. 20.4 we graph 0 
as ordinate against t as abscissa, again not to scale. 

We have supposed the constants to be such that the cubic has a real maximum and 
minimum, as shown. For various values of t, the cubic of equation (20.20) is trans¬ 
lated along the /-axis. To avoid confusing the diagram we will suppose that only the 
lines for one value of n are shown. We also take a > 0. 

Now for a given value of t, say there will be a cubic, as shown in the diagram, 
such that for the area on the right a0 3 +bd i +cd+d > t 0 and for the area on the left 
that cubic is < f 0 . Similarly for t v With the appropriate confidence coefficient we 
may then say that for an observed t, the limits to 0 are given by reading vertically 
along the ordinate at t. 
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We now begin to encounter difficulties. If we take a value such as that along AB 
in the diagram, we shall have to assert that 0 lies in the broken range < 0 < 0, and 
0j < 0 < 0 4 . On the other hand, at CD we have the unbroken range 0 6 < 0 < 0 # . 

Devotees of pathological mathematics will have no difficulty in constructing further 
examples in which the intervals are broken up even more, or in which we have to assert 
that die parameter 0 lies outside a closed interval. (See Fieller (1954) and S. T. David 
(1954) for some cases of consequence.) Cf. also Exercise 28.21 below. 

20.13 The point to observe in such cases is that the statements concerning the 
intervals may still be made with exactitude. The question is, are they still useful and 
do they solve the problem with which we began, that of specifying a neighbourhood 
of the parameter value ? Shall we, in fact, admit them as confidence intervals or shall 
we deny this name to them ? 

No simple answer to such questions has been given, but we may record our own 
opinion on the subject. 

(a) The most satisfactory situation is that in which the confidence lines are mono¬ 
tonic in the sense that an ordinate meets each line only once, the parameter then being 
asserted to lie inside a connected interval. Further desiderata are that, for fixed a, 
the confidence belt for any n should lie inside the belt for any smaller n ; and that 
for fixed », the belt for any (1—a) should lie inside that for larger (1—a). These 
conditions are obeyed in Examples 20.1 to 20.4. 

(b) Where such conditions are not obeyed, the case should be considered on its 
merits. Instances may arise where a disconnected interval such as that of Fig. 20.4 
occurs and is acceptable. Where possible, the confidence regions should be graphed. 
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The automatic “ inversion ” of probability statements without attention to such points 
must be avoided. 

20.14 We may, at this stage, notice another point of a rather different kind which 
sometimes leads to difficulty. When considering the quadratic (20.18) we remarked 
that, under the conditions of the problem, the roots were always real. It may happen, 
however, that for some confidence coefficients we set ourselves an impossible task in 
the construction of real intervals. The following example will illustrate the point. 

Example 20.5 

If *!,..., x n are a sample of n observations from a normal population with unit 
variance and mean ft, the statistic % % — 2 (x—/x) 4 is distributed in the chi-squared form 
with n degrees of freedom. For assigned confidence coefficient 1 — a we can determine 
Xo>Xi (say as a central interval, to simplify the exposition) such that 

P{xl < X* < xf} = 1-*. 

Now if r* = E(x—x)*/» we have the identity 

and hence the limits for (x - ft) 2 are given by 

£-s* ^ (x-fi) 2 < 

ft ft 

Now it may happen that r* is greater than x\/ n > in which case (since Xo < xf) the 
inequality (20.22) asserts that (jc— /t) 2 lies between two negative quantities. What are 
we to make of such an assertion ? 

The matter becomes clearer if we again consider a geometrical argument. Since x~ 
now depends on two statistics, s and x (which are, incidentally, independent), we require 
three dimensions to represent the position, one for ft and one each for s and x. Fig. 20.5 
attempts the representation. 

The quantity x 3 * s constant on the surfaces 

(x— ft) 2 + r 2 = constant. 

For fixed ft (i.e. planes perpendicular to the ft- axis) these surfaces intersect the plane 
ft = constant in a circle centred at (ft, 0). These centres all lie on the line in the 
(ft, x) plane, with equation ft — x ; and the surfaces of constant x 3 arc cylinders with 
this line as axis. (They are not right circular cylinders ; only the sections perpendicular 
to the ft- axis are circles.) 

Moreover, the cylinder for x\ completely encloses that for xl> as illustrated in the 
diagram. Given now an observed x, s we draw a line parallel to the /i-axis. If this 
meets each cylinder in two points, ft 00 , ft 0 i for Xo and ft 10 , fi n for xl> we assert that 
fi 0 o < f* < Mio and ft 01 </*</*],. (There are two intervals corresponding to the 
ambiguity of sign when we take square roots in (20.22).) 

The point of the present example is that the line may not meet the cylinders at all. 
The roots for ft of (20.22) are then imaginary. Such a situation cannot arise in, for 
example, the binomial case of Example 20.2, where every line parallel to the m axis 
in the range 0 < p < 1 must cross the confidence belt. Apart from complications 


( 20 . 21 ) 


( 20 . 22 ) 
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due to inverting inequalities such as we considered in 20.11 to 20.13, this usually hap¬ 
pens whenever the parameter 0 has a single sufficient statistic t which is used to set 
the intervals. But it can fail to happen as soon as we use more than one statistic and 
go into more than two dimensions, as in the present example. 

In such cases, it seems to us, we must recognize that we are being set an impossible 
task. (,) We require to make an assertion with confidence coefficient 1—a, using these 
particular statistics , which is to be valid for all observed x and s. This cannot be done. 
It can only be done for certain sets of values of x and s, those for which the limits of 
(20.22) are positive. For some specified x and s we may be able to lower our confidence 
level, increase the radii of the cylinders and ensure that the line through x, s does meet 
the cylinders. But however low we make it, there may always arise a sample, however 
infrequently, for which we cannot set bounds to fi by this method. 

In our present example, the remedy is clear. We have chosen the wrong method 
of setting confidence intervals ; in fact, if we use the method of Example 20.1 and set 
bounds to x—fi from the normal curve, no difficulty arises, x is then sufficient for fx. 
In general, where no single sufficient statistic exists, the difficulty may be unavoidable 


( *> As we understand him, Neyman would say that such intervals are not confidence intervals 
in his sense. The conditions of 20.28 below are violated. Other writers have used the ex¬ 
pression for intervals obtained by inverting a probability statement without regard to these 
conditions. 
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and must be faced squarely, if not after our own suggested manner, then by some 
equally explicit interpretation. 


20.15 We revert to the approximation to confidence intervals for large samples 
discussed in 20.10. If it is considered to be too inaccurate to assume that y> is normally 
distributed for the sample size n with which we are concerned, a closer approximation 
may be derived. In fact, we find the higher moments of y> and use an expansion of 
the Cornish-Fisher type (6.25-6). Write, using (17.19), 


T _ aiog l 
J dd ’ 



(20.231 

(20.24) 


From (17.18), under regularity conditions, 

«i(7) = 0 

whence (/) = /. 

We now prove that 

-m-’»*“('-£-)■ 

-’j' - 

In fact, differentiating /, we have 
and differentiating 

0 - /+*(*$*) 

wc have 

o - M E (d*\ogL\ /d*\ogLd\ogL\ 

de \ 30 s J V as* so y 


(20.25) 

(20.26) 

(20.27) 

(20.28) 

(20.29) 


(20.30) 


Eliminating E {(3 l logL/d0 2 )(dlogL/d0)} from (20.29) and (20.30) we arrive at 
(20.27). 

Differentiating twice both relations for I given by (20.23) and eliminating 
E{(d*\ogL/de*){d\ogL/d0y} we find 

6 U - 


Using the relation 

a ,,/aMog l\ _ „ /a* log La log l\ F pio g L\ 
dd \ dd* ) \ dd* dd J \ dd 4 7 


and transferring to cumulants we arrive at (20.28). The formulae are due to Bartlett 
(1953). 
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Using the first four terms in (6.54) with l x = l t = 0, we then have the statistic 


i *«(/) r/diogiy ^ a log L) I 

24 p \\ de / ee Jy 


(20.31) 


which is, to the next order of approximation, normal with zero mean and unit variance. 
The first term is the quantity we have called ip. The corrective terms involve the 
standardized cumulants of J which are equivalent to the cumulants of ip. 


Example 20.6 

Let us consider the problem of setting confidence limits to the variance of a normal 
population. The distribution of the sample variance is known to be skew, and we 
can compare the exact results with those given by the foregoing approximation. 
Defining 


we know that in samples of n the quantity r a /<r* is distributed in the Type III form, 
or alternatively that ns*/a 1 is distributed as % 2 with n— 1 degrees of freedom. 

Thus, for a sample of size 10 we have (since the upper and lower 5 per cent points 
of x 2 are 3-3251 and 16-9190) 

P ^3-3251 < < 16-9190| = 0-90. 

The inequalities may be inverted to give 

P {0-5911 r* < a* < 3-001 r*} = 0-90. (20.32) 

For example, with r* = 1 the limits are 0-5911 and 3-001. 

We find, taking 0 = a 2 , 

< 20 - 33 > 

whence we confirm that 

E (~<>r) = 0i (20,34) 

as required. It follows from Example 17.10 that 

I = i (20.35) 


whence 


dl _ _ n 
dd ” J 3 ' 


(20.36) 


Differentiating (20.33) twice, we find on taking expectations 

„/a 3 logZA _ 2 n 
\ 86 3 ) 6 *'* 


(20.37) 
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Hence, from (20.27), (20.36) and (20.37) we have 


*»C/) - 


n 

©»* 


(20.38) 


We will take the expansion (20.31) as far as * 3 only, obtaining 

- < 20 - 3<J ) 

We shall replace E(jc-//) 2 /n by ns 2 /(n-\), which has the same mean value, and 
obtain 


(2ow) 

The first term gives us the confidence limits for 0 based on y> alone. The other terms 
will be corrective terms of lower order in ». We then have approximately from (20.40) 


giving 



nr 2 

(ii-1)© 


Wf8 -A — w ? t'sj-II 
(»-l)0 ) 6 n + 3j’ 

■ l+T Jl + y n T, -h 

\ fl oft oft 


(20.41) 


For example, with n = 10, 1 — a = 0-90, r* = 1, and T = ±1-6449 (the 5 per cent points 
of the standardized normal distribution), we find for the limits of r 2 /0 the values 
0-3403 to 1-6644 and hence limits for 0 of 0-6008 and 2-939. The true values, as we 
saw at (20.32) above, are 0-5911 and 3-001. For so low a value as n = 10 the 
approximation seems very fair. 


Shortest sets of confidence intervals 

20.16 It has been seen in Example 20.1 that in some circumstances at least there 
exist more than one set of confidence intervals, and it is now necessary to consider 
whether any particular set can be regarded as better than the others in some useful 
sense. The problem is analogous to that of estimation, where we found that in general 
there are many different estimators for a parameter, but that we could sometimes find 
one (such as that with minimum variance) which was superior to the rest. 

In Example 20.1 the problem presented itself in rather a specialized form. We 
found that for the intervals based on the mean x there were infinitely many sets of 
intervals according to the way in which we selected a 0 and (subject to the condition 
that a 0 +a t = a). Among these the central intervals are obviously the shortest, for 
a given range will include the greatest area of the normal distribution if it is centred 
at the mean. We might reasonably say that the central intervals are the best among 
those determined by x. 

But it does not follow that they are the shortest of all possible intervals, or even 
that such a shortest set exists. In general, for two sets of intervals c t and c t , those of 
may be shorter than those of c t for some samples and longer in others. 
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20.17 We will therefore consider sets of intervals which are shortest on the 
average. That is to say, if 

d = (20.42) 

we require to minimize j*<5dF, where the integral is taken over all x’s and is therefore 
equivalent to 

[ •••[ Lddx l ...dx n . (20.43) 

J —00 J —00 

We now prove a theorem, due to Wilks (1938b), which is very similar to the result 
of 18.16 that Maximum Likelihood estimators in the limit have minimum variance, 
namely that in a certain class of intervals the method of 20.10 gives those which are 
shortest on the average in large samples. 

Let h (jc, 0) be a statistic which has a zero mean value and is such that the sum of a 
number of similar functions obeys the Central Limit Theorem. That is to say, 

£ MM) 

<*>■“> 

is normally distributed in the limit with zero mean and unit variance. ip of equation 
(20.10) is a member of the class f, having k — log f(x,d). We first show that the 
average absolute rate of change of ip with respect to 0, for each fixed 0, is greater than 
that of any f except in the trivial case 

dd 

Writing g(x,6) « we have 


h = _ 1 _M?_1 Mvar/ I 

dd V( nvar £)\ 2vaig s dd y 


d£ _1_ fy ^ _ 1 y, dvar/t l 

dd V(nyarh)\ dd 2var h dd J 

*{%) - 

Now E(g) - 0 by (20.25) and by (20.26) 

Thus (20.46) becomes 

E (ty\ = nvaT g 

\dd) V(nvar g) 

= - V(«var^). 

Similarly, since E(h) = 0, (20.45) gives 

'(D-Vfe)*©• 


Hence 


(20.45) 

(20.46) 




(20.47) 


(20.48) 
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Since 

0 = E(h) = J hfdx 

we have, differentiating under the integral sign, 

0 - ~E(h) = fyfix+^dx, 

whence 

*(§) “ \% fd * ~ ~\ k % dx “ "“»(*•/)• (20.49) 

Hence, from (20.47-20.49) 

£ (!) - *(S) ' = VvV* | cov(*,,) | >. (20.50) 

By the Cauchy-Schwarz inequality, the factor in braces in (20.50) is positive unless h 
is a constant multiple of g, when the factor is zero. Excluding this case, we have 

>| £ (I)| (a*- 51 ) 

which is our preliminary result. Now if ^ is defined by 

(2a) - * P“exp(-i**)dx = H 1 "*). 

J o 

the confidence limits for 0, say t Q and t u obtained from y> satisfy 

Zg(x,e)/V(n\2irg) = ± 4 . 

which we may write 

Y>(0 = ±4- 

Similarly those obtained from £, say u 0 and u lt satisfy 

Zh(x, 0)/V(«varA) = ±^,, 

which we write 

C(*0 = 

Taylor expansions about the true value 0 O give 

±4 = v( 0 o )+(t- 0 o) = Ue 0 )+(u-e 0 ) ( 20 . 52 ) 

where 0\ 0" are values in the neighbourhood of 0 O which converge in probability to 
0 O as n increases. Putting t = u = 0 O in (20.52), we find y(0 o ) = f (0 O )- 
Hence 


\w/y 


(20.53) 


Now the derivatives in (20.53) will converge in probability to their expectations. Hence, 
from (20.51) and (20.53), we have for large n 


f—0« I < I u-6 


0 I I 


so that the confidence limits t 0 , t x are closer together, on the average, than any other 
limits u 0 , given by a member of the class (20.44). 



INTERVAL ESTIMATION : CONFIDENCE INTERVALS 


117 


20.18 The result of 20.17 illustrates the close relation between the theory of 
confidence intervals and that of point estimation developed in Chapter 17. In 17.15-17 
we showed that the MVB for the estimation of 0 was equal to 1/E {(3 log L/dd )*} 
and could be attained only by an estimator which was a linear function of 3 log L/dd. 
It is natural to expect that interval estimates of 0 based on d log L/dd should have the 
corresponding property of being shortest on the average. We have now seen that this 
is so in large samples. 

20.19 Neyman (1937b) proposed to apply the phrase “ shortest confidence inter¬ 
vals” to sets of intervals defined in quite a different way. As it is clear that such 
intervals are not necessarily the shortest in the sense of possessing the least length, 
even on the average, we shall attempt to avoid confusion by calling them “ most 
selective.” 

Consider a set of intervals r 0 , typified by <5 0 , obeying the condition that 

P{3 0 c 0 | 0} = 1—a, (20.54) 

where we write 6 0 c 0—that is, <5 0 “ contains ” 0—for the more usual t 0 < 0 < t v 
Let f x be some other set, typified by d lt such that 

P{di c 0 | 0} * 1—a. (20.55) 

Either set is a permissible set of intervals, as the probability is 1 — a in both cases that 
the interval d contains 0. 

If now for every r, we have, for any value 0' other than the true value, 

P{6 0 cd'\d}^P{d 1 c 0' | 0 }, (20.56) 

r 0 is said to be most selective. 

20.20 The ideas underlying this definition will be clearer from a reading of 
Chapters 22 and 23 dealing with the theory of tests. We anticipate them here to the 
extent of remarking that the object of most selective intervals is to cover the true value 
with assigned probability 1 — a, but to cover other values as little as possible. We 
may say of both s 0 and that the assertion d c 0 is true in proportion 1 — a of the cases. 
What marks out r 0 for choice as the most selective set is that it covers false values less 
frequently than the remaining sets. 

The difference between this approach and the one leading to shortest intervals is 
that the latter is concerned only with the physical length of the confidence interval, 
whereas the former gives weight to the frequency with which alternative values of 
H are covered. The one concentrates on locating the true value 0 with the smallest 
margin of error; the other takes into account the desirability of excluding so far as 
possible false values of 0 from the interval, so that mistakes of taking the wrong value 
are minimized. It turns out that the “ selectivity ” approach is easier to handle mathe¬ 
matically, so that much more attention has been given to it. 

Neyman himself has shown that most selective sets do not usually exist (for instance, 
if the distribution is continuous) and has proposed two alternative systems: 

(a) most selective one-sided systems (Neyman’s “ shortest one-sided ” sets) which 
obey (20.56) only for values of 0'—0 which are always positive or always negative; 



118 


THE ADVANCED THEORY OF STATISTICS 


(b) selective unbiassed systems (Neyman’s “ short unbiassed ” sets) which obey 
the further relation 

5{<5c0|0} - 1-a > P{0c0|0'}. (20.57) 

These definitions, also, amount to a translation into terms of confidence intervals 
of certain ideas in the theory of tests, and we may defer consideration of them until 
Chapter 23. We therefore need make no systematic study of “ optimum ” confidence 
intervals in this chapter. 

20.21 Tables and charts of confidence intervals 

(1) Binomial distribution —Clopper and Pearson (1934) give two central confidence 
interval charts for the parameter, for a = 0-01 and 0-05 ; each gives contours for 
n = 8 (2) 12 (4) 24, 30, 40, 60, 100, 200, 400 and 1000. The charts are reproduced in 
the Biometrika Tables. Upper or lower one-sided intervals can be obtained for half 
these values of a. Incomplete 5-function tables may also be used—see 5.7 and the 
Biometrika Tables. 

Pachares (1960) gives central limits for a = 0-01,0-02, 0-05,0*10 and n = 55 (5) 100, 
and references to other tables, including those of Clark (1953) for the same values of 
a and n = 10 (1) 50. 

Sterne (1954) has proposed an alternative method of setting confidence limits for a 
proportion. Instead of being central, the interval contains the values of p with the 
largest probabilities of occurrence. Since the distribution of p is skew in general, we 
clearly shorten the interval in this way. Crow (1956) has shown that these intervals 
constitute a confidence belt with minimum total area, and has tabulated a slightly 
modified set of intervals for sample sizes up to 30 and confidence coefficients 0-90, 0-95 
and 0-99. 

(2) Poisson distribution —(a) The Biometrika Tables, using the work of Garwood 
(1936), give central confidence intervals for the parameter, for observed values 
* = 0 (1) 30 (5) 50 and a = 0*002, 0-01, 0*02, 0*05, 0*10. As in (1), one-sided intervals 
are available for a/2, (b) Ricker (1937) gives similar tables for * = 0 (1) 50 and 
a = 0*01, 0*05. (c) Przyborowski and Wilenski (1935) give upper confidence limits 
only for * = 0 (1) 50, a = 0*001, 0*005, 0 01, 0*02, 0*05, 0*10. 

(3) Variance of a normal distribution —(a) Tate and Klett (1959) give the most 
selective unbiassed confidence intervals and the physically shortest intervals based on 
multiples of the sufficient statistic for a = 0*001,0*005,0*01,0*05,0*10 and » = 3 (1) 30. 
(b) Ramachandran (1958) gives the most selective unbiassed intervals for a = 0*05 
and «-l = 2 (1) 8 (2) 24, 30, 40 and 60. 

(4) Ratio of normal variances —Ramachandran (1958) gives the most selective un¬ 
biassed intervals for a = 0*05 and 1, 1 = 2 (1) 4 (2) 12 (4) 24, 30, 40, 60. 

(5) Correlation parameter —F. N. David (1938) gives four central confidence interval 
charts for the correlation parameter p of a bivariate normal population, for a = 0*01, 
0*02, 0*05, 0*10; each gives contours for n = 3 (1) 8, 10, 12, 15, 20, 25, 50, 100, 200 
and 400. The Biometrika Tables reproduce the a = 0*01 and a = 0*05 charts. One¬ 
sided intervals may be obtained as in (1). 

Discontinuities 

20.22 In discussing the binomial distribution in Example 20.2, we remarked on 
the fact that, as the number of successes (say c) is necessarily integral, and the propor- 
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tion of successes p (= c/n) therefore discontinuous, the confidence belt obtained is 
not exact, but provides confidence statements of form P > 1 — a instead of P = 1 — a. 
By a rather peculiar device, we can always make exact statements of form P = 1— a 
even in the presence of discontinuity. The method was given by Stevens (1950). 

In fact, after we have drawn our sample and observed c successes, let us from else¬ 
where draw a random number x from the rectangular distribution dF — dx, 0 < x < 1, 
e.g. by selecting a random number of four digits from the usual tables and putting a 
decimal point in front. Then the variate 

y = c+x (20.58) 

can take all values in the range 0 to n +1 (assuming that four decimal places is enough 
to specify a continuous variate). If y 0 is some given value c 0 +jc 0 , we have, writing 
gj for the probability to be estimated, 

P(y > yo) = P(c > c 0 ) + P(c = c 0 )P(x > * 0 ) 

-”" (1 -*•> 

= X 0 i (".) ID* (1 — tD)»-' + (1 —x 0 ) S ( n ) TD* (1 - *)»-’. (20.59) 

This defines a continuous probability distribution for y. It is clearly continuous as 
.v 0 moves from 0 + to 1 —, for c 0 is then constant. And at the points where x 0 = 0 
the probability approaches the same value from the left and from the right. We can 
therefore use this distribution to set confidence limits for w and our confidence state¬ 
ments based upon them will be exact statements of form P = 1 — a. 

The confidence intervals are of the type exhibited in Fig. 20.6. The upper limit 



Fig. 20.6—Randomized confidence intervals for a binomial parameter 
I 
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is now shifted to the right by amounts which, in effect, join up the discontinuities by 
a series of arcs. The lower limit also has a series of arcs, but there is no displace¬ 
ment to the right, and we have therefore shown on the diagram only the (dotted) approxi¬ 
mate upper limit of Fig. 20.2. On our scale the lower approximate limit would almost 
coincide with the lower series of arcs. The general effect is to shorten the confidence 
interval. 

20.23 It is at first sight surprising that the intervals set up in this way lie inside 
the approximate step-intervals of Fig. 20.2, and are therefore no less accurate; for 
by taking an additional random number x we have imported additional uncertainty into 
the situation. A little reflection will show, however, that we have not got something 
for nothing. We have removed one uncertainty, associated with the inequality in 
P > 1 — a, by bringing in another so as to make statements of the kind P= 1 — a; and 
what we lose on the second we more than offset by removing the first. 

Generalization to the case of several parameters 

20.24 We now proceed to generalize the foregoing theory to the case of a distribu¬ 
tion dependent upon several parameters. Although, to simplify the exposition, we 
shall deal in detail only with a single variate, the theory is quite general. We begin 
by extending our notation and introducing a geometrical terminology which may be 
regarded as an elaboration of the diagrams of Fig. 20.1 and 20.2. 

Suppose we have a frequency function of known form depending on / unknown 
parameters, 0 X ,..., 0„ and denoted by f(x, 6 U ..., 6 t ). We may require to estimate 
either only or several of the 0’s simultaneously. In the first place we consider only 
the estimation of a single parameter. To determine confidence limits we require to 
find two functions, u 0 and u lt dependent on the sample values but not on the 0’s, such 
that 

P {u 0 < 0 X < Hi} = 1—a, (20.60) 

where 1 — a is the confidence coefficient chosen in advance. 

With a sample of n values, x u ..., x„, we can associate a point in an n-dimensional 
Euclidean space, and the frequency distribution will determine a density function for 
each such point. The quantities u 0 and u u being functions of the x’s, are determined 
in this space, and for any given 1 — a will lie on two hypersurfaces (the natural extension 
of the confidence lines of Fig. 20.1). Between them will lie a Confidence Zone. 

In general we also have to consider a range of values of 0 which are a priori possible. 
There will thus be an /-dimensional space of 0’s subjoined to the n-space, the total 
region of variation having (/+») dimensions; but if we are considering only the 
estimation of 0!, this reduces to an (n-fl)-space, the other (/— 1) parameters not 
appearing. 

We shall call the sample-space W and denote a point whose co-ordinates are 
x u ... ,x n by E. We may then write u 0 (E), u x (E) to show that the confidence functions 
depend on E. The interval u 1 (E) — u 0 (E) we denote by 6(E) or 6, and as above we 
write 6 c Q 1 to denote u 0 < 0i < u i- The confidence zone we denote by A, and may 
write E e 6 or E e A to indicate that the sample-point lies in the interval 6 or the 
region A. 
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20.2b In Fig. 20.7 we have shown two axes, and and a third axis correspond¬ 
ing to the variation of Q v The sample-space W is thus two-dimensional. For any 
given 0 lf say Q' u the space W is a hyperplane (or part of it), one such being shown. 

Take any given pair of values (xj, x t ) and draw through the point so defined a line 
parallel to the d^axis, such as PQ in the figure, cutting the hyperplane at R. The 
two values of u 0 and u t will give two limits to 0 X corresponding to two points on this 



line, say U, V. Consider now the lines PO as x u x t vary. In some cases U, V will 
lie on opposite sides of R, and 0 X lies inside the interval UV. In other cases (as for 
instance in U'V’ shown in the figure), the contrary is true. The totality of points 
in the former category determines the region A, shaded in the figure. If for any point 
in A we assert <5 c 0', we shall be right; if we assert it for points outside A we shall be 
wrong. 

20.26 Evidently, if the sample-point E falls in the region A, the corresponding 0 X 
lies in the confidence interval, and conversely. It follows that the probability of any 
fixed 0j being covered by the confidence interval is the probability that E lies in A (0 t ); 
or in symbols— 

P {0 c 0^ | 0j,..., 0|) = P (kq ^ 0j ^ Uj | 0j,..., 0|) 

= P{EeA (0j) | 0j,...»0j}. 


(20.61) 
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From this it follows that if the confidence functions are determined so that 

•P{«o < &i < w x } = l-« 

we shall have, for all 0 X , 

P {E 6 A (0 X ) 1 0 X ,.... e,> = 1 -«. (20.62) 

It follows also that for no 0 X can the region A be empty, for if it were the probability in 
(20.62) would be zero. 

20.27 If the functions w 0 and w x are single-valued and determined for all E, then 
any sample-point will fall into at least one region A (01). For on the line PQ corres¬ 
ponding to the given E we take an R between U and V, and this will define a value of 
0 X , say 0j, such that E e A (0' x ). 

More importantly, if a sample-point falls in the regions A (0' x ) and A (0") correspond¬ 
ing to two values of 0 X , 0 X and 0 X ', it will fall in the region A (0 X ”), where 0"' is any 
value between B[ and 0". For we have 

w 0 ^ 0 X b x , u 0 ^ 0 X ^ W x , 

and hence 

U„ ^ 0 X ^ 0 X ^ 0 X ^ Uj 

if 0'/ is the greater of B[ and 8' 2 '. 

Further, if a sample-point falls in any of the regions A (0 X ) for the range of 0-values 
0 X < 0 X < 0" it must also fall within A (0 X ) and A (0"). 

20.28 The conditions referred to in the two previous sections are necessary. We 
now prove that they are sufficient, that is to say : if for each value of 0 X there is defined 
in the sample-space W a region A such that 

(1) P {E e A(6{) | 0 X } = 1 —a, whatever the value of the 0’s; 

(2) for any E there is at least one 0 X , say 0 X , such that E e A (0 X ); 

(3) if E e A (0 X ) and E e A (01'), then E e A (0"') for any 01" between 01 and 0" ; 

(4) if E e A (0 X ) for any 0 X satisfying 0' x < 0 X < 0", E e A (0() and E e A(6 ' 1 '); 
then confidence limits for 0, u 0 and m x are given by taking the lower and upper bounds 
of values of 0 X for which a fixed sample-point falls within A (0 X ). They are determinate 
and single-valued for all E, u 0 < u lt and P {w„ < 0 X < «i I ^i} = 1 — a for all 0 X . 

The lower and upper bounds exist in virtue of condition (2), and the lower is not 
greater than the upper. We have then merely to show that P {«„ < 0 X < « x | 0 X } = 1 —a 
and for this it is sufficient, in virtue of condition (1), to show that 

P{u 0 < 0 X < t/ x |0 x } = P{EeA[B l )\B l ). (20.63) 

We already know that if E e A (0 X ) then u 0 < 0 X < u 1 ; and our result will be established 
if we demonstrate the converse. 

Suppose it is not true that when u 0 < 0 X < u lt E e A (0 X ). Let E' be a point 
outside A (0 X ) for which u 0 < 0 X < « x . Then either u 0 = 0i, or Ui = 0 X , or both : 
for otherwise, u 0 and u x being the bounds of the values of 0 X for which E lies in A (0 X ), 
there would exist values 0' t and 0' x ', such that E e A (0' x ) and Eg A (01') and 

Wo ^ ^ ®i ^ ^ w x , 

so that, from condition (3), E e A (0 X ), which is contrary to assumption. 
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Thus u 0 = 0 X or = 0 X or both. If both, then E must fall in A (0^), for u 0 and u l 
are the bounds of 0-values for which this is so. Finally, if u 0 = 0 X < « x (and similarly 
if « 0 < 0j = «x) we see that for u 0 < 0 X < u lt E must fall in A (0 X ) from condition (3), 
and hence, from condition (4), E must fall in A(6[) and A (0'/) where B\ = u 0 and 
0|' = u v Hence it falls in A (0j). 

Choice of statistic 

20.29 The foregoing theorem gives us a formal solution of the problem of finding 
confidence intervals for a single parameter in the general case, but it does not provide a 
method of finding the intervals in particular instances. In practice we have four lines 
of approach: (1) to use a single sufficient statistic if one exists ; (2) to adopt the process 
known as “ studentization ” (cf. 20.31); (3) to “ guess ” a set of intervals in the light 
of general knowledge and experience and to verify that they do or do not satisfy the 
required conditions ; and (4) to approximate by an extension of the method of 20.15. 

20.30 Consider the use of a single sufficient statistic in the general case. If / x is 
sufficient for 0 V we have 

L — g{ti | 0i)£>i(xi,...» x n , 0 t ,..., 0j). (20.64) 

The locus /j = constant determines a series of hypersurfaces in the sample-space W. 
If we regard these hypersurfaces as determining regions in W, then t x < k, say, deter¬ 
mines a fixed region K. The probability that E falls in K is then clearly dependent 
only on t x and 0 V By appropriate choice of k we can determine K so that 

PiEeKldi} = 1 -a 

and hence set up regions based on values of t v We can do so, moreover, in an infinity 
of ways, according to the values selected for a 0 and a x . We shall see in 23.3, when 
discussing this problem in terms of testing hypotheses, that the most selective intervals 
(equivalent to the most powerful test of 0j = 0?) are always obtainable from the sufficient 
statistics. 


Studentization 


20.31 In Example 20.1 we considered a simplified problem of estimating the mean 
in samples from a normal population with known variance. Suppose now that we 
require to determine confidence limits for the mean /* in samples from 


dF = 


oV( 2*) eXp 



when a is unknown. 

Consider the distribution of z = {x—/x)/s, where s* is the sample variance, 
is known to be the “ Student ” form 


This 


(cf. Example 11.8). 


dF = 


kdz 

(!+**)*"’ 


Given a, we can now find z 0 and z u such that 


I 


— oo 


dF = 



dF = 


a 

2 ’ 


(20.65) 
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and hence 

P(-Zi z < at 0 ) = 1 -a, 

which is equivalent to 

P(x—ss 0 < n < x + szi) = 1 — a. (20.66) 

Hence we may say that p lies in the range x—sz 0 to X+szx with confidence coefficient 
1 — a, the range now being independent of either p or a. In fact, owing to the symmetry 
of “ Student’s ” distribution, z 0 = z lt but this is an accidental circumstance not neces¬ 
sary to the argument. 

Tt should be noted that (20.66), like (20.4), is linear in the statistic x ; the confidence 
lines in this case also are parallel straight lines as in Fig. 20.1. The difference is that 
whereas, with a known, the vertical distance between the confidence lines is fixed as a 
function of a , in the present case the distance is a random variable, being a function of s. 
Thus we cannot here fix the width of the confidence interval in advance of taking the 
observations. 

20.32 The possibility of finding confidence intervals in this case arose from our 
being able to find a statistic z, depending only on the parameter under estimate, whose 
distribution did not contain a. A scale parameter can often be eliminated in this way, 
although the resulting distributions are not always easy to handle. If, for instance, 
we have a statistic t which is of degree p in the variables, then t/s p is of degree zero, 
and its distribution must be independent of the scale parameter. When a statistic 
is reduced to independence of the scale in this way it is said to be “ studentized, ” 
after “ Student ” (W. S. Gosset), who was the first to perceive the significance of 
the process. 

20.33 It is interesting to consider the relation between the studentized mean- 
statistic and confidence zones based on sufficient statistics in the normal case. The 
joint distribution of mean and variance in normal samples is (Example 11.7) 

dF - ( s ^) 4 < 20 - 67 > 

and x, s are jointly sufficient (Example 17.17). In the sample space W the regions of 
constant x are hyperplanes and those of constant s are hyperspheres. If we fix x and s 
the sample-point E lies on a hypersphere of (n—2) dimensions (Example 11.7). Choose 
a region on this hypersphere of content 1—a. Then the confidence zone A will be 
obtained by combining all such areas for all x and s. 

One such region is seen to be the “ slice ” of the sample-space obtained by rotating 
the hyperplane passing through the origin and the point (1, 1,..., 1) through an angle 
n (1—a) (not 2n(l— a) because a half-turn of the plane covers the whole space). 

The situation is illustrated for n = 2 in Fig. 20.8. 

For any given p the axis of rotation meets the hyperplane ft = p' in the point 
= P ■> an d the hypercones ( x—p)/s = constant in the W space become the 
plane areas between two straight lines (shaded in the figure). A set of regions A is 
obtained by rotating a plane about the line x 1 = x 2 = fi through an angle so as to cut 
off in any plane fi = /.i an angle £rc(l —«) on each side of 

Xi~P = x t - n'. 
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Fig. 20.8—Confidence intervals based on “ Student's ” t for n = 2 (see text) 

The boundary planes are given by 

*i-j“ = (^s-^)tan(iw-J^), 

X x -fi = + 

where (l — no .; or, after a little reduction, 

n = +*»)+$ (*i - *») cot 

H = | (x x + x t ) - J(*i “ *i) cot \P- 
u then lies in the region of acceptance if 

I *i-** I cotJ0 < /t < l(*i+*,)+i | | cot \p. 

These are, in fact, the limits given by “ Student’s ” distribution for n = 2, since the 
sample standard deviation then becomes \ | x x —x t | and 

- «/2 - /»/(&) 

so that z 0 = tan (£ 71 — i/ 3 ) = cot|/3. 

20.34 As a further example of the use of studentization in setting confidence 
intervals, and the results to which it may lead, we consider Example 20.7. 

Example 20.7—Cotifidettce intervals for the ratio of means of two normal variables 
Let x, y be jointly normal variables with means £, and unknown variances and 
covariance. Suppose that £ is large enough for the range of * to be effectively positive. 
Consider the setting up of confidence intervals for the ratio 0 = t)/$ based on the 
statistic y/x. We have 
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< 0^ = P(y-6x < 0). 


( 20 . 68 ) 


Now the quantity y - 6x is itself normally distributed and in a sample of n observa¬ 
tions the mean y —Ox is also normally distributed with variance 

(vary—20 cov (x,y)+6 2 var x)/n. 

Hence (cf. 16.10) the ratio 


_ (y- 0 *) V{*-_ 1 )_ 

{var y—2$ cov (jc,y)+0 2 var.x}* 


(20.69) 


is distributed as “ Student’s" t with »—1 degrees of freedom, if the denominator 
terms are estimated from the sample by formulae of the type 2(*— x) 2 /n. 

This result is due to Fieller (1940). We may find critical values of t from the 
tables in the usual way, and the question is then whether, from (20.69), we can assign 
corresponding limits to 0. There is now no single sufficient statistic for 0. Our 
equation depends on the set of five sufficient statistics consisting of two means and 
three (co)variance terms, which are to some extent dependent. We may therefore 
expect some of the difficulties we have previously encountered in 20.12-20.14 to appear 
here; and in fact they do so. 

Let us consider how 0 and t 2 vary for assigned values of the five statistics. We have 

t 2 _ y 2 var x — 2xy cov (x,y) + x 2 var y 
n— 1 var x vary — { cov (*,y) } 2 

_ [jzcov(*, y) —*vary} —0{yvar*—*cov(x,y )} ] 2 , 20 - m 

[var xv ary - {cov (x,y) } 2 ] {vary - 20 cov (*, y)+0 2 var x }' ' ' 

(20.70) is a cubic in 0 and t*. If we graph with 0 as ordinate and t 2 as abscissa we get a 
figure similar to that of Fig. 20.9 (which, it may be as well to note, is not a confidence 
diagram). 

The maximum value (say t 2 mtz ) of t 2 is, from (20.70), attained when 


q _ S cov(*,y)-*vary _ . 

u — - A ‘ ‘ - /s / x — »ay« 

y var*-Jccov(*,.y) 


(20.71) 


The minimum value is at t 2 = 0. The line t 2 /(n— 1) = jc 2 /var x is an asymptote. 

Thus for t 2 = 0 or P m . T , the two values of 0 coincide. For t 2 > t 2 ^ they are 
imaginary. For 0 < t 2 < A they are real and distinct. As t 2 goes from 0 to t 2 ^ the 
larger root 0 increases monotonically (or decreases so) from the observed value y/x to 
A , while the smaller root decreases (or increases) from y/x, becomes infinite at the 
asymptote, reappears with changed sign on the opposite side, and monotonically 
approaches A to rejoin the other root. The limits for 0 corresponding to a given 
critical value of t 2 are indicated in Fig. 20.9 (adapted from Fieller, 1954). For specified 
values of jc, y, var jc, cov (*, y) and vary, we may assert that 0 lies inside a real interval 
for confidence coefficients giving t 2 /(n— 1) in the range 0 to i 2 /var x ; that it lies in 
an interval which is infinite in the negative direction for x 2 /var x < t 2 /(n— 1) < A ; and 
only that it lies somewhere in the interval — oo to + oo for t 2 /(n— 1) > A. 
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Simultaneous confidence intervals for several parameters 

20.35 Cases fairly frequently arise in which we wish to estimate more than one 
parameter of a population, for example the mean and variance. The extension of the 
theory of confidence intervals for one parameter to this case of two or more parameters 
is a matter of very considerable difficulty. What we should like to be able to do, given, 
say, two parameters 6 t and 0, and two statistics t and u, is to make simultaneous interval 
assertions of the type 

P{* 0 < < t t and u 0 < 0, < w,} = 1— a. (20.72) 

This, however, is rarely possible. Sometimes we can make a statement giving a 
confidence region for the two parameters together, e.g. such as 

P {v> 0 < 0? + 0?, < to} = 1 -a. (20.73) 

But this is not entirely satisfactory; we do not know, so to speak, how much of the 
uncertainty of the region to assign to each parameter. It may be that, unless we are 
prepared to lay down some new rule on this point, the problem of locating the para¬ 
meters in separate intervals is insoluble. 

Even for large samples the problems are severe. We may then find that we can 
determine intervals of the type 

p {<.(*,) < e, <«,(»,) >-i-« 

and substitute a (large sample) estimate of 0, in the limits t o (0 t ) and t l (6 i ). This is 
very like the familiar procedure in the theory of standard errors, where we replace 
parameters occurring in the error variances by estimates obtained from the samples. 
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20.36 We shall not attempt to develop the theory of simultaneous confidence 
intervals any further here. The reader who is interested may consult papers by S. N. 
Roy and Bose (1953) and S. N. Roy (1954) on the theoretical aspect. Bartlett (1953, 
1955) discussed the generalization of the method of 20.15 to the case of two or more 
unknown parameters. The theorem of 20.17 concerning shortest intervals was gener¬ 
alized by Wilks and Daly (1939). Under fairly general conditions the large-sample 
regions for / parameters which are smallest on the average are given by 


i-lj-1 l OVj ) 


(20.74) 


where I -1 is the inverse matrix to the information matrix whose general element is 


f« - e( 


dlogL dlogZA 
~W t d^~) 


and xl *s such that P(x a < xl) — 1— *. the probability being calculated from the y* 
distribution with / degrees of freedom. This is clearly related to the result of 17.39 
giving the minimum attainable variances (and, by a simple extension, covariances) of 
a set of unbiassed estimators of several parametric functions. 

In Volume 3, when we discuss the Analysis of Variance, we shall meet the problem 
of simultaneously setting confidence intervals for a number of means. 


Tolerance intervals 

20.37 Throughout this chapter we have been discussing the setting of confidence 
intervals for the parameters entering explicitly into the specification of a distribution. 
But the technique of confidence intervals can be used for other problems. We shall 
see in later chapters that intervals can be found for the quantiles of a parent distribution 
(cf. Exercise 20.17) and also for the entire distribution function itself, without any 
assumption on the form of the distribution beyond its continuity. There is another 
type of problem, commonly met with in practical sampling, which may be solved by 
these methods. Suppose that, on the basis of a sample of n independent observations 
from a distribution, we wish to find two limits, L x and L 2 , between which at least a 
given proportion y of the distribution may be asserted to lie. Clearly, we can only 
make such an assertion in probabilistic form, i.e. we assert that, with given probability p\ 
at least a proportion y of the distribution lies between L x and L % . L x and L t are 
called tolerance limits for the distribution; we shall call them the (/?, y) tolerance limits. 
Later, we shall see that tolerance limits, also, may be set without assumptions (except 
continuity) on the form of the parent distribution (cf. Exercise 20.18). In this chapter, 
however, we shall discuss the derivation of tolerance limits for a normal distribution, 
due to Wald and Wolfowitz (1946). 


20.38 Since the sample mean and variance are a pair of sufficient statistics for the 
parameters of a normal distribution (Example 17.17), it is natural to base tolerance 
limits for the distribution upon them. In a sample of size n, we work with the un¬ 
biassed statistics 


x = Ex/n, s'* = E(x — x)*/(n— 1), 
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and define 

A(*,s',X) = | f(t)dt, (20.75) 

J 2-Sl' 

where f(t) is the normal frequency function. We now seek to determine the value A 
so that 

P{A{£,s',X) > y} = /?. (20.76) 

L x = x—?j’ and L, = x+Ar' will then be a pair of central (/?, y) tolerance limits for 
the parent distribution. Since we are concerned only with the proportion of that 
distribution covered by the interval (L lt L t ), we may without any loss of generality 
standardize the population mean at 0 and its variance at 1. Thus 

f{t) = (2*)-* exp (—*/»). (20.77) 

20.39 Consider first the conditional probability, given x, that A (x, s', A) exceeds y. 
We denote this by P {A > y | *}. Now A is a monotone increasing function of s', 
and the equation in s' 

A (x, s', X) = y (20.78) 

has just one root, which we denote by s' (x, y, A). 

Let 

Xs' (*, y, A) = r (*, y). (20.79) 

Given x and y, r = r(x, y) is immediately obtainable from a table of the normal integral, 
since 

rt+r 

f{t)dt = y. (20.80) 

J t—r 

From (20.80) it is clear that r does not depend upon A. Moreover, since A is monotone 
increasing in s', the inequality A > y is equivalent to 

s' > s’(x, y, A) = r(x, y)/A. 

Thus we may write 

P{^>y|*} = p{r'>£|*j, (20.81) 

and since x and s' are independently distributed, (20.81) becomes 

P{A> y\x} = P {(n-lK 2 > (n—l)r*/A*}. (20.82) 

Since (»—l)r' 2 = 2(.v— x) 2 is distributed like g* with (n — 1) degrees of freedom, we 
have finally 

P {A > y i *} = P {**_! > (»—l)r*/A*}, (20.83) 

so that by using a table of the g* integral, we can determine (20.83). 


20.40 To obtain the unconditional probability P(A > y) from (20.83), we must 
integrate it over the distribution of x, which is normal with zero mean and variance 
1/n. This is a tedious numerical operation, but fortunately an excellent approximation 
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is available. We expand P(A > y | x) in a Taylor series about * = // = 0, and since 
it is an even function of x , the odd powers in the expansion vanish/** leaving 

P(A > y | x) = P(A > y | 0)+^P"{A > y | 0) + ... (20.84) 

Taking expectations we have 

P(A > y | x) - P(A > y | 0)+~P"(A > y | 0)+ ... (20.85) 

2 ft 

But from (20.84) with x = l/y/n 

p(A>r\±-\-P{A>y\0)+~P(A > y | 0)+O(»-<). (20.86) 

(20.85) and (20.86) give 

P(A >y)-p(A>y j -L) + 0(»-»), (20.87) 

and we may use (20.87) to find an approximate value for A in (20.83). Wald and 
Wolfowitz (1946) showed that the approximation is extremely good even for values 
of n as low as 2 if £ and y are ^ 0-95, as they usually are in practice. 

On examination of the argument above, it will be seen to hold good if x is replaced 
by any estimator (i of the mean, and s' 2 by any estimator a 2 of the variance, of a normal 
population, as pointed out by Wallis (1951). fi and a 2 may be based on different 
numbers of observations. Bowker (1947) gives tables of A (his k) for /? (his y) = 0-75, 
0-90, 0*95, 0-99 and y (his P) = 0-75, 0*90, 0-99 and 0-999, for sample sizes n — 2 (1) 
102 (2) 180 (5) 300 (10) 400 (25) 750 (50) 1000. Taguti (1958) gives tables for the 
situation where the estimates of the mean and variance of the population are based 
on different numbers of observations. If the mean is estimated from n observations 
and the variance estimate has v degrees of freedom, Taguti gives tables of A (his k) 
for /? (his 1 — a) and y (his P) = 0-90, 0-95 and 0-99 ; and n = 0-5 (0-5) 2 (1) 10 (2) 20 
(5) 30 (10) 60 (20) 100, 200, 500, 1000, oo ; r = 1 (1) 20 (2) 30 (5) 100 (100) 1000, oo. 
The small fractional values of n are useful in some applications discussed by Taguti. 

Fraser and Guttman (1956) and Guttman (1957) consider tolerance intervals which 
cover a given proportion of a normal parent distribution on the average. 


EXERCISES 

20.1 For a sample of n from the distribution 

x p-i e -T/e 

dF = ■£(*)& d *’ 0 < * « °0, P > 0, 

we have seen (Exercise 17.1) that, for known p, a sufficient statistic for 6 is x/p. Hence 
derive confidence intervals for 0. 


This is because the interval is symmetric about x, and could not happen otherwise. 
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20.2 Show that for the rectangular population 

dF = dx/$, 0 < x < 6 

and confidence coefficient 1 — a, confidence limits for 0 are t and t/tp, where t is the sample 
range and y> is given by 

(n-(rt-l)y} = a. 

(Wilks, 1938c) 


20.3 Show that, for the distribution of the previous exercise, confidence limits for 
0 from samples of two, x x and x t , are 

(*i + **)/[! ± {1 - (1 - *)*)]. 


(Neyman, 1937b) 


20.4 In Exercise 20.2, show also that if L is the larger of a sample of size two, confi¬ 
dence limits for 0 are 


L, L/V* 


and that if M is the largest of samples of size four, limits are 

M, M/a*. 


(Neyman, 1937b) 


20.5 Using the asymptotic multivariate normal distribution of Maximum Likelihood 
estimators (18.26) and the x % distribution of the exponent of a multivariate normal distri¬ 
bution (15.10), show that (20.74) gives a large-sample confidence region for a set of 
parameters. From it, derive a confidence region for the mean and variance of a univariate 
normal distribution. 


20.6 In setting confidence limits to the variance of a normal population by the use 
of the distribution of the sample variance (Example 20.6), sketch the confidence belts 
for some value of the confidence coefficient, and show graphically that they always provide 
a connected range within which a 1 is located. 

20.7 Show how to set confidence limits to the ratio of variances a\fa\ in two normal 
populations, based on independent samples of n x observations from the first and n a 
observations from the second. (Use the distribution of the ratio of sample variances 
at (16.24).) 


20.8 Use the method of 20.10 to show that large-sample 95 per cent confidence 
limits for w in the binomial distribution of Example 20.2 are given by 


1 

l+(l*96)Vn 



w + 

2 n ~ 



/>(!—/>) (l-96)» 
n + 4n f 



20.9 Using Geary’s theorem (Exercise 11.11), show that large-sample 95 per cent 
confidence limits for the ratio xn t /m x of the parameters of two binomial distributions, 
based on independent samples of size n 2 , n x respectively, are given by 


__ Pi/Pi 
1+(1*96 )*/n t 


; 1+ !LW +1 . % /rw. + lz£. + <m* 
\ 2 Ttip t L«i/>1 "**** 4 



4a—/>i) vn 

)\ y 


(Noether, 1957) 


20.10 In Example 20.6, show that the confidence interval based on 


rur 

ti 


sS o* < 


ns 

7, 
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(where xl and x\ are the upper and lower i* points of the x* distribution with (n—1) d.f.) 
is not the physically shortest interval for a* in small samples based on the x* distribution 
of ns*/o*. 

(cf. Tate and Klett, 1959) 


20.11 From two normal populations with means fix and fi% and variances oj — o% = o’, 
independent samples of sizes n t and ft, respectively are drawn. Show that 


(where x 1( x t and *?, 4 are the sample means and variances) is distributed in “ Student's ” 
distribution with («i + «t—2) d.f., and hence set confidence limits for (Mi~f*t)- 


20.12 In Exercise 20.11, if o? show that the ratio distributed in “ Student's ’* 
distribution is no longer t, but 


t' 


(*i ~/<i) - (*»-/< t) ///nifi , «»4\ / 

(<4/»i + <47»i)*/ IW *)/ 


(«! + «!- 2) 



20.13 lf/(x|0) = g(x)/h(0), (a(0) < x < 6(0)), and 6(0) is a monotone decreasing 

function of a (0), show (cf. 17.40-1) that the extreme observations X(u and x (n ) are a pair 
of jointly sufficient statistics for 0. From this joint distribution, show that the single 
sufficient statistic for 0, 


8 = min {a- l (x(i)), 6~ l (*(«)) }, 

has distribution 


where 0* is defined by 


<-*'<*»* 

a (0*) = 6(0*). 


o < 6 ^ e*, 


20.14 In Exercise 20.13, show that ip = h(6)/h(d) has distribution 

dF = nip n ~ l dip, 0 ^ tp < 1. 

Show that 

P (ot l / n < tp < 1} = 1-oc, 

and hence set a confidence interval for 0. Show that this is shorter than any other interval 
based on the distribution of tp . 

(Huzurbazar, 19S5) 


20.1 S Apply the result of Exercise 20.14 to show that a confidence interval for 0 in 

• tF - £• »«*<». 

is obtainable from 

P {*(n) < 6 < x (n) a- 1 /"} = 1 - « 
and that this is shorter than the interval in Exercise 20.2. 


20.16 Use the result of Exercise 20.14 to show that a confidence interval for 0 in 

dF — dx t 0 < x ^ oo 

is obtainable from 




log a < 6 < x ( i) 




a. 


(Huzurbazar, 1955) 
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20.17 Use the joint distribution of two order-statistics (14.23) to obtain confidence 
intervals for any quantile of a continuous distribution. 

20.18 In Exercise 20.17, use the joint distribution of the extreme order-statistics 
to obtain tolerance intervals for a continuous distribution. 


20.19 x and y have a bivariate normal distribution with variances of, of, and cor¬ 
relation parameter p. Show that the variables 


xv x y 

u ■ —, v --, 

°i a t 

are independently normally distributed. In a sample of n observations with sample 
variances rf and s\ and correlation coefficient r m show that the sample correlation co¬ 
efficient of u and v may be written 

j _ (/-A)* 

m " (/+A)*-4ryA’ 

where l = s\fs\ and A=of/of. Hence show that, whatever the value of p, confidence 
limits for A are given by 

/ —1)*}, / {/sT4-(/c:*-i)*} 

where 


K 


1 + 


2 ( 1 - 0 ^ 
n—2 * 


and tj is the 100® per cent point of “ Student’s ” t 1 distribution. 

(Pitman, 1939a) 


20.20 


In 20.39, show that r (x, y) defined at (20.80) is, asymptotically in n, 


r(x,y) 


r(0,y) 



(Bowker, 1946) 


20.21 Using the method of Example 6.4, show that for a x* distribution with v 
degrees of freedom, the value above which 100/1 per cent of the distribution lies is x} 
where 


where 


v 


1 + G ) di ~ p+ h^ l ~ fi ~^ +< 




(2ji)~ 1 exp (—|t*) dt 


a. 


20.22 


Combine the results of Exercises 20.20-20.21 to show that, from (20.83), 


A 


r(0,y) 



(Bowker, 1946) 



CHAPTER 21 


INTERVAL ESTIMATION: FIDUCIAL INTERVALS 

21.1 At the outset of this chapter it is desirable to make a few remarks on matters 
of terminology. Problems of interval estimation in the precise sense began to engage 
the attention of statisticians round about the period 1925-1930. The approach from 
confidence intervals, as we have defined them in the previous chapter, and that from fiducial 
intervals, which we shall try to expound in this chapter, were presented respectively 
by J. Neyman and by R. A. Fisher; and since they seemed to give identical results there 
was at first a very natural belief that the two methods were only saying the same things 
in different terms. In consequence, the earlier literature of the subject often contains 
references to “ fiducial ” intervals in the sense of our “ confidence ” intervals ; and 
(less frequently) to “ confidence ” intervals in some sense more nearly related to the 
“ fiducial ” line of argument. 

Although this confusion of nomenclature has never been adequately cleared up, 
it is now generally recognized that fiducial intervals are different in kind from confidence 
intervals. But their devotees have, so it seems to us, not always made it quite clear 
where the difference lies; nor have they always used the term “ fiducial ” in strict 
conformity with the usage of Fisher, who, having invented it, may be allowed the right 
of precedence by way of definition. We shall present what we believe to be the basic 
ideas of the fiducial approach, but the reader who goes to the original literature may 
expect to find considerable variation in terminology. 

21.2 To fix the ideas, consider a sample of size n from a normal population of 
unknown mean, p, and unit variance. The sample mean * is a sufficient statistic for p, 
and its distribution is 

dF = («•>) 

(21.1), of course, expresses the distribution of different values of x for a fixed 
unknown value of p. Now suppose that we have a single sample of n observations, 
yielding a sample mean x x . We recall from (17.68) that the Likelihood Function of 
the sample, L (x x \ p), will (since jc is sufficient for p) depend on p only through the 
distribution of x at (21.1), which may therefore be taken to represent the Likelihood 
Function. Thus 

L (*i I /0 * *]{£) exp *~ (*i ~/0 2 } • (21.2) 

If we are prepared, perhaps somewhat intuitively, to use the Likelihood Function (21.2) 
as measuring the intensity of our credence in a particular value of p, we finally write 

dF = ex P { “ (* i -/*)*} d P* 

134 


(21.3) 
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which we shall call the fiducial distribution of the parameter p. We note that the integral 
of (21.3) over the range (— oo, oo) for fi is 1, so that no constant adjustment is necessary. 

21.3 This fiducial distribution is not a frequency distribution in the sense in 
which we have used the expression hitherto. It is a new concept, expressing the inten¬ 
sity of our belief in the various possible values of a parameter. It so happens, in this 
case, that the non-differential element in (21.3) is the same as that in (21.1). This 
is not essential, though it is not infrequent. 

Nor is the fiducial distribution a probability distribution in the sense of the fre¬ 
quency theory of probability. It may be regarded as a distribution of probability in 
the sense of degrees of belief; the consequent link with interval estimation based on 
the use of Bayes* theorem will be discussed below. Or it may be regarded as a new 
concept, giving formal expression to our somewhat intuitive ideas about the extent to 
which we place credence in various values of p. 

21.4 The fiducial distribution can now be used to determine intervals within 
which n is located. We select some arbitrary numbers, say 0-02275 and 0-97725, and 
decide to regard those values as critical in the sense that any acceptable value of p 
must not give to the observed x t a (cumulative) probability less than 0-02275 or greater 
than 0-97725. Then, since these values correspond to deviations of ±2<r from the 
mean of a normal distribution, and a = 1/V B > we h ave 

2 ^ (*i p) y/n ^ 2, 

which is equivalent to 

x-L—2/y/n ^ p ^ Xi + 2/y/n. (21-4) 

This, as it happens, is the same inequality as that to which we were led by central 
confidence intervals based on (21.1) in Example 20.1. But it is essential to note that 
it is not reached by the same line of thought. The confidence approach says that if 
we assert (21.4) we shall be right in about 95-45 per cent of the cases in the long run. 
Under the fiducial approach the assertion of (21.2) is equivalent to saying that (in some 
sense not defined) we are 95-45 per cent sure of being right in this particular case. The 
shift of emphasis is evidently the one we encountered in considering the Likelihood 
Function itself, where the function L(x 10) can be considered as an elementary prob¬ 
ability in which B is fixed and x varies, or as a likelihood in which * is fixed and 6 varies. 
So here, we can make an inference about the range of 0 either by regarding it as a con¬ 
stant and setting up containing intervals which are random variables, or by regarding 
the observations as fixed and setting up intervals based on some undefined intensity 
of belief in the values of the parameter generating those observations. 

21.5 There is one further fundamental distinction between the two methods. 
We have seen in the previous chapter that in confidence theory it is possible to have 
different sets of intervals for the same parameter based on different statistics (although 
we. naturally discriminate between the different sets, and chose the shortest or most 
selective set). This is explicitly ruled out in fiducial theory (even in the sense that 
we may choose central or non-central intervals for the same distribution when using 
both its tails). We must, in fact, use all the information about the parameter which 

K 



136 


THE ADVANCED THEORY OF STATISTICS 


the Likelihood Function contains. This implies that if we are to set limits to 0 by a 
single statistic t, the latter must be sufficient for 0. (We also reached this conclusion 
from the standpoint of most selective confidence intervals in 20.30.) 

As we pointed out in 17.38, there is always a set of jointly sufficient statistics for 
an unknown parameter, namely the n observations themselves. But this tautology 
offers little consolation : even a sufficient set of two statistics would be difficult enough 
to handle; a larger set is almost certainly practically useless. As to what should be 
done to construct an interval for a single parameter 0 where a single sufficient statistic 
does not exist, writers on fiducial theory are for the most part silent. 

21.6 Let f(t,8) be a continuous frequency function and F(t,8) the distribution 
function of a statistic t which is sufficient for Q. Consider the behaviour of / for some 
fixed t, as 8 varies. Suppose also that we know beforehand that 8 must lie in a certain 
range, which may in particular be (— 00 , 00 ). Take some critical probability 1 —« 
(analogous to a confidence coefficient) and let 8 a be the value of 8 for which F(t,8) = 1 — *. 

Now suppose also that over the permissible range of 0,/(<i,0) is a monotonic non¬ 
increasing function of 8 for any t x . Then for all 8 < 0 a the observed t x has at least as 
high a probability density as f \t lt 8 a ), and for 8 > 8 a it has a lower probability density. 
We then choose 8 < 8 a as our fiducial interval. It includes all those values of the 
parameter which give to the probability density a value greater than or equal to f(t lt 8 a ). 

21.7 If we require a fiducial interval of type 

0a, < 0 < K 

we look for two values of 8 such that = f(t 1 ,8 a Js^idF(t 1 ,8 IXt )—F(t 1 ,8 ail ) = 1 —«. 

If, between these values,/^,®) is greater than the extreme values f(t lt 8^) or fit i» 0a,)* 
and is less than those values outside it, the interval again comprises values for which 
the probability density is at least as great as the density at the critical points. 

If the distribution of t is symmetrical this involves taking a range which cuts off 
equal tail areas on it. For a non-symmetrical distribution the tails are to be such that 
their total probability content is a; but the contents of the two tails are not equal. 
It is the extreme ordinates of the interval which must be equal. Similar considerations 
have already been discussed in connexion with central confidence intervals in 20.7. 

21.8 On this understanding, if our fiducial interval is increased by an element d8 
at each end, the probability ordinate at the end decreases by ( dF{t lt 8)/d8)d8 . For 
the fiducial distribution we then have 

dF = ^ L fl ) <f0. (21.5) 

ou 

This formula, however, requires that f(t lt 6) shall be a non-decreasing function of 0 
at the lower end and a non-increasing function of 0 at the upper end of the interval. 

Example 21.1 

Consider again the normal distribution of (21.1). For any fixed in as ft varies 
from — 00 through x x to + 00 , the probability density varies from zero monotonically 
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to a maximum at x 1 and then monotonically to zero. Thus for any value in the range 
x l —ktox 1 +k the density is greater than at the points x t - k or x x + k. We can there¬ 
fore set a fiducial interval 

x^-k < p. < Xj^+k, 

for any convenient value of k > 0. In (21.4) we took k to be 2/y/n. 


Example 21.2 

As an example of a non-symmetrical sampling distribution, consider the distribution 


dF - dx, p > 0; 0 < * « cc. (21.6) 

If p is known, t s x/p is sufficient for 0 (cf. Exercise 17.1) and its sampling distribution 
is easily seen to be 


dF = 


W ■ r(/j) *’ 


(21.7) 


where /? = tip. Now in this case 6 may vary only from 0 to oo. As it does so the 
ordinate of (21.7) for fixed t rises monotonically from zero to a maximum and then 
falls again to zero, being in fact an inversion of a Type III distribution. Thus, if we 
determine 6 Vi and 6^ such that the ordinates at those two values are equal and the 
integral of (21.7) between them has the assigned value 1—a, the fiducial range is 
0 * < 0 < 6 V 

We may write (21.7) in the form 


and hence 


Thus 


\e ) r (/?) \ 0 / 

(21.8) 

rfit/e rf-lg-u 

F(, ' 9) - I. rtf) *• 

(21.9) 

dF d /pt\ 


w L J u-wedoye) 



ptV-'e-Wpt 
d) T(0) 0*‘ 


Thus the fiducial distribution 


of 6 is 

\»e~WdB 
TO?) O' 


(fltV 

V e) 


( 21 . 10 ) 


The integral of this from 0 = 0 to 0 = oois unity. 

In comparing (21.7) with (21.10) it should be noticed that we have replaced dt, 
not by dO, but by tdd/d ; or, putting it slightly differently, we have replaced dt/t by 
dO 0. It is worth while considering why this should be so, and to restate in specific 
form the argument of 21.8. 

We determine our fiducial interval by reference to the probability F(t, 0). Looking 
at (21.9) we see that this is an integral whose upper limit is, apart from a constant, f/0. 
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Thus for variation in 0 we have the ordinate of the frequency function (the integrand) 
multiplied by d e (t/0) — — tdO/O *, while for variation in t the multiplying factor is 
d t (t/0) = dt/0. Thus, from (21.5), -( dF/dd)dO = tdd/Q\ while ( dF/dt)dt = dt/0. 
It is by equating these expressions that we obtain dd/d = dt/t. 

21.9 When we try to extend our theory to cover the case where two or more para¬ 
meters are involved, we begin to meet difficulties. In point of fact, practical examples 
in this field are so rare that any general theory is apt to be left in the air for want of 
exemplification. We shall therefore concentrate the exposition on two important 
standard cases, the estimation of the mean in normal samples where the variance is 
unknown, and the estimation of the difference of two means in samples from two 
normal populations with unequal variances. 

Fiducial inference in “ Student’s ” distribution 

21.10 It is known that in normal samples the sample mean x and the sample 
variance j 2 ( = 2 (x—£)*/n) are jointly sufficient for the parent mean pi and variance a *. 
Their distribution may be written as 

" ■ <2u,) 

If we were considering fiducial limits for p with known a, we should use the first factor 
on the right of (21.11); but if we were considering limits for a with known p we should 
not use the second factor, the reason being that a itself enters into the first factor. In 
fact (cf. Example 17.10), the sufficient statistic in this case is not s* but 'L(x—p) i /n, 
whose distribution is obtained by merging the two factors in (21.11). 

For known o, we should, as in Example 21.1, replace dx by dp to obtain the fiducial 
distribution of p. For known p, we should use the fact that 2 (jc—//)* = n {$*+ (x—p) 2 } 
is distributed like x in (21.6) with p = n and 0 = <r 2 , and hence, as in Example 21.2, 
replace ds/s by do/a. The question is, can we here replace dxds/s in (21.11) by dpi do/a 
to obtain the joint fiducial distribution of pi and a ? 

Fiducialists assume that this is so. The question appears to us to be very debat- 
able. (,) However, let us make the assumption and see where it leads us. For the 
fiducial distribution we shall then have 

dF (21.12) 


We now integrate for a to obtain the fiducial distribution of fx. 
We arrive at 



(#) Although x and s are statistically independent, p and a are not independent in any fiducial 
sense. The laws of transformation from the frequency to the fiducial distribution have not 
been elucidated to any extent for the multi-parameter case. In the above case some support for 
the process can be derived a posteriori from the reflexion that it leads to “ Student’s ” distribu¬ 
tion, but if fiducial theory is to be accepted on its own merits, something more is required. 



INTERVAL ESTIMATION: FIDUCIAL INTERVALS 


139 


This is a form of “ Student’s ” distribution, with ^—— -\/(« — 1) in place of the usual 

s 

t, and n— 1 degrees of freedom. Thus, given a, we can find two values of t, t 0 and t lt 
such that 


P{~t, < t < / 0 } - l-« 


and this is equivalent to locating ft in the range 

{*-sf 0 /V(»-l). *+*<i/V(»- !)}• (21.14) 

This may be interpreted, as in 20.31, in the sense of confidence intervals, i.e. as implying 
that if we assert ft to lie in the range (21.14) we shall be right in a proportion 1 — a of 
the cases. But this is by no means essential to the fiducial argument, as we shall see 
later. 


The problem of two means 

21.11 We now turn to the problem of finding an interval estimate for the difference 
between the means of two normal distributions, which was left undiscussed in the previous 
chapter in order to facilitate a unified exposition here. We shall first discuss several 
confidence-interval approaches to the problem, and then proceed to the fiducial-interval 
solution. Finally, we shall examine the problem from the standpoint of Bayes’ theorem. 


21.12 Suppose, then, that we have two normal distributions, the first with mean 
and variance parameters fti,a\ and the second with parameters /i„of. Samples of 
size n lt n % respectively are taken, and the sample means and variances observed are x lt rf 
and x t ,rf. Without loss of generality, we assume n x < n t . 

Now if erf = erf = a 2 , the problem of finding an interval for fti—fi t = d is simple. 
For in this case d — x l —x t is normally distributed with 


E(d) = d, 



(21.15) 


and n t ^/d\ are each distributed like with n l — 1, 1 d.f. respectively. 

Since the two samples are independent, (wi*i + w **i)/° r2 will be distributed like with 
n i+n t —2 d.f., and hence, writing 

s 2 = (« x if+»,r|)/(n 1 +»,-2) 

we have 



(21.16) 

(21.17) 


d-i 


MK)}' 


(21.18) 


is a ratio of a standardized normal variate to the square root of an unbiassed estimator 
of its sampling variance, which is distributed independently of it (since sf and rf are 
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independent of x x and x t ). Moreover, (n 1 +n 2 —2) s 2 /o 2 is a x 2 variable with n 1 + n i -2 
d.f. Thus y is of exactly the same form as the one-sample ratio 

*1 Si-Pi //”i>!/(».-1)1 * 

(»*/»,)*/l «’ J 

which we have on several occasions (e.g. Example 11.8) seen to be distributed in 
“Student's” distribution with n 1 — 1 d.f. Hence (21.18) is also a “Student’s” 
variable, but with n 1 + n t —2 d.f., a result which may easily be proved directly. 

There is therefore no difficulty in setting confidence intervals or fiducial intervals 
for <5 in this case : we simply use the method of 20.31 or 21.10, and of course, as in 
the one-sample case, we obtain identical results, quite incidentally. 


When we leave the case <rf = of, complications arise. 


21.13 

buted in “ Student’s ” 


form, with n x +n z - 
d-d 

t - 



The variate distri- 
2 d.f., by analogy with (21.17), is now 
I 








2J 


(21.19) 


The numerator of (21.19) is a standardized normal variate, and its denominator is the 
square root of an independently distributed x 2 variate divided by its degrees of freedom, 
as for (21.17). The difficulty is that (21.19) involves the unknown ratio of variances 
0 — of/of. If we also define u — if/if, N = n 1 /n i , we may rewrite (21.19) as 




( 21 . 20 ) 


which clearly displays its dependence upon the unknown 0. If 0 = 1, of course, 
( 21 . 20 ) reduces to (21.18). 


21.14 We now have to consider methods by which the “ nuisance parameter, ” 0 , 
can be eliminated from interval statements concerning 6. We must clearly seek some 
statistic other than t of (21.20). One possibility suggests itself immediately from 
inspection of the alternative form, (21.18), to which (21.17) reduces when 0 = 1. The 
statistic 


z 


d-d 


pU-jLY 

V»i-1 »,-!/ 


( 21 . 21 ) 


is, like (21.18), the ratio of a normal variate with zero mean to the square root of an 
independently distributed unbiassed estimator of its sampling variance. However, 
that estimator is not a multiple of a x 2 variate, and hence z is not distributed in 
“ Student’s ” form. The statistic z is the basis of the fiducial approach and one 
approximate confidence interval approach to this problem, as we shall see below. 

An alternative possibility is to investigate the distribution of (21.18) itself, i.e. to 
see how far the statistic appropriate to the case 0=1 retains its properties when 0 56 1 . 
This, too, has been investigated from the confidence interval standpoint. 

However, before proceeding to discuss the approaches outlined in this section, we 
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examine at some length an exact confidence interval solution to this problem, based 
on “ Student’s ” distribution, and its properties. The results are due to Scheffe 
(1943a, 1944). 

Exact confidence intervals based on '* Student's " distribution 

21.15 If we desire an exact confidence interval for <5 based on the “ Student ” 
distribution, it will be sufficient if we can find a linear function of the observations, 
L, and a quadratic function of them, Q, such that, for all values of of, <4, 

(i) L and Q are independently distributed; 

(ii) E(L) = d and varL = V ; and 

(iii) Q/V has a % 2 distribution with k d.f. 

Then , - (21.22) 

has <( Student’s ” distribution with k d.f. We now prove a remarkable result due to 
Scheffe (1944), to the effect that no statistic of the form (21.22) can be a symmetric 
function of the observations in each sample ; that is to say, t cannot be invariant under 
permutation of the first sample members x u (i = 1, 2,..., » x ) among themselves and 
of the second sample members x v (i = 1,2,...,»,) among themselves. 

21.16 Suppose that t is symmetric in the sense indicated. Then we must have 

L = CjExu+CgEx*, 

» « 

where the c’s are constants independent of the parameters. 

Now from (21.22) 

E[L) = d = fi.-fi,, (21.24) 

while from (21.23) 

E(L) = c 1 n l fi 1 + c i n t (t t . (21.25) 

(21.24) and (21.25) are identities in /i l and fi t ; hence 

c i n if l i = f*u 

so that 

= l/»i> = -!/«*• (21.26) 

From (21.26) and (21.23), 

L = x 1 —x t = d, (21.27) 

and hence 

varL = V = (Ji/n 1 + <r|/«g. (21.28) 

Since Q/V has a % 2 distribution with k d.f., 

E(Q/V) = k, 

so that, using (21.28), 

E(Q) - *(<*/”»+<’!/”.), (21-29) 

while, from (21.23), 

E{Q) = c 8 «i(<T?+)«?)+c«n 1 («i-l)/i! + ^»8(<i+/4) 

+ c t n t {n t — + (21.30) 
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Equating (21.29) and (21.30), we obtain expression for the c’s, and thence, from (21.23), 

< 2U1 > 

(21.27) and (21.31) reduce (21.22) to (21.21). Now a linear function of two independent 
X * variates can only itself have a x* distribution if it is a simple sum of them, and 
Hjjf/cr? and n 2 if/crf are independent x* variates. Thus, from (21.31), 0 will only 
be a x 2 variate if 

ka\ _ ka\ = 1 

««(»*— 1) 


or 


0 _ ff = »i(»i — 1) 

of u,(» 2 -l)‘ 


(21.32) 


Given n lt n it this is only true for special values of <rf, erf. Since we require it to be 
true for all values of erf, of we have established a contradiction. Thus t cannot be 
a symmetric function in the sense stated. 


21.17 Since we cannot find a symmetric function of the desired type having 
“ Student’s ” distribution, we now consider others. We specialize (21.22) to the 
situation where 


I> — 2 </</«!, 


f=i 


Q = S (d f -Ly, 

»•=1 

and the d ( are independent identical normal variates with 

E(d f ) = (5, var d ( = <r*, all t. 

It will be remembered that we have taken n x < n 2 . (21.22) now becomes 

L-d 

«/(».-1)}* 

which is a “ Student” variate with (mj — 1) d.f. 

Suppose now that in terms of the original observations 


t = 


= (L-d)/ n - 1 ^“: 1) V, 

1 ; \2(rf ( -L)’/’ 


(21.33) 

(21.34) 

(21.35) 

(21.36) 


d t = x u - S c u x u . 

i=i 

The d t are multinormally distributed, since they are linear functions of normal variates 
(cf. 15.4). Necessary and sufficient conditions that (21.34) holds are 

= 1, 

1 

Sc?; = c*> ^ (21.37) 

2 Cfj Cjcj = 0, t / k. 

j 

Thus, from (21.36) and (21.37) 

var d ( — o 1 = of + c 2 crf. 


(21.38) 
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21.18 The central confidence interval, with confidence coefficient 1—a, derived 
from (21.35) is 


\L-»\ < 


(21.39) 


where is the appropriate deviate for « x — 1 d.f. The interval-length l has 

expected value, from (21.39), 


m - 2 




E 



(21.40) 


the last factor on the right being found, from the fact that n l Q/o 2 has a x 2 distribution 
with —1 d.f., to be 



V2 rqnQ 

ru(»x-i)}' 


(21.41) 


To minimize the expected length (21.40), we must minimize <r, or equivalently, mini¬ 
mize c * in (21.38), subject to (21.37). The problem may be visualized geometrically 
as follows: consider a space of n t dimensions, with one axis for each second suffix of 
the Cn. Then = 1 is a hyperplane, and Sty = r 2 is an n s -dimensional hyper¬ 
sphere which is intersected by the plane in an (« 2 —l)-dimensional hypersphere. We 
require to locate n x ^ n t vectors through the origin which touch this latter hypersphere 
and (to satisfy the last condition of (21.37)) are mutually orthogonal, in such a way 
that the radius of the » t -dimensional hypersphere is minimized. This can be done 
by making our vectors coincide with n x axes, and then c* — 1. But if n x < «„ we 
can improve upon this procedure, for we can, while keeping the vectors orthogonal, 
space them symmetrically about the equiangular vector, and reduce c 2 from 1 to its 
minimum value njn t , as we shall now show. 


21.19 Written in vector form, the conditions (21.37) are 

c,u' = 1 l 

c<c* = c 2 i = k, V 

= 0 i+K J 


(21.42) 


where c,• is the tth row vector of the matrix {c (j } and u is a row vector of units. 

If the «! vectors c ( satisfy (21.42), we can add another (n t —n ,) vectors, satisfying 
the second (normalizing and orthogonalizing) condition of (21.42), so that the aug¬ 
mented set forms a basis for an n 2 -space. We may therefore express u as a linear 
function of the n t c-vectors, 


u = S g k c k , 

i=l 


(21.43) 


where the g k are scalars. Now, using (21.42) and (21.43), 

1 = c< u' = c, 2 gi c't = S^tC. ci- 

k~ 1 
= gtC 2 . 


gi — 1/d, t — 1,2,..., Wj. 


Thus 


(21.44) 
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Also, since u is a row vector of units, 


», = uu' = 

which, on using (21.42), becomes 



Use of (21.44) gives, from (21.45), 

n, = c a {n 1 /c i + S gfl 

1. *.+i J 


Hence 

the required result. 



c* > 


(21.45) 


(21,46) 


21.20 The equality sign holds in (21.46) whenever g k *= 0 for k = »!+l,...,»,. 
Then the equiangular vector u lies entirely in the space spanned by the original n x 
c-vectors. From (21.44), these will be symmetrically disposed around it. Evidently, 
there is an infinite number of ways of determining c ti , merely by rotating the set of 
n x vectors. Schefte (1943a) obtained the particularly appealing solution 

c ti = (»i/»t)*-(»!»«)-*+ l/n„ / - 1,2,..., » 1 ,'| 


c u — 


“(»i»*)‘*+V»t. = 1,2,...,»!, > 


(21.47) 


Cif — 1/ltj, j — Sj +1, . . . , Bj.J 

It may easily be confirmed that (21.47) satisfies the conditions (21.37) with c 2 = ti x /n t 
Substituted into (21.36), (21.47) gives 

n a 

di - *M-(»i/»i)**«+(»i»t)" 4 S x„+(l /»,) 2 x u , 
which yields in (21.33) 

L = X-.—X 




where 


0 = i L 

Hi <=1 


«< = *l<-(»l/»l) 4 *H,'| 
*1 

u = 2 ttf/nj. 

<=i 


(21.48) 

(21.49) 


(21.50) 


Hence, from (21.35) and (21.48-21.50), 

{j^}* (21.51) 

is a “ Student’s ” variate with n x — 1 d.f., and we may proceed to set confidence limits 
for d = fa-fit. 
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21.21 It is rather remarkable that we have been able to find an exact solution of 
the confidence interval problem in this case only by abandoning the seemingly natural 
requirement of symmetry. (21.51) holds for any randomly selected subset of « x of 
the », variates in the second sample. Just as, in 20 . 22 , we resorted to randomization 
to remove the difficulty in making exact confidence interval statements about a discrete 
variable, so we find here that randomization alone allows us to bypass the nuisance 
parameter 6. But the extent of the randomization should not be exaggerated. The 
numerator of (21.51) uses the sample means of both samples, complete; only the 
denominator varies with different random selections of the subset in the second sample. 
It is impossible to assess intuitively how much efficiency is lost by this procedure. 
We now proceed to examine the length of the confidence intervals it provides. 

21.22 From (21.38) and (21.46), we have for the optimum solution (21.48), 

var d { = ■» of+(»i/»i)oi. (21.52) 

Putting (21.52) into (21.40), and using (21.41), we have for the expected length of 

the confidence interval 

*(0 - (2U3) 

We now compare this interval l with the interval L obtained from (21.19) if 0 = <rf /of 
is known. The latter has expected length 

B(L) = (21.54) 

the last factor being evaluated from the % 2 distribution with (n x +n,—2) d.f. as 

V2T{i( . 1 + ? .- l)) (21.55) 

r{$(»i+**-2)} 

(21.53-55) give for the ratio of expected lengths 

E([)/E(L) = i« 1 )r{J(ni+nj-2)} 

As n x —► oo, with n t fixed, each of the three factors of (21.56) tends to 1, and there¬ 
fore the ratio of expected interval length does so, as is intuitively reasonable. For 
small » M the first two factors exceed 1, but the last is less than 1. The following table 
gives the exact values of (21.56) for 1 —« = 0-95, 0-99 and a few sample sizes. 


(21.56) 


Table of E(Q/£(L) (from Schejjd, 1943a) 


1 -a. - 0-95 


1 -« - 0 99 
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Evidently, l is a very efficient interval even for moderate sample sizes, having an 
expected length no greater than 11 per cent in excess of that of L for n t — 1 > 10 at 
1 —« = 0*95, and no greater than 9 per cent in excess for —1 > 20 at 1 — oc = 0-99. 
Furthermore, we are comparing it with an interval based on knowledge of 0. Taking 
this into account, we may fairly say that l puts up a very good performance indeed: 
the element of randomization cannot have resulted in very much loss of efficiency. 

We have spent a considerable time expounding this solution to the two-means 
problem, mainly because it is not at all well-known. There are, however, also approxi¬ 
mate confidence-interval solutions of the problem, which we shall now summarize. 


Approximate confidence-interval solutions 

21.23 Welch (1938) has investigated the approximate distribution of the statistic 
(21.18), which is a “ Student’s ” variate when — of, in the case of # of. In this 
case, the sampling variance of its numerator is 


so that, writing 


var(d-<5) = oj/n t +af/n t , 
u = {d- <5)/( ff i/»i + of/"*) 1 . 1 


(21.18) may be written 

y = u/w. 

The difficulty now is that to 2 , although distributed independently of u, is not a 
of a x s variate when 0^1. However, by equating its first two moments to 
a x * variate, we can determine a number of degrees of freedom, v, for which it is 
mately a x % variate. Its mean and variance are, from (21.57), 

E(w 2 ) = 0(vi0 + v,), \ 

var (w 2 ) = 2A 2 (v 1 0 2 +v,),J 

where we have written 


(21.57) 

(21.58) 
multiple 
those of 
approxi- 

(21.59) 


(21.60) 


Vi = »i~ 1, v* = n*-l, 

b = (n 1 + n t )(4/{(n 1 + n i -2)(n t o 2 l + n 1 ol)}. 

If we identify (21.59) with the moments of a multiple g of a x* variate with v d.f.. 


J 


1 - g*, \ 

2 = 2 g 2 V,J 


/‘X = 
/*2 


(21.61) 


(21.62) 


we find 

g = b(0 2 v 1 +v t )/(0v l + Vj),1 
v = (0r 1 + v 1 ) 2 /(0 2 v 1 + v 1 )J 

With these values of g and v, w 2 /g is approximately a x 2 variate with v degrees of free¬ 
dom, and hence, from (21.57), 

—/O' <"•> 


is a “ Student’s ” variate with v d.f. If 0 = 1, v = = Hi+n,—2, g — b = 1/v, 

and (21.63) reduces to (21.18), as it should. But in general, g and v depend upon 0. 
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21.24 Welch (1938) investigated the extent to which the assumption that 0 = 1 
in (21.63), when in reality it takes some other value, leads to erroneous conclusions. 
His discussion was couched in terms of testing hypotheses rather than of interval esti¬ 
mation, which is our present concern, but his conclusion should be briefly mentioned. 
He found that, so long as n x = n t , no great harm was done by ignorance of the true 
value of 0, but that if n x # n t , serious errors could arise. To overcome this difficulty, 
he used exactly the technique of 21.23 to approximate the distribution of the statistic z 
of (21.21). In this case he found that, whatever the values of n v and »„ z itself was 
approximately distributed in “ Student’s ” form with 


’ (»i + »J / (21-6+) 

degrees of freedom, and that the influence of a wrongly assumed value of 9 was now 
very much smaller. This is what we should expect, since the denominator of z at 
(21.21) estimates the variances of, of separately, while that of (21.58) uses a “ pooled ” 
estimate s 2 which is clearly less appropriate when of # <r|. 


21.25 Welch (1947) has refined the approximate approach of the last section. 
His argument is a general one, but for the present problem may be summarized as 
follows. Defining rf, rf with n l —l,n,—1 as divisors respectively, so that they are 
unbiassed estimators of variances, we seek a statistic A (if, if, P) such that 

P{(d-d)<h (if, if, P)} = P (21.65) 

whatever the value of 0. Now since (d—d) is normally distributed independently of 
if, if, with zero mean and variance o\/n l + a\/n i — D ®, we have 

P{{d-6) < A (if, if, P) | if, if} = l(£) (21.66) 

where I(x) = f (2it) - *exp( — \t 2 )dt. Thus, from (21.65) and (21.66), 

J —00 

p = J J /(A/Z))/(if)/(if)difdif. (21.67) 

Now r we may expand /(A/D), which is a function of if, 4 in a Taylor series about 
the true values of, of. We write this symbolically 

= exp{ S (21.68) 

where the operator d { represents differentiation with respect to if, and then putting 
if = of, and i 2 = if/«i+if/«i. We may put (21.68) into (21.67) to obtain 

"A (if, if, P)'! 


P = a [|exp{M-af)e,}/«)i(«] X/{' 

Now since we have 

/(*?W - J,_-ft^‘”"«q>(-^<'( ! £r). 


>}• 


(21.69) 


r(iv,)V2oy 


on carrying out each integration in the symbolic expression (21.69) we find 
JexpWif-ofW/XifJdif = * exp(—of3<) 
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which, put into (21.69), gives 

*> - (2l - 7o) 

We can solve (21,70) to obtain the form of the function k, and hence find h (if, r§, P), 
for any known P. 

Welch gave a series expansion for H, which in our special case becomes 


s 


r>-t\u 

I- 


0 +J ) 

4 


2 2 


S c?/v 

i-l 


0 +« 


i-l J 


(21.71) 


where c t — —+ , v t = »<—1 and f is defined by 1(5) = P. 

»<V*i *4/ 

Since (d—6)/s = z of (21.21), (21.71) gives the distribution function of z. 

Following further work by Welch, Aspin (1948, 1949) and Trickett et al. (1956), 
(21.71) has now been tabled as a function of v u v t and c u for P = 0 95, 0-975, 0-99 
and 0-995. These tables enable us to set central confidence limits for <5 with 1 —a 
= 0-90, 0-95, 0-98 and 0-99. Some of the tables are reproduced as Table 11 of the 
Biometrika Tables. 

Asymptotic expressions of the type (21.71) have been justified by Chemoff (1949) 
and Wallace (1958). (21.71) is asymptotic in the sense that each succeeding term on 
the right is an order lower in v { . 

So far as we know, no comparison has been made of the confidence intervals obtained 
by this method and those obtained from Scheffe’s statistic (21.51). The latter have 
the advantage that no special table is necessary for their use, since the variate has an 
exact “ Student’s ” distribution. They may therefore be used for a wider range of 
values of a. But Welch’s method will presumably give shorter intervals for very small 
sample sizes, where the loss of efficiency of Scheffe’s statistic is greatest. 

Wald (1955) carried the Welch approach much further, but confined himself to 
the case — n t , where the problem is least acute, since the Scheflfe solution is then 
at its most efficient. 


The fiducial solution 

21.26 The fiducial solution of the two-means problem starts from the joint distri¬ 
bution of sample means and variances, which may be written 


sp ~ 2 sS*~ 2 f ft, s? n. &) j j 


2 a\ 2 <2U2) 

In accordance with the fiducial argument, we replace dx lt dx , by dfi u dft t and ds l /s u 
ds t /s z by da t /a u da % /a % , as in 21.10. Then for the fiducial distribution (omitting 
powers of and r„ which are now constants) we have 

1 :~i ex P gjs (*i4“i 4“« x 


dF oc 






(21.73) 
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(21.74) 


(21.75) 


Writing 

i.- *■-■ ' 

we find, as in (21.10), the joint distribution of and /z, 

£F oc_ dp*i _ igU _ 

{l+*?/(«,-l)}‘»‘ {l +<!/(«,-l)}*’-’ 

where we write d^t x to remind ourselves that the differential element is y/(n x — l)dft x /s x 
and similarly for the second sample. 

We cannot proceed at once to find an interval for 6 = In fact, from 

(21.74) we have 

(/*i-*i)-(/<i-*i) = (21.76) 

and to set limits to <5 we require the fiducial distribution of the right-hand side of (21.76) 
or some convenient function of it. This is a linear function of t x and whose fiducial 
distribution is given by (21.75). In actual fact Fisher (1935b, 1939), following Behrens, 
chose the statistic (21.21) 

d-d 


z = 


V*»-i «,-V 


as the most convenient function. We have 


where 


z x — t x cosip— fjsiny, 


(21.77) 


tan*y = 


*1 / ^ 
«j—1/ n x — r 


(21.78) 


For given ip the distribution of z (usually known as the Fisher-Behrens distribution) 
can be found from (21.76). It has no simple form, but Fisher and Yates’ Statistical 
Tables give tables of significance points for z with assigned values of n v tt 2 , ip, and the 
probability 1 — a. In using these tables (and in consulting Fisher’s papers generally) 
the reader should note that our s*/{n — 1) is written by him as s'*. 


21.27 In this case, the most important yet noticed, the fiducial argument does not 
give the same result as the approach from confidence intervals. That is to say, if we 
determine from a probability 1 —« the corresponding points of z, say z 0 and z u and 
then assert 

(2179) 

we shall not be correct in a proportion 1 — a of cases in the long run, as is obvious 
from the fact that z may be expressed as 

* _,/ Kl+M .)! 1 ±N°m\‘ i) V 

l (»i-i)*i+(»i-i)*! / \ / 

where t, defined by (21.20), has an exact “ Student’s ” distribution. Since t is distri¬ 
buted independently of 0, z cannot be. 
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This fact has been made the ground of criticism by adherents of the confidence- 
interval approach. The fiducialist reply is that there is no particular reason why such 
statements should be correct in a proportion of cases in the long run; and that to 
impose such a desideratum is to miss the point of the fiducial approach. We return 
to this point later. 

Bayesian intervals 

21.28 We proceed now to consider the relation between fiducial theory and interval 
estimation based on Bayes’ theorem, as developed by Jeffreys ( 1948 ). The theorem 
(8.2-3) states that the probability of q r on data p and H is proportional to the product 
of the probability of q T on H and the probability of p on q r and H. Symbolically 

P{q r \p,H}acP(q r \H)P(p\q n H). (21.80) 

From the Bayesian viewpoint, we take q T to be a value of the parameter 0 under estimate 
and P(q r \H ) as its prior distribution in probability. P{q r \p,H} then becomes the 
posterior probability distribution of 0 and we can use it to set limits within which 0 
lies, to assigned degrees of probability in this sense. 

The major problem, as we have noted earlier, is to assign values to the prior distri¬ 
bution P(q T | H). Jeffreys has extended Bayes’ postulate (which stated that if nothing 
is known about 0 and its range is finite, the prior distribution should be proportional 
to dd) to take account of various situations. In particular, (1) if the range of 0 is infinite 
in both directions the prior probability is still taken as proportional to d6 ; ( 2 ) if 0 
ranges from 0 to 00 the prior distribution is taken as proportional to d0/0. 

Example 21.3 

In the case of the normal distribution considered in 21.2 we have, with x sufficient 
for n, 

P{x\?,H) = (21.81) 

and if ft can lie anywhere in (— 00 , + 00 ), the prior distribution is taken as 

P(dn\H) = d f <. (21.82) 

Hence, for the posterior distribution of //, 

Pidf.lx.H) oepLjexp(-?(«-,0 ! }4‘- (21-83) 

Integration over the range of (i from - 00 to 00 shows that the proportionality is in 
fact an equality. Thus we may, for any given level of probability, determine the 
range of fi. This is, in fact, the same as that given by confidence-interval theory or 
fiducial theory. 

On the other hand, for the distribution (21.6) of Example 21.2 we take the prior 
distribution of 0 , which is in ( 0 , 00 ), to be 

P(dd\H) = dd/0. (21.84) 

The essential similarity to the fiducial procedure in Example 21.2 will be evident. We 
also have 


(P\* tt-'e-MdO 
* I’ ^ 00 (0) r(/f) 0 


(21.85) 
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Evaluation of the constant, required to make the integral from 6 = 0 to oo equal 
to unity, gives 

( 21 . 86 ) 

which again is the same distribution as the one obtained by the confidence-interval 
and the fiducial approaches. 


21.29 Let us now consider the case of setting limits to the mean in normal samples 
when the variance is unknown. For the “ Student ” distribution we have 




kdt 


(21.87) 


where k is some constant and v — »—1. The parameters ft and a do not appear on 
the right and hence are irrelevant to P(dt\H) and may be suppressed. Thus 


P(dt\H) 


kdt 

(l + <7v)*< t ' +1) * 


Suppose now that we assume that 

P(dt\x,s t H)=f(t)dt t 

Then, as before, x and s may be suppressed, and we have 

p (dt\H) = f(t)dt, 

and hence, by comparison with (21.88), 


P(dt\x,s,H) 


kdt 

(i+*7»0* (r+1) ‘ 


( 21 . 88 ) 

(21.89) 

(21.90) 

(21.91) 


We can then proceed to find limits to t, given x and s, in the usual way. Jeffreys 
emphasizes, however, that this depends on a new postulate expressed by (21.89) which, 
though natural, is not trivial. It amounts to an assumption that if we are comparing 
different distributions, samples from which give different x’s and i’s, the scale of the 
distribution of ft must be taken proportional to s and its mean displaced by the differ¬ 
ence of sample means. 


21.30 In a similar way it will be found that to arrive at the Fisher-Behrens distri¬ 
bution it is necessary to postulate that 

P{dti, dt a | Xi, x 2 , $i, •Jj, H} *= fi {t\)ft (f*) dt\ dtf. (21.92) 

Jeffreys’ derivation of the Fisher-Behrens form from Bayes’ theorem would be as 
follows: 

The prior probability of d/u 1 d/.i t do 1 do t \ H is 
P{d^dp t do x do t \H) 

a i a t 

The likelihood (denoting the data by D) is 

P{D\fi u n t ,a t ,a a ,H} cc exp ^{C«i—^0 *+>—{(a<*—^*)*+4>J- 

L 
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Hence, by Bayes’ theorem, 

P{d f i x d l i i da 1 da i \D t H} = t 

Integrating out the values of <r x and cr a , we find for the posterior distribution of//! and 
// 2 a form which is easily reducible to (21.75). 

Discussion 

21.31 There has been so much controversy about the various methods of estima¬ 
tion we have described that, at this point, we shall have to leave our customary objective 
standpoint and descend into the arena ourselves. The remainder of this chapter is 
an expression of personal views. We think that it is the correct viewpoint; and it 
represents the result of many years’ silent reflexion on the issues involved, a serious 
attempt to understand what the protagonists say, and an even more serious attempt to 
divine what they mean. Whether it will command their approval is more than we 
can conjecture. 

21.32 We have, then, to examine three methods of approach: confidence inter¬ 
vals, fiducial intervals and Bayesian intervals. We must not be misled by, though we 
may derive some comfort from, the similarity of the results to which they lead in certain 
simple cases. We shall, however, develop the thesis that, where they differ, the basic 
reason is not that one or more are wrong, but that they are consciously or unconsciously 
either answering different questions or resting on different postulates. 

21.33 It will be simplest if we begin with the Bayes-Jeffreys approach. If it be 
granted that probability is a measure of belief, or an undefined idea obeying the usual 
postulates, Bayes’ theorem is unexceptionable. We have to recognize, however, that 
by abandoning an attempt to base our probability theory on frequencies of events, we 
have lost something in objectivity. 

The second hurdle to be taken is the acceptance of rules expressing prior prob¬ 
ability distributions. Jeffreys has very persuasively argued for the rules referred to 
above and nothing better has been proposed. At the same time there seems to be 
something arbitrary, for example, in requiring the prior distribution of a parameter 
which may range from — oo to + oo to be d/.i, whereas if it varies only over the range 
0 to oo it should have a prior distribution proportional to dfi/fi. Sophisticated argu¬ 
ments concerning the distinction somehow fail to impress us as touching the root of 
the problem. 

21.34 It should also be noticed that we have applied the Bayes argument to cases 
where a set of sufficient statistics exists. This is not essential. If L is the Likelihood 
Function, we can always write 

P{01*„ ... x„,H} oc P(0|tf)L(*j, ...,*„| e,H) (21.93) 

and, given P(0| H), determine the posterior distribution of 0. From this viewpoint, 
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the only advantage of a small set of sufficient statistics is that it summarizes all the rele¬ 
vant information in the Likelihood Function in fewer statistics than the n sample values. 
As we have remarked previously, these sample values themselves always constitute 
a set of sufficient statistics, though in practice this may be only a comforting tautology. 

21.35 Confidence-interval theory is also general in the sense that the existence 
of a single sufficient statistic for the unknown parameter is a convenience, not a neces¬ 
sity. We have, however, noted that where no single sufficient statistic exists there 
may be imaginary or otherwise nugatory intervals in some cases at least, and we know of 
no case in which these difficulties appear in the presence of single sufficiency, so that 
confidence-interval theory is possibly not so free from the need for sufficiency as might 
appear ; but perhaps it would be better to say that where nested and simply connected 
intervals cannot be obtained, there are special difficulties of interpretation. 

The principal argument in favour of confidence intervals, however, is that they 
can be derived in terms of a frequency theory of probability without any assumptions 
concerning prior distributions such as are essential to the Bayes approach. This, in 
our opinion, is undeniable. But it is fair to ask whether they achieve this economy 
of basic assumption without losing something which the Bayes theory possesses. Our 
view is that they do, in fact, lose something on occasion, and that this something may 
be important for the purposes of estimation. 

21.36 Consider the case where we are estimating the mean y of a normal popula¬ 
tion with known variance. And let us suppose that we know that y lies between 0 and 1. 
According to Bayes we should have 

e xp{-sO*-*) 2 W 

P(dfi | x) = — l Z -4—, (21.94) 

J # e xp{-^-^ 

and the problem of setting limits to y, though not free from mathematical complexity, 
is determinate. What has confidence-interval theory to say on this point ? It can 
do no more than reiterate statements like 

P{x-\ %/Vn < y ^ x+l-96/Vn} - 0-95. 

These are still true in the required proportion of cases, but the statements take no 
account of our prior knowledge about the range of y and may occasionally be idle. 
It may be true, but would be absurd, to assert — 1 < y < 2 if we know already that 
0 < y < 1. Of course, we may truncate our interval to accord with the prior informa¬ 
tion, but we then lose exactness, and make statements with probability at least 1 — a. 
In our example, we could assert only that 0 < y < 1 : the observations would have 
added nothing to our knowledge. 

In fact, so it seems to us, confidence-interval theory has the defect of its principal 
virtue : it attains its generality at the price of being unable to incorporate prior know¬ 
ledge into its statements. When we make our final judgment about y, we have to 
synthesize the information obtained from the observations with our prior knowledge. 
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Bayes’ theorem attempts this synthesis at the outset. Confidence theory leaves it until 
the end (and, we feel bound to remark, in most current expositions ignores the point 
completely). 

21.37 Fiducial theory, as we have remarked, has been confined by Fisher to the 
case where sufficient statistics are used, or, quite generally, to cases where all the in¬ 
formation in the Likelihood Function can be utilized. No systematic exposition has 
been given of the procedure to be followed when prior information is available, but there 
seems no reason why a similar method to that exemplified by equation (21.94) should 
not be used. That is to say, if we derive the fiducial distribution/^) over a general 
range but have the supplementary information that the parameter must lie in the range 

to fi x (within that general range), we modify the fiducial distribution by truncation to 

m/ j'*/(/*) 

21.38 One critical difficulty of fiducial theory is exemplified by the derivation of 
“ Student’s ” distribution in fiducial form given in 21.10. It appears to us that this 
particular matter has been widely misunderstood, except by Jeffreys. Since the 
“ Student ” distribution gives the same result for fiducial theory as for confidence 
theory, whereas the two methods differ on the problem of two means, both sides seem 
to have sought for their basic differences in the second, not in the first. But in our 
view e’est le premier test qui codte. If the logic of this is agreed, the more general Fisher- 
Behrens result follows by a very simple extension. This is also evident from the Bayes- 
Jeffreys approach, in which (21.92) is an obvious extension of (21.90) for two inde¬ 
pendent samples. 

The question, as noted in 21.10, is whether, given the joint distribution of x and $ 
(which are independent in the ordinary sense), we can replace dxds by dfida/a. It 
appears to us that this is not obvious and, indeed, requires a new postulate, just as 
(21.90) requires a new postulate. On this point, the paper by Yates (1939) is explicit. 

Paradoxes and restrictions in fiducial theory 

21.39 This is not the only obscurity which exists concerning the fundamentals of 
fiducial inference. Alternative fiducial solutions to what is ostensibly the same prob¬ 
lem have been put forward by Fieller (1954) and Creasy (1954)—see also the discussion 
following their papers. Examples in which the fiducial distribution is not unique are 
given by Mauldon (1955) and Tukey (1957), but Fisher (1956) and Quenouille (1958) 
have pointed out that these arise owing to the sufficient statistics for the parameters 
having a structure different from that in the examples we have discussed in 21.10 and 
21.26. If (t x , t t ) are jointly sufficient for (0 lf 0 a ), we may write the alternative factoriza¬ 
tions 

L(x [0i,0 a ) g(tu t t 10i,0j) = ^(fi| *»,0i,0»)£t(f*10i,0i) 

= £ 3(^*1 Qt)s*(ti I ®i* 0«)* (21.95) 

If ti and t t each depend on only one of the parameters, there is no difficulty, each 
statistic being singly sufficient for its parameter. In the contrary case, we may dis¬ 
tinguish two possibilities: 
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(a) One of the statistics (say t x ) depends on both parameters, and the conditional 
distribution of the other, t a , only on one (say 0,). Thus, given 0„ t a is singly sufficient 
for 0x and the first factorization in (21.95) is 

L °c£i(fi| *»*0i»0»)£*(**|0*)- (21.96) 

If we integrate out 0 i over the joint fiducial distribution to obtain the fiducial distribu¬ 
tion of 0 lt we have no ambiguity, for we cannot alternatively write 

^ *i>0i>0t)£*(*i|0i)> 

since the last factor on the right of the second line of (21.95) will depend on 0 V Only 
the first factorization in (21.95) is fiducially useful. 

It will be seen that in 21.10 and 21.26 this condition obtained, the sample mean 
or difference of means being t t and the sample variance(s) t t . (These problems were 
further simplified by the independence of t x and t v ) 

(b) Both statistics depend on both parameters, and neither is sufficient for one 
parameter when the other parameter is known. Here ambiguity may arise through 
the two factorizations of (21.95) and non-uniqueness may result. 

To ensure a unique fiducial distribution for 0 lf we therefore require a single sufficient 
statistic for 0 X when 0, is known, as well as (t lf t t ) to be jointly sufficient for the para¬ 
meters. We return to this subject in connexion with tests of hypotheses in 23.34, 
where we shall find this requirement sufficient to ensure optimum properties for certain 
tests. 


21.40 Following upon some work by Grundy (1956), Lindley (1958a) has recently 
obtained a simple yet far-reaching result which not only illuminates the relationship 
between fiducial and Bayesian arguments, but also limits the claims of fiducial theory 
to provide a general method of inference, consistent with and combinable with Bayesian 
methods. In fact, Lindley shows that the fiducial argument is consistent with Bayesian 
methods if and only if it is applied to a random variable x and a parameter 0 which may 
be (separately) transformed to u and r respectively so that r is a location parameter 
for u ; and in this case, it is equivalent to a Bayesian argument with a uniform prior 
distribution for r. 


21.41 Using (21.5), we write for the fiducial distribution of 0 (without confusion 
with the usual notation for the characteristic function) 




(21.97) 


while the posterior distribution for 0 given a prior distribution p(0) is, by Bayes’ 
theorem, 


M = /\pV>)f{*\0)dO. 


(21.98) 


where / (x | 0) = dF (x \ 0)/dx, the frequency function. Writing r (x) for the denomin¬ 
ator on the right of (21.98), we thus have 


nA ) ~ 7(x) dx ' 


(21.99) 
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If there is some prior distribution p (0) for which the fiducial distribution is equivalent 
to a Bayes posterior distribution, (21.97) and (21.99) will be equal, or 


r( *>' 


( 21 . 100 ) 


(21.100) shows that the ratio on its left-hand side must be a product of a function of 0 
and a function of x. We rewrite it 


1 dF 1 dF 
r {x) dx p(0) dO 


- 0 . 


( 21 . 101 ) 


For given p(0) and r(*), we solve (21.101) for F. The only non-constant solution is 

F = G{P(*)-P(0)}, (21.102) 

where G is an arbitrary function and R, P are respectively the integrals of r, p with 
respect to their arguments. If we write u = R(x), x = P(0), (21.102) becomes 

F = G{u- t}, (21.103) 

so that r is a location parameter for u. Conversely, if (21.103) holds, (21.100) is satis¬ 
fied with v and r for x and 0 and p(x) a uniform distribution. Thus (21.103) is a 
necessary and sufficient condition for (21.100) to hold, i.e. for the fiducial distribution 
to be equivalent to some Bayes posterior distribution. 


21.42 Now consider the situation where we have two independent samples, sum¬ 
marized by sufficient statistics .r, y, from which to make an inference about 0. Wc 
can do this in two ways: 

(a) we may consider the combined evidence of the two samples simultaneously, 
and derive the fiducial distribution <f> Xt y (0); 

(b) we may derive the fiducial distribution <f> x (Q) from the first sample above, and 
use this as the prior distribution in a Bayesian argument on the second sample, to pro¬ 
duce a posterior distribution 7i x y (d). 

Now if the fiducial argument is consistent with Bayesian arguments, (a) and (b) 
are logically equivalent and we should have <f> z , v (0) — ?r r v (0). 

Take the simplest case, where x and y have the same distribution. Since it admits 
a single sufficient statistic for 0, the parent frequency function is of the form (17.83), from 
which we may deduce (cf. Exercise 17.14) that the distribution of x itself is of form 

/(*|0) =/(*)£(O)exp(*0), (21.104) 


and similarly for y in the other sample. Moreover, in the combined samples, *+_y is 
evidently sufficient for 0, and thus the combined fiducial distribution <f> tt ,, (0) is a func¬ 
tion of (*+y) and 0 only. We now ask for the conditions under which n Xt , (0) is also 
a function of (tf+y) and 0 only. Since by Bayes’ theorem 


71 


■*>v 


(0) = 
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if n *,,(0) is a function of (*+y) and 0 only, so also will be the ratio for two different 
values of 6 


n *. v (&) = (®)f(y 1 (2\ iqcn 

Thus (21.105) must be invariant under interchange of x and y. Using (21.104) in 
(21.105), we therefore have 


so that 


- f:$$h ,x(e - en 


6 (e) = 


(21.106) 


and if we regard O' and y as constants, we may write (21.106) as 

<f> x (0) = A(x).B(0)e*<>, (21.107) 

where A and B are arbitrary functions. Using (21.97), (21.104) and (21.107), we have 


^F(*|0) ^ _A(x)B(0) 

— F(x\0) ~fWs(°y 

dx 


(21.108) 


But (21.108) is precisely the condition (21.100), for which we saw (21.103) to be neces¬ 
sary and sufficient. Thus we can have <f> Xi „ (0) = n Xi y (6) if and only if x and 0 are 
transformable to (21.103) with r a location parameter for «, and p (r) a uniform distribu¬ 
tion. Thus the fiducial argument is consistent with Bayes’ theorem if and only if the 
problem is transformable into a location parameter problem, the prior distribution of 
the parameter then being uniform. An example where this is not so is given as 
Exercise 21.11. 

Lindley goes on to show that in the exponential family of distributions (17.83), 
the normal and the Gamma distributions are the only ones obeying the condition of 
transformability to (21.103): this explains the identity of the results obtained by 
fiducial and Bayesian methods in these cases (cf. Example 21.3). 


21.43 Lindley’s result demonstrates that, except in a special (although important) 
class of cases, the fiducial argument imports an essentially new principle into statistical 
inference, not in accord with the classical methods. Bayes’ theorem is an essential 
and indisputable theorem of the calculus of probabilities ; if we require results con¬ 
sistent with its use, the fiducial argument must be abandoned in cases not satisfying 
the location parameter condition (21.103), and consequently the scope of fiducial infer¬ 
ence as a general method of inference is limited. 
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21.44 Still another objection to fiducial theory is one which has already been 
mentioned in respect of the Bayes approach. It abandons a strict frequency approach 
to the problem of interval estimation. It is possible, indeed, as Barnard (1950) has 
shown, to justify the Fisher-Behrens solution of the two-means problem from a differ¬ 
ent frequency standpoint, but as he himself goes on to argue, the idea of a fixed “ refer¬ 
ence set”, in terms of which frequencies are to be interpreted, is really foreign to the 
fiducial approach. And it is at this point that the statistician must be left to choose 
between confidence intervals, which make precise frequency-interpretable statements 
which may on exceptional occasions be trivial, and the other methods, which forgo 
frequency interpretations in the interests of what are, perhaps intuitively, felt to be 
more relevant inferences. 


EXERCISES 


21.1 If x is the mean of a sample of n values from 

1 


dF = 


oV( 2n) 


exp 




dx f 


s'* is equal to Z(x-£)*/(« —1)» and x is a further independent sample value, show that 



is distributed in “ Student’s ” form with n —1 d.f. Hence show that fiducial limits for 
x are 





where t x is chosen so that the integral of “ Student’s ” form between -I, and t is an 
assigned probability 1— a. 

(Fisher, 1935b. This gives an estimate of the next value when n values have 
already been chosen, and extends the idea of fiducial limits from parameters 
to variates dependent on them.) 


21.2 Show similarly that if a sample of n t values gives mean and estimated variance 
the fiducial distribution of mean x t and estimated variance r? in a second sample of 

n t is 

__ 

"{(»,-1) •;’ + (».-1) <?+(ii - ^7 1 } I< " + "' 

Hence, allowing n t to tend to infinity, derive the simultaneous fiducial distribution 
of n and a. 

(Fisher, 19355) 

21.3 If the cumulative binomial distribution is given by 

G(J,n) = £ (*iW<l 

HW 
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show that f/n is sufficient for n and that 

ht(n)dnm — dn - -n) n -*dn 

is an admissible fiducial distribution of n. Show that 

h t (n)dn a dG V±\' n) d* « -n) n -*-'dn 

is also admissible. 

Hence show how to determine n 0 from h 0 and n x from h u such that the fiducial interval 
n 0 < 7t < 7t l has at least the associated probability 1 — a. 

(Stevens, 1950. The use of two fiducial distributions is necessitated by dis¬ 
continuity in the observed /. Compare 20.22 on the analogous difficulty in 
confidence intervals.) 

21.4 Let l iU • • • > lun-i be (n — 1) linear functions of the observations which 
are orthogonal to one another and to x u and let them have zero mean and variance o\. 
Similarly define l tu l ti , ..., 

Then, in two samples of size n from normal populations with equal means and 
variances oj and o*, the function 

{2 (/„+/„)*/(*- 1 ) }* 

will be distributed as “ Student’s ” t with « —1 degrees of freedom. Show how to set 
confidence intervals to the difference of two means by this result, and show that the 
solution (21.51) is a member of this class of statistics when n x = n*. 

21.5 Given two samples of n Xt tt t members from normal populations with unequal 
variances, show that by picking n x members at random from the n t (where n x < n t ) 
and pairing them at random with the members of the first sample, confidence intervals 
for the difference of means can be based on " Student’s ” distribution independently 
of the variance ratio in the populations. Show that this is equivalent to putting 
dj = 0(* # j); =» 1 (* = j) in (21.36), and hence that this is an inefficient solution of the 
two-means problem. 

21.6 Use the method of 21.23 to show that the statistic z of (21.21) is distributed 
approximately in u Student’s ” form with degrees of freedom given by (21.64). 

21.7 From Fisher’s F distribution (16.24), find the fiducial distribution of 6 = 

and show that if we regard the u Student’s ” distribution of the statistic (21,20) as the 
joint fiducial distribution of <5 and 0, and integrate out 6 over its fiducial distribution, we 
arrive at the result of 21.26 for the distribution of a. 

(Fisher, 1939) 

21.8 Prove the statement in 21.16 to the effect that if ax + by = a, where x and y 
are independent random variables and x , y, z are all y? variates, the constants a = b =* 1. 

(Scheffc, 1944) 

21.9 Show that if we take the first two terms in the expansion on the right of (21.71), 
(21.65) is, to order 1 In, the approximation of (21.21) given in 21.24, i.e. a ” Student’s ” 
distribution with degrees of freedom (21.64). 
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21.10 Show that for = tt, = n, the conditional distribution of the statistic x of 
(21.21) for fixed t l /s t is obtainable from the fact that 



is distributed like “ Student’s” t with 2(ft — 1) degrees of freedom. 

(Bartlett, 1936) 

21.11 Show that if the distribution of a sufficient statistic x is 

/(*|0) " fiTT ( * +1) * >0 » 

the fiducial distribution of 6 for combined samples with sufficient statistics x, y, is 
*x.,(0) = ( 6 +[«*(2a* + <■*» +\z') + 0 *(**+**+**«)] 

(where ar = x+y), while that for a single sample is 

+* {e) = ^n^ [1+(1+ ® )(1+ * )] - 

(Note that the minus sign in (21.5) is unnecessary here, since F(*|0) is an increasing 
function of 0.) Hence show that the Bayes posterior distribution from the second sample, 
using as prior distribution, is 

**,,(«) X e-*(g~)**(l +y )[1 + (1 +fl)(1 +*)], 

so that Wj. y (0) £r,y(6). Note that v (0) ¥= -t v , x (®) also. 

(Lindley, 1958a) 



CHAPTER 22 


TESTS OF HYPOTHESES: SIMPLE HYPOTHESES 

22.1 We now pass from the problems of estimating parameters to those of testing 
hypotheses concerning parameters. Instead of seeking the best (unique or interval) 
estimator of an unknown parameter, we shall now be concerned with deciding whether 
some pre-designated value is acceptable in the light of the observations. 

In a sense, the testing problem is logically prior to that of estimation. If, for 
example, we are examining the difference between the means of two normal popula¬ 
tions, our first question is whether the observations indicate that there is any true 
difference between the means. In other words, we have to compare the observed 
differences between the two samples with what might be expected on the hypothesis 
that there is no true difference at all, but only random sampling variation. If this 
hypothesis is not sustained, we proceed to the second step of estimating the magnitude 
of the difference between the population means. 

Quite obviously, the problems of testing hypotheses and of estimation are closely 
related, but it is nevertheless useful to preserve a distinction between them, if only 
for expository purposes. Many of the ideas expounded in this and the following 
chapters are due to Neyman and E. S. Pearson, whose remarkable series of papers 
(1928, 1933a, b, 1936a, b, 1938) is fundamental.^ 

22.2 The kind of hypothesis which we test in statistics is more restricted than the 
general scientific hypothesis. It is a scientific hypothesis that every particle of matter 
in the universe attracts every other particle, or that life exists on Mars ; but these are 
not hypotheses such as arise for testing from the statistical viewpoint. Statistical 
hypotheses concern the behaviour of observable random variables. More precisely, 
suppose that we have a set of random variables x lt ..., x„. As before, we may 
represent them as the co-ordinates of a point (x, say) in the n-dimensional sample space, 
one of whose axes corresponds to each variable. Since x is a random variable, it has 
a probability distribution, and if we select any region, say to, in the sample space W, 
we may (at least in principle) calculate the probability that the sample point x falls 
in tc, say P(x e to). We shall say that any hypothesis concerning P(x e w) is a statistical 
hypothesis. In other words, any hypothesis concerning the behaviour of observable 
random variables is a statistical hypothesis. 

For example, the hypothesis (a) that a normal distribution has a specified mean 
and variance is statistical; so is the hypothesis (b) that it has a given mean but un¬ 
specified variance ; so is the hypothesis (c) that a distribution is of normal form, both 
mean and variance remaining unspecified; and so, finally, is the hypothesis (d) that 
two unspecified continuous distributions are identical. Each of these four examples 


Since this and the following chapters were written there has appeared an important mono¬ 
graph on the subject. Testing Statistical Hypotheses by E. L. Lehmann (Wiley, New York, 1959). 
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implies certain properties of the sample space. Each of them is therefore translatable 
into statements concerning the sample space, which may be tested by comparison with 
observation. 

Parametric and non-parametric hypotheses 

22.3 It will have been noticed that in the examples (a) and (b) in the last paragraph, 
the distribution underlying the observations was taken to be of a certain form (the 
normal) and the hypothesis was concerned entirely with value of one or both of its 
parameters. Such a hypothesis, for obvious reasons, is called parametric. 

Hypothesis (c) was of a different nature. It may be expressed in an alternative 
way, since it is equivalent to the hypothesis that the distribution has all cumulants 
finite, and all cumulants above the second equal to zero (cf. Example 3.11). Now the 
term “ parameter ” is often used to denote a cumulant or moment of the population, 
in order to distinguish it from the corresponding sample quantity. This is an under¬ 
standable, but rather loose, usage of the term. The normal distribution 

dF(x) = (2n)-i exp | J (^Lf^dx/a 

has just two parameters, fi and a. (Sometimes it is more convenient to regard /i and 
a* as the parameters, this being a matter of convention. We cannot affect the number 
of parameters by minor considerations of this kind.) We know that the mean of the 
distribution is equal to fi, and the variance to <r a , but the mean and variance are no 
more parameters of the distribution than are, say, the median (also equal to jj), the 
mean deviation about the mean (= <r(2 /tt)*), or any other of the infinite set of constants, 
including all the moments and cumulants, which we may be interested in. By “ para¬ 
meters,” then, we refer to a finite number of constants appearing in the specification 
of the probability distribution of our random variable. 

With this understanding, hypothesis (c), and also (d), of 22.2 are non-par ametric 
hypotheses. We shall be discussing non-parametric hypotheses at length in Chapters 
30 onwards, but most of the theoretical discussion in this and the next chapter is equally 
applicable to the parametric and the non-parametric case. However, our particularized 
discussions will mostly be of parametric hypotheses. 

Simple and composite hypotheses 

22.4 There is a distinction between the hypotheses (a) and (b) in’ 22.2. In (a), 

the values of all the parameters of the distribution were specified by the hypothesis ; 
in (b) only a subset of the parameters was specified by the hypothesis. This distinction 
is important for the theory. To formulate it generally, if we have a distribution depend¬ 
ing upon / parameters, and a hypothesis specifies unique values for k of these para¬ 
meters, we call the hypothesis simple if k = / and we call it composite if k < /. In 
geometrical terms, we can represent the possible values of the parameters as a region 
in a space of / dimensions, one for each parameter. If the hypothesis considered 
selects a unique point in this parameter space, it is a simple hypothesis ; if the hypothesis 
selects a sub-region of the parameter space which contains more than one point, it is 
composite. ' . 
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l—k is known as the number of degrees of freedom of the hypothesis, and k as the 
number of constraints imposed by the hypothesis. This terminology is obviously 
related to the geometrical picture in the last paragraph. 

Critical regions and alternative hypotheses 

22.5 To test any hypothesis on the basis of a (random) sample of observations, we 
must divide the sample space (i.e. all possible sets of observations) into two regions. 
If the observed sample point x falls into one of these regions, say to, we shall reject 
the hypothesis; if x falls into the complementary region, fV—to, we shall accept the 
hypothesis, to is known as the critical region of the test, and W— to is called the 
acceptance region. 

It is necessary to make it clear at the outset that the rather peremptory terms 
" reject ” and “ accept," used of a hypothesis under test in the last paragraph, are 
now conventional usage, to which we shall adhere, and are not intended to imply that 
any hypothesis is ever finally accepted or rejected in science. If the reader cannot 
overcome his philosophical dislike of these admittedly inapposite expressions, he will 
perhaps agree to regard them as code words, “ reject ” standing for “ decide that the 
observations are unfavourable to ” and “ accept ” for the opposite. We are concerned 
to investigate procedures which make such decisions with calculable probabilities of 
error, in a sense to be explained. 

22.6 Now if we know the probability distribution of the observations under the 
hypothesis being tested, which we shall call H 0 , we can determine w so that, given 
H 0 , the probability of rejecting H 0 (i.e. the probability that x falls in to) is equal to a 
pre-assigned value a, i.e. 

Prob (x e to | H 0 ) = a. (22.1) 

If we are dealing with a discontinuous distribution, it may not be possible to satisfy 
(22.1) for every a in the interval (0, 1). The value a is called the size of thetest.(*) 
For the moment, we shall regard a as determined in some way. We shall discuss the 
choice of a later. 

Evidently, we can in general find many, and often even an infinity, of sub-regions 
vi of the sample space, all obeying (22.1). Which of them should we prefer to the 
others ? This is the problem of the theory of testing hypotheses. To put it in every¬ 
day terms, which sets of observations are we to regard as favouring, and which as 
disfavouring, a given hypothesis ? 

22.7 Once the question is put in this way, we are directed to the heart of the 
problem. For it is of no use whatever to know merely what properties a critical region 
will have when H 0 holds. What happens when some other hypothesis holds ? In 
other words, we cannot say whether a given body of observations favours a given 
hypothesis unless we know to what altemative(s) this hypothesis is being compared. 


The hypothesis under test is often called “ the null hypothesis,” and the size of the tes 
“ the level of significance.” We shall not use these terms, since the words “ null ” and “ signifi¬ 
cance ” can be misleading. 
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It is perfectly possible for a sample of observations to be a rather “ unlikely ” one if 
the original hypothesis were true ; but it may be much more “ unlikely ” on another 
hypothesis. If the situation is such that we are forced to choose one hypothesis or 
the other, we shall obviously choose the first, notwithstanding the “ unlikeliness ” of 
the observations. The problem of testing a hypothesis is essentially one of choice 
between it and some other or others. It follows immediately that whether or not we 
accept the original hypothesis depends crucially upon the alternatives against which 
it is being tested. 

The power of a test 

22.8 The discussion of 22.7 leads us to the recognition that a critical region (or, 
synonymously, a test) must be judged by its properties both when the hypothesis tested 
is true and when it is false. Thus we may say that the errors made in testing a statistical 
hypothesis are of two types: 

(I) We may wrongly reject it, when it is true; 

(II) We may wrongly accept it, when it is false. 

These are known as Type I and Type II errors respectively. The probability of 
a Type I error is equal to the size of the critical region used, a. The probability of a 
Type II error is, of course, a function of the alternative hypothesis (say, H x ) con¬ 
sidered, and is usually denoted by p. Thus 

Prob {x 6 IV—to | H x ) = 0 
or 

Prob {x e to | H x } = 1 -p. (22.2) 

This complementary probability, 1 — /?, is called the power of the test of the hypothesis 
H 0 against the alternative hypothesis H v The specification of H x in the last sentence 
is essential, since power is a function of H v 

Example 22.1 

Consider the problem of testing a hypothetical value for the mean of a normal 
distribution with unit variance. Formally, in 

dF(x) = (2tt) -i exp {— |(jc—//)*}<&, - oo < x < oo, 

we test the hypothesis 

H 0 : ft = /«„• 

This is a simple hypothesis, since it specifies F(x) completely. The alternative hypo¬ 
thesis will also be taken as the simple 

Hi -ft - > ft 0 - 

Thus, essentially, we are to choose between a smaller given value (ju 0 ) and a larger 
(fix) for the mean of our distribution. 

We may represent the situation diagrammatically for a sample of n — 2 observa¬ 
tions. In Fig. 22.1 we show the scatters of sample points which would arise, the 
lower cluster being that arising when H 0 is true, and the higher when H x is true. 

In this case, of course, the sampling distributions are continuous, but the dots 
indicate roughly the condensations of sample densities around the true means. 
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To choose a critical region, we need, in accordance with (22.1), to choose a region 
in the plane containing a proportion a of the distribution on H 0 . One such region 
is represented by the area above the line PQ, which is perpendicular to the line AB 
connecting the hypothetical means. (A is the point (//„, /x 0 ), and B the point (ji v /i t ).) 
Another possible critical region of size a is the region CAD. 

We see at once from the circular symmetry of the clusters that the first of these 
critical regions contains a very much larger proportion of the H l cluster than does the 
CAD region. The first region will reject H 0 rightly, when H l is true, in a higher 
proportion of cases than will the second region. Consequently, its value of 1 — /? 
in (22.2), or in other words its power, will be the greater. 

22.9 Example 22.1 directs us to an obvious criterion for choosing among critical 
regions, all satisfying (22.1). We seek a critical region to such that its power, defined 
at (22.2), is as large as possible. Then, in addition to having controlled the probability 
of Type I errors at a, we shall have minimized the probability of a Type II error, /?. 
This is the fundamental idea, first expressed explicitly by J. Neyman and E. S. Pearson, 
which underlies the theory of this and following chapters. 

A critical region, whose power is no smaller than that of any other region of the 
same size for testing a hypothesis H 0 against the alternative H lt is called a best critical 
region (abbreviated BCR), and a test based on a BCR is called a most powerful 
(abbreviated MP) test. 
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Testing a simple H, against a simple H a 

22.10 If we are testing a simple hypothesis against a simple alternative hypothesis, 
i.e. choosing between two completely specified distributions, the problem of finding a 
BCR of size a is particularly straightforward. Its solution is given by a lemma due 
to Neyman and Pearson (1933b), which we now prove. 

As in earlier chapters, we write L(x | H t ) for the Likelihood Function given the 
hypothesis H { (i = 0, 1), and write a single integral to represent n-fold integration 
in the sample space. Our problem is to maximize, for choice of to, the integral form 
of (22.2), 

1-0-J L(x\H x )dx, (22.3) 

subject to the condition (22.1), which we here write 

J L(x | H 0 )dx - «. (22.4) 


We may rewrite (22.3) as 


(22.5) 


L( x I H) 

so that we have to choose to to maximize the expectation of - ; ■ - ~ in to. Clearly 

L(x\ H 0 ) 

this will be done if and only if to consists of that fraction a of the sample space con- 

L(x \ H) 

taining the largest values of ■——Thus the BCR consists of the points in IV 

L(x \ H 0 ) 

satisfying 

L c(Jm 5 (22 - 6) 

k a being chosen so that the size condition (22.4) is satisfied. This can be done for 
any a if the joint distribution of the observations is continuous ; in this case, the points 
in W satisfying 

* *■ (22 - 7) 

will form a set of measure zero. k a is necessarily positive, since the likelihoods are 
non-negative. 


22.11 If the distribution is not continuous, we may effectively render it so by a 
randomization device (cf. 20.22). In this case, (22.7) will hold with some non-zero 
probability p, while in general, owing to discreteness, we can only choose in (22.6) 
to make the size of the test equal to a—j(0 < q < p). To convert the test into one 
of exact size a, we simply arrange that, whenever (22.7) holds, we use a random device 

(e.g. a table of random sampling numbers) so .ha, with probability t we reject 

while with probability 1—- we accept H 0 . The over-all probability of rejection will 

P 
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then be (a— q) +p S — a, as required, whatever the value of a desired. In this case, 
the BCR is clearly not unique, being subject to random sampling fluctuation. 


Example 22.2 

Consider again the normal distribution of Example 22.1, 

dF(x) — (2jr)-*exp[—l(x— yu)*]d*, — oo < x < oo, (22.8) 

where we are now to test H 0 : p — p 0 against the alternative H t :p *■ p x (^p 0 ). 
We have 

£(* | H,) = (2ji)-‘"exp 2 , i = 0,1, 

= (2 J .)-l"exp[-?{l*+(*-p,)«}] (22.9) 

where x, s* are the sample mean and variance respectively. Thus, for the BCR, we 
have from (22.6) 

1(77^7) = exp [2 ^ ~ (*“ A*o)*}J 

= exp {(/* 0 -/<i)2x+(^f-^o)}] < K, (22.10) 

or 

< i^o-^+^og^.- (22.11) 

n 

Thus, given p 9 , p x and a, the BCR is determined by the value of the sample mean x 
alone. This is what we might have expected from the fact (cf. Examples 17.6, 17.15) 
that x is a MVB sufficient statistic for p. Further, from (22.11), we see that if p 0 > p x 
the BCR is 

* |(^o+^i)+l°g^/{»G“o-^i) }> (22.12) 

while if Po < Pi ^ is 

iO“«+/Wi)-logA a /{»(^i-/«o)}. (22.13) 

which is again intuitively reasonable: in testing the hypothetical value p 0 against a 
smaller value p x , we reject p 0 if the sample mean falls below a certain value, which 
depends on a, the size of the test; in testing p 0 against a larger value p u we reject p 0 
if the sample mean exceeds a certain value. 

22.12 A feature of Example 22.2 which is worth remarking, since it occurs in a 
number of problems, is that the BCR turns out to be determined by a single statistic, 
rather than by the whole configuration of sample values. This simplification permits 
us to carry on our discussion entirely in terms of the sampling distribution of that 
statistic, called a “ test statistic,” and to avoid the complexities of n-dimensional 
distributions. 

M 
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Example 22.3 

In Example 22.2, we know (cf. Example 11.12) that whatever the value of fi, x is 
itself exactly normally distributed with mean n and variance 1 /«. Thus, to obtain 
a test of size a for testing fJt a against /t x > /u 0 , we determine x a so that 


j 1 (s)‘ ^ - *• 

G(*) = f (2*)"»exp (-ly*)dy, 

J — 00 


x a = ft 0 +d a /n* 


(22.14) 


(22.15) 


Writing 

we have, for ft t > /i 0 , 
where 

G(-«4) = a. (22.16) 

For example, with ju 0 = 2, n =* 25 and a = 0 05, we find, from a table of the 
normal integral, 

dU = 1-6449, 

so that, from (22.15) 

* a = 2 + 1-6449/5 = 2-3290. 


In this simple example, the power of the test may be written down explicitly. It is 

l*(K)‘ exp H (f -'“ ) ‘}‘ te = w - <2217) 

Using (22.15), we may standardize this integral to 

l-G^o-/!^.} = G{n*(^-,i 0 )-«/ a }, (22.18) 

since G(x) = 1— G(— x) by symmetry. From (22.18) it is clear that the power is a 
monotone increasing function both of n, the sample size, and of (ji t —/i 0 \ the difference 
between the hypothetical values between which the test has to choose. 


— oo < x < oo, 


Example 22.4 

As a contrast, consider the Cauchy distribution 

"«-.{! + t-m' 

and suppose that we wish to test 

H 0 :6 = 0 

against 

H t : 6 - 1 . 

For simplicity, we shall confine ourselves to the case » = 1. According to (22.6), the 
BCR is given by 

L(x | Ho) _ l + (*—1)* , 

L{x\H x ) i'+x* " a ‘ 

This is equivalent to 

x*(k a - l)+2.v+(* a -2) £ 0. (22.19) 
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The form of the BCR thus defined depends upon the value of a chosen. If, to 
take a simple case, we had k a = 1, (22.19) reduces to x > £, so that we should reject 
0 = 0 in favour of 0 = 1 whenever the observed x was closer to 1 than to 0. If, on the 
other hand, we take k a — 0-5, (22.19) becomes 


x*-4jc+ 3 <0 or (x—2) a < 1, 
which holds when 1 < x < 3. This is the critical region. 

Since the Cauchy distribution is a “Student's” distribution with 1 degree of freedom, 


and accordingly F(x) = arc tan*, we may calculate the size of each of the two 

2 71 


tests above. 

For k a = 1, the size is 


prob(* > — 0-352, 


while for k a = 0-5 the size is 

prob(l < / < 3) = 0-148. 

This table may also be used to determine the powers of these tests. We leave 
this to the reader as Exercise 22.4 at the end of this chapter. 


22.13 The examples we have given so far of the use of the Neyman-Pearson lemma 
have related to the testing of a parameter value for some given form of distribution. 
But, as will be seen on inspection of the proof in 22.10-22.11, (22.6) gives the BCR 
for any test of a simple hypothesis against a simple alternative. For instance, we might 
be concerned to test the form of a distribution with known location parameter, as in 
the following example. 


Example 22.5 

Suppose that we know that the mean of a distribution is equal to zero, but wish to 
investigate its form. We wish to choose between the alternative forms 

> — 00 ^ X ^ 00 , 

H x : dF = $exp(- | x | )dx. ) 

For simplicity, we again take sample size » = 1. 

Using (22.6), the BCR is given by 

Thus we reject H 0 when 

i x i -$** < log =c«. 

The BCR therefore consists of extreme positive and negative values of the observation, 
supplemented, if k a > (i.e. c a > 0), by values in the neighbourhood of x — 0. 

The reader should verify this by drawing a diagram. 


BCR and sufficient statistics 

22.14 If both hypotheses being compared refer to the value of a parameter 0, 
and there is a sufficient statistic / for 0, it follows from the factorization of the Likelihood 
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Function at (17.68) that (22.6) becomes 


L(x\Qo) _ g(t\d 0 ) ^ 

n*\9d g(t l®iP 


( 22 . 20 ) 


so that the BCR is a function of the value of the sufficient statistic t, as might be 
expected. We have already encountered an instance of this in Example 22.2. (The 
same result evidently holds if 0 is a set of parameters for which t is a jointly sufficient 
set of statistics.) Exercise 22.13 shows that the ratio of likelihoods on the left of (22.20) 
is itself a sufficient statistic, so that the BCR is a function of its value. 

However, it will not always be the case that the BCR will, as in that Example, 
be of the form t > or t < b a : Example 22.4, in which the single observation x is a 
sufficient statistic for 0, is a counter-example. Inspection of (22.20) makes it clear that 
the BCR will be of this particularly simple form if £(*| 0 o )/£(*I ®i) is a non-decreasing 
function of t for 0„ > 0j. This will certainly be true if 


> o. 


( 22 . 21 ) 


a condition which is satisfied by nearly all the distributions met with in statistics. 


Example 22.6 

For the distribution 

dF(x) = / exp )<&> 0 < * < °°> 

' ' \ 0 elsewhere, 

the smallest sample observation x (1) is sufficient for 6 (cf. Example 17.19). For a 
sample of n observations, we have, for testing 6 0 against 0 X > 0 O , 

L{x | 0„) _ f oo if x (1) < 0j 

L(x j 0 X ) \exp (n(0 o —0 X ) } otherwise. 

Thus we require for a BCR 

exp{»(0 o -0i)} < K- (22.22) 

Now the left-hand side of (22.22) does not depend on the observations at all, being a 
constant, and (22.22) will therefore be satisfied by every critical region of size a with 
*<i) > 0i. Thus every such critical region is of equal power, and is therefore a BCR. 
If we allow to be greater or less than 0 O , we find 

oo if 0 O < *( 1 ) < 0i, 

L(*|0 O ) = ^ exp {»(0 o -0i)} > 1 if *u) > 0 O > 0u 
* L(x|0i) exp {n(0 o —0i)} < 1 if * ( u > 0 1 > 0 O » 

0 if 0i < * (1) < 0 O . 

Thus the BCR is given by 

(*(1) — ^o) < 0> (^(l) — 0o) > 

The first of these events has probability zero on H 0 . The value of c a is determined 
to give probability a that the second event occurs when H 0 is true. 
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Estimating efficiency and power 

22.15 Apart from the case where a single sufficient statistic exists, the use of a statistic 
which is efficient in estimation (cf. 17.28-9) does not imply that a more powerful test 
will be obtained than if a less efficient estimator had been used for testing purposes. 
This result, which is due to Sundrum (1954), is very simply established. 

Let t x and t t be two asymptotically normally distributed estimators of a parameter 0, 
and suppose that, at least asymptotically, 

E(t 0 = E(t t ) - 0, ] 

var fa 10 = 0 O ) = <r* (0 , > * « 1,2, 

var (i ( 10 = 0 X ) = <r* <lv 

We now test H 0 :0 = 0 O against H x :6 = 0 X > 0 O . Exactly as at (22.15) in Example 
22.3, we have the critical regions, one for each test, 

ti > 0 o +<4«r <o » i = 1,2, (22.23) 

where d a is the normal deviate defined by (22.14) and (22.16). The powers of the 
tests are (generalizing (22.18) which dealt with a case where <r (0 = a n ) 

1 - /3 (t { ) = G^- 1 —(22.24) 

Since G(x ) is a monotone increasing function of its argument, t x will provide a more 
powerful test than t t if and only if, from (22.24), 


(0 X —0 O )—</ a g 10 ^ (0 X —0 O )—dgOto 

0,-00 > 0 > ( 22 . 25 ) 

\ o’ai - a n ) 


If we put Ej = a 2 j/o 1} (j = 0,1), (22.25) becomes 

9,-9. > 0 > <40j^W (22.26) 


E 0 , E x are simply powers (usually square roots) of the estimating efficiency of t x relative 
to t t when H 0 and H x respectively hold. Now if 

E 0 = E X > 1, (22.27) 

the right-hand side of (22.25) is zero, and (22.26) always holds. Thus if the estimating 
efficiency of t x exceeds that of /, by the same amount on both hypotheses, the more 
efficient statistic always provides a more powerful test, whatever value a or 0 X —0 O 
takes. But if 


E x > E 0 > \ 


(22.28) 


we can always find a test size a small enough for (22.26) to be falsified. Hence, the 
less efficient estimator t a will provide a more powerful test if (22.28) holds, i.e. if its 
relative efficiency is greater on H 0 than on H v Alternatively if E 0 > E x > 1, we can 
find a large enough to falsify (22.26). 

This result, though a restrictive one, is enough to show that the relation between 
estimating efficiency and test power is rather loose. In Chapter 25 we shall again 
consider this relationship when we consider the measurement of test efficiency. 
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Example 22.7 

In Examples 18.3 and 18.6 we saw that in estimating the parameter p of a standardized 
bivariate normal distribution, the ML estimator p is a root of a cubic equation, with 
large-sample variance equal to (1 — p 2 )*/{n(l +p 2 ) }, while the sample correlation 
coefficient r has large-sample variance (1 —p 2 ) 2 /n. Both estimators are consistent and 
asymptotically normal, and the ML estimator is efficient. In the notation of 22.15, 

£ = (l+/> 2 )*. 

If we test H 0 : p = 0 against H l : p = 0*1, we have E 0 = 1, and (22.26) simplifies to 

01 > <4<r 10 = d *$’ (22.29) 

If we choose n to be, say, 400, so that the normal approximations arc adequate, we 
require 

<4 > 2 

to falsify (22.29). This corresponds to a < 0 023, so that for tests of size < 0 023, the 
inefficient estimator r has greater power asymptotically in this case than the efficient p. 
Since tests of size 0-01, 0-05 are quite commonly used, this is not merely a theoretical 
example : it cannot be assumed in practice that “ good ” estimators arc “ good ” test 
statistics. 

Testing a simple Hq against a class of alternatives 

22.16 So far we have been discussing the most elementary problem, where in 
effect we have only to choose between two completely specified competitive hypotheses. 
For such a problem, there is a certain symmetry about the situation—it is only a matter 
of convention or convenience which of the two hypotheses we regard as being “ under 
test ” and which as “ the alternative.” As soon as we proceed to the generalization 
of the testing situation, this symmetry disappears. 

Consider now the case where H 0 is simple, but H l is composite and consists of a 
class of simple alternatives. The most frequently occurring case is the one in which 
we have a class Q of simple parametric hypotheses of which H 0 is one and H l com¬ 
prises the remainder ; for example, the hypothesis H 0 may be that the mean of a certain 
distribution has some value p 0 and the hypothesis H 1 that it has some other value 
unspecified. 

For each of these other values we may apply the foregoing results and find, for 
given a, corresponding to any particular member of H x (say H t ) a BCR to t . But this 
region in general will vary from one H t to another. We obviously cannot determine a 
different region for all the unspecified possibilities and are therefore led to inquire 
whether there exists one BCR which is the best for all H t in H v Such a region is 
called Uniformly Most Powerful (UMP) and the test based on it a UMP test. 

22.17 Unfortunately, as we shall find below, a UMP test does not usually exist 
unless we restrict our alternative class Q in certain ways. Consider, for instance, the 
case dealt with in Example 22.2. We found there that for fi t < /<„ the BCR for a 
simple alternative was defined by 


x < a a . 


( 22 . 30 ) 



TESTS OF HYPOTHESES : SIMPLE HYPOTHESES 


173 


Now so long as fi 1 < ft 0 , the regions determined by (22.30) do not depend on fi l and 
can be found directly from the sampling distribution of x when the test size, a, is given. 
Consequently the test based on (22.30) is UMP for the class of hypotheses that fi x < /x 0 . 

However, from Example 22.2, if fi x > /*„, the BCR is defined by x > b a . Here 
again, if our class Q is confined to the values of /i x greater than ft 0 the test is UMP. 
But if fi x can be either greater or less than ft 0 , no UMP test is possible, for one or other 
of the two UMP regions we have just discussed will be better than any compromise 
region against this class of alternatives. 


22.18 We now prove that for as imple H 0 :d = 0 0 concerning a parameter 0 defining 
a class of hypotheses, no UMP test exists for both positive and negative values of 
0-0 o , under regularity conditions, to which we add the condition that the derivative 
of the likelihood with respect to 0 is continuous in 0. 

We expand the Likelihood Function in a Taylor series about 0 O , getting 

L{x\B x ) = L(*|0 o ) + (0 1 -0 o )L'(*|0*) (22.31) 

where 0* is some value in the interval (0 X , 0 O ). For the BCR, if any, w r e must have, 
from (22.6) and (22.31), 

•M*|0i) _ i i (®i — ®o)£ (*|0*) >> h (Q \ (22 32) 

IW"e7) _ 1+ i(*.6„) * • ( ,) ' (22 - 32) 

Clearly, 

A a (0 o ) = 1 (22.33) 

identically. Hence, expanding k a (6 X ) in a Taylor series about 0 O , we have 

*.(0i)= 1 + (0 1 -0o)W) (22.34) 

where 0** is also in the interval (0!, 0 O ). (22.32) and (22.34) give, for the points in 
the BCR, 




(22.35) 


Now consider points on the boundary of the BCR, which we denote by x. 
From (22.32), 

L(x|0 1 )/L(x|0 o ) = A a (0 1 ) 

so that 

K(0 **) = L'(x|0**)/L(x|0 o ). 

Substituting this into (22.35), we have 




(22.36) 


(22.36) holds identically for all 0 X and all x, x in the BCR. Since (d 1 — 0 O ) changes 
sign, the expression in braces in (22.36) must therefore be zero. The same argument, 
leading to (22.36) with the inequality sign reversed, shows that this is also true for 
points x outside the BCR. In virtue of the continuity of L' in 0, therefore, 


L (x 10 O )/L (x |0 O ) = d log 10) "| = constant. 




(22.37) 
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(22.37) is the essential condition for the existence of a two-sided BCR. It cannot be 
satisfied if (17.18) holds (e.g. for distributions with range independent of 0), for the 

condition E = 0 with (22.36) implies = 0 identically, which is im¬ 

possible for a distribution of this kind. 

In Example 22.6, we have already encountered an instance where a two-sided BCR 

exists. The reader should verify that for that distribution — = n exactly, so 

<70 

that (22.37) is satisfied. 

UMP tests with more than one parameter 

22.19 If the distribution considered has more than one parameter, and we are 
testing a simple hypothesis, it remains possible that a common BCR exists for a class of 
alternatives varying with these parameters. The following two examples discuss the 
case of the two-parameter normal distribution, where we might expect to find such a 
BCR, but where none exists, and the two-parameter exponential distribution, where 
a BCR does exist. 


Example 22.8 

Consider the normal distribution with mean fi and variance a 1 . The hypothesis 
to be tested is 

H 0 • [A = fi(jt & ~ <ro> 


and the alternative, H u is restricted only in that it must differ from H 0 . For any 
such 

Hx'.p = Hu a = a lt 


the BCR is, from (22.6), given by 

This may be written in the form 

where x, s* are sample mean and variance respectively. If <x 0 # a lt we may further 
simplify this to 

✓ _8 _e\ 

^ c a , (22.38) 


(W 2{x - p) ‘ 


where c a is independent of the observations, and 

" - -%=sr 


We have already dealt with the case a 0 =a l in Example 22.2, where we took them 
both equal to 1. 

(22.38), when a strict equality, is the equation of a hypersphere, centred at 
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3 f, = x 2 =... = ** = p. Thus the BCR is always bounded by a hypersphere. 
When a x > <r 0 , (22.38) yields 

2 (*-*>)* > «« 

so that the BCR lies outside the sphere; when a x < <r 0 , we find from (22.38) 

S (at— p) 2 < b a , 

and the BCR is inside the sphere. 

Since p is a function of fi x and a lt it is clear that there will not generally be a common 
BCR for different members of H Xt even if we limit ourselves by <r x < <r 0 and p x < 
or similar restrictions. We may illustrate the situation by a diagram of the (x, s) 
plane, for 

2 (x—p)* = 2(x—*)*+»(*— p)* 

= n{s*+(x-p)*}, (22.39) 

and for (22.39) constant, we obtain a circle with centre (p, 0) and fixed radius a function 
of «. 

Fig. 22.2 (adapted from Neyman and Pearson, 1933b) illustrates some of the contours 



for particular cases. A single curve, corresponding to a fixed value of k in (22.37), 
is shown in each case. 

Cases (1) and (2): = <r 0 and p = ± oo. The BCR lies on the right of the line 

(1) if ftx > fi 0 and on the left of (2) if ft t < fi 0 . This is the case discussed in 
Example 22.2. 

Case (3): < <r 0 , say = \a 0 . Then p = f*o) an d the BCR lies 

inside the semicircle marked (3). 

Case (4): <r x < a 0 and p. x = f* 0 . The BCR is inside the semicircle (4). 

Case (5): a x > <x 0 and ft x = fi 0 . The BCR is outside the semicircle (5). 
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There is evidently no common BCR for these cases. The regions of acceptance, 
however, may have a common part, centred round the value (/n 0 , <r 0 ), and we should 
expect them to do so. Let us find the envelope of the BCR, which is, of course, the 
same as that of the regions of acceptance. The likelihood ratio is differentiated with 
respect to and to <r 1 , and these derivatives equated to zero. This gives precisely 
the ML solutions (cf. Example 18.11) 

fit = *> 

— s. 


Substituting in the likelihood ratio, we find for the envelope 


or 


(^f) , ' log Ci) + l" l “ 2 » logV 


(22.40) 


The dotted curve in Fig. 22.2 shows one such envelope. It touches the boundaries 
of all the BCR which have the same k (and hence are not of the same size a). The 
space inside may be regarded as a “ good ” region of acceptance and the space outside 
accordingly as a good critical region. 

There is no BCR for all alternatives, but the regions determined by envelopes of 
likelihood-ratio regions effect a compromise by picking out and amalgamating parts 
of critical regions which are best for individual alternatives. 


Example 22.9 

To test the simple hypothesis 

H 0 1 6 = 6q, a — <Tq 

against the alternative 

Hi i 0 = 61 ^ 0 O , a = Ox < <r„, 

for the distribution 


dF — exp 


{-m 


, . 6 < x < oo ; 

„ > 0. 


From (22.6), the BCR is given by 
L 
L 
or 


1 \Oo/ l <*0 Ol ) 


a-a 


(22.41) 


(22.42) 


(22.42) shows that whatever the values of 0 lt o x in H u the BCR is of form 

x ^ c a , 
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and is therefore a common BCR for the whole class of alternatives H lt on which a 
UMP test may be based. 

We have already effectively dealt with the case <r x = <r 0 in Example 22.6. 


UMP tests and sufficient statistics 

22.20 In 22.14 we saw that in testing a simple parametric hypothesis against a 
simple alternative, the BCR is necessarily a function of the value of the (jointly) sufficient 
statistic for the parameter(s), if one exists. In testing a simple H 0 against a composite 
H x consisting of a class of simple parametric alternatives, it evidently follows from 
the argument of 22.14 that if a common BCR exists, providing a UMP test against H u 
and if t is a sufficient statistic for the parameter(s), then the BCR will be a function of t. 
But, since a UMP test does not always exist, new questions now arise. Does the 
existence of a UMP test imply the existence of a corresponding sufficient statistic ? 
And, conversely, does the existence of a sufficient statistic guarantee the existence of a 
corresponding UMP test ? 


22.21 The first of these questions may be affirmatively answered if an additional 
condition is imposed. In fact, as Neyman and Pearson (1936a) showed, if (1) there is a 
common BCR for, and therefore a UMP test of, H 0 against H x for every size a in an 
interval 0 < a < a 0 (where a 0 is not necessarily equal to 1); and (2) if every point 
in the sample space W (save possibly a set of measure zero) forms part of the boundary 
of the BCR for at least one value of a, and then corresponds to a value of L (x | H 0 ) > 0 ; 
then a single sufficient statistic exists for the parameter(s) whose variation provides the 
class of admissible alternatives H x . 

To establish this result, we first note that, if a common BCR exists for H 0 against H x 
for two test sizes a x and a 2 < a x , a common BCR of size a, can always be formed as 
a sub-region of that of size oc x . This follows from the fact that any common BCR 
satisfies (22.6). We may therefore, without loss of generality, take it that as a decreases, 
the BCR is adjusted simply by exclusion of some of its points.(*) 

Now, suppose that conditions (1) and (2) are satisfied. If a point (say, x) of to 
forms part of the boundary of the BCR for only one value of a, we define the statistic 

t(x) = a. (22.43) 

If a point x forms part of the BCR boundary for more than one value of a, we define 

t(x) = i( a i+a t ), (22.44) 

where a x and a t are the smallest and largest values of a for which it does so : it follows 
from the remark of the last paragraph that x will also be part of the BCR boundary 
for all a in the interval (a x , a 8 ). The statistic t is thus defined by (22.43) and (22.44) 
for all points in W (except possibly a zero-measure set). Further, if t has the same 
value at two points, they must lie on the same boundary. Thus, from (22.6), we have 


L(*|0 X ) 


k(t, 0), 


This is not true of critical regions in general—see, e.g., Chemoff (1951). 
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where k does not contain the observations except in the statistic t. Thus we must 
have 

L{x\Q) = g{t\Q)h(x) (22.45) 

so that the single statistic t is sufficient for 0, the set of parameters concerned. 

22.22 We have already considered in Example 22.2 a situation where single suffi¬ 
ciency and a UMP test exist together. Exercises 22.1 to 22.3 give further instances. 
But condition (2) of 22.21 is not always fulfilled, and then the existence of a single 
sufficient statistic may not follow from that of a UMP test. The following example 
illustrates the point. 


Example 22.10 

In Example 22.9, we showed that the distribution (22.41) admits a UMP test of 
the H 0 against the H x there described. The UMP test is based on the BCR (22.42), 
depending on the statistic x alone. We have, from (22.41), 


L{x\0,a) = g~ n exp j 


(22.46) 


whence it is obvious that if any single statistic is sufficient for the pair of parameters, 
x will be. But it is easily verified that the right-hand side of (22.46) is not the frequency 

^_ Q 

function of x : in fact, it follows from (22.41) that - has characteristic function 

a 

(1— it/) -1 (where we write u for the dummy variable to avoid confusion), and hence 

thatjy = ——, which is the sum of n independent variables like this, has c.f. (1 —iu)~ n , 

o 

and thus has the distribution 

(22 - 47 » 

Comparison of (22.47) with (22.46) makes it clear that 

L{x\0,a) = £(*|e,g)A(x|0,<r), (22.48) 


the last factor on the right of (22.48) involving the parameters. Thus x is not a sufficient 
statistic for 6 and a, although it provides a UMP test for alternatives resulting from 
variation in these parameters. 

We have already seen (cf. 17.36, Example 17.19 and Exercise 17.9) that the smallest 
observation x w is sufficient for 6 if a is known, that x is sufficient for a if 6 is known 
and hence, from 17.38, that * (1) and x are jointly sufficient for 6 and a : but no single 
sufficient statistic exists for 6 and a. 


22.23 On the other hand, the possibility that a sufficient statistic exists without 
a one-sided UMP test, even where only a single parameter is involved, is made clear 
by Example 22.11. 
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Example 22.11 

Consider the multinormal distribution of n variates x lt ..., x n , with 

E(xi) » «6, 6 > 0, 

E(x r ) = 0, r > 1; 

and dispersion matrix 



The determinant of this matrix is easily seen to be 

|V| - 6* 

and its inverse matrix is 

'1 1.1 

1 , 1 + 6 *, 


V- 1 = - 

0* 


1 


1 


,1 1 + 6 * 

Thus, from 15.3, the joint distribution is 

dF - p{-i [£<*-«)*+ ,?,*']}^ •••*"• 

Consider now the testing of the hypothesis H 0 :6 = 6 0 > 0 against H 1 :6 = 6 X > 0 
on the basis of a single observation. From (22.6), the BCR is given by 


which reduces to 


W p \ 2 L' «s of J/ 


« * 




or 


^*(6S-6?)-2Jf(6,-60 < ^plogiWO,). 

ft 


If 6 0 > 6„ this is of form 



jc*(6 0 +6 1 )-2x < a a , 

(22.49) 

which implies 

^ jc ^ Cgj. 

(22.50) 

If 6 0 < 6 X , the BCR is of form 



x*(6«+6 1 )-2x ^ <4, 

(22.51) 

implying 

x < e a or x > f a . 

(22.52) 


In both (22.50) and (22.52), the limits between which (or outside which) x has to lie 
are functions of the exact value of 0 V This difficulty, which arises from the fact that 
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appears in the coefficient of x* in the quadratics (22.49) and (22.51), means that 
there is no BCR even for a one-sided set of alternatives, and therefore no UMP test. 

It is easily verified that x is a single sufficient statistic for 0, and this completes 
the demonstration that sufficiency does not imply the existence of a UMP test. 


The power function 

22.24 Now that we are considering the testing of a simple H 0 against a composite 
H it we generalize the idea of the power of a test defined at (22.2). As we stated there, 
the power is an explicit function of H v If, as is usual, Hi is formed by the variation 
of a set of parameters 0, the power of a test of H 0 : 0 = 0 O against the simple alternative 
Hi : 0 = Oi > 6 0 will be a function of the value of 6 V For instance, we saw in 
Example 22.3 that the power of the sample mean £ as a test of the hypothesis that the 
mean n of a normal population is fi 0 > against the alternative value > fi 0 , is given 
by (22.18), a monotone increasing function of fi x . (22.18) is called the power function 
of x as a test of H 0 against the class of alternatives H x :fi > fi 0 . We indicate the 
compositeness of Hi by writing it thus, instead of the form used for a simple 

Hi\fi = ni> fi 0 . 

The evaluation of a power function is rarely so easy as in Example 22.3, since even 
if the sampling distribution of the test statistic is known exactly for both H 0 and the 
class of alternatives H x (and more commonly only approximations are available, especi¬ 
ally for Hi), there is still the problem of evaluating (22.2) for each value of 0 in H x , 
which usually is a matter of numerical mathematics : only rarely is the power function 
exactly obtainable from a tabulated integral, as at (22.18). Asymptotically, however, 
the Central Limit theorem comes to our aid : the distributions of many test statistics 
tend to normality, given either H 0 or H u as sample size increases, and then the 
asymptotic power function will be of the form (22.18), as we shall see later. 


Example 22.12 

The general shape of the power function (22.18) in Example 22.3 is simply that of 
the normal distribution function. It increases from the value 


G{-d a } = a 

at p = (in accordance with the size requirement) to the value 

G {0} = 0-5 

at n = the first derivative G' increasing up to this point; as /t increases beyond 

TP 


it, G' declines to its limiting value of zero as G increases to its asymptote 1. 


22.25 Once the power function of a test has been determined, it is of obvious 
value in determining how large the sample should be in order to test H 0 with given 
size and power. The procedure is illustrated in the next example. 


Example 22.13 

How many observations should be taken in Example 22.3 so that we may test 
H 0 : fi = 3 with a = 0-05 (i.e. d a = 1-6449) and power of at least 0-75 against the 
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alternatives that p > 3*5 ? Put otherwise, how large should n be to ensure that the 
probability of a Type I error is 0 05, and that of a Type II error at most 0-25 for 

(i 2 3-5 ? 

From (22.18), we require n large enough to make 

G {n* (3-5 — 3)— 1 -6449} = 0-75, (22.53) 

it being obvious that the power will be greater than this for fi > 3-5. Now, from a 
table of the normal distribution 


G {0-6745} = 0-75, 
and hence, from (22.53) and (22.54), 

0-5n*-1-6449 = 0-6745, 


whence 

» = (4-6388)* = 21-5 approx., 

so that n — 22 will suffice to give the test the required power property. 


(22.54) 


One* and two-sided tests 

22.26 We have seen in 22.18 that in general no UMP test exists when we test a 
parametric hypothesis H 0 :6 = 0 O against a two-sided alternative hypothesis, i.e. one 
in which 0 — 0 O changes sign. Nevertheless, situations often occur in which such an 
alternative hypothesis is appropriate; in particular, when we have no prior knowledge 
about the values of 0 likely to occur. In such circumstances, it is tempting to continue 
to use as our test statistic one which is known to give a UMP test against one-sided 
alternatives (0 > 0 O or 0 < 0 O ) but to modify the critical region in the distribution of 
the statistic by compromising between the BCR for 0 > 0 O and the BCR for 0 < 0 O . 


22.27 For instance, in Example 22.2 and in 22.17 we saw that the mean x, used to 
test H 0 :/i — /i 0 for the mean fi of a normal population, gives a UMP test against 
«i < Po with common BCR x ^ a a , and a UMP test for Hi > /n 0 with common BCR 
x > b a . Suppose, then, that for the alternative H 1 : fi fi 0 , which is two-sided, we 
construct a compromise critical region defined by 


X ^ < *a/2>'l 

x > b a/2 J 


(22.55) 


in other words, combining the one-sided critical regions and making each of them of 
size la, so that the critical region as a whole remains one of size a. 

We know that the critical region defined by (22.55) will always be less powerful 
than one or other of the one-sided BCR, but we also know that it will always be more 
powerful than the other. For its power will be, exactly as in Example 22.3, 

G{» 1 —<4/2} + G {»* (ji 0 —ft)— <4/2 }• (22.56) 


(22.56) is an even function of (n—/i 0 ), with a minimum at fi — /i 0 . Hence it is always 
intermediate in value between G{n*(/z—/z 0 )—<4} and G {n l (/< 0 —/*)—<4}, which are 
the power functions of the one-sided BCR, except when fi = fi 0 , when all three ex¬ 
pressions are equal. The comparison is worth making diagrammatically, in Figure 22.3, 
where a single fixed value of n and of a is illustrated. 
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- Critical region in both tails equally. 

-Critical region in upper tail. 

Critical region in lower tail. 


22.28 We shall see later that other, less intuitive, justifications can be given for 
splitting the critical region in this way between the tails of the distribution of the test 
statistic. For the moment, the procedure is to be regarded as simply a common-sense 
way of insuring against the risk of extreme loss of power which, as Fig. 22.3 makes 
clear, would be the result if we located the critical region in the tail of the statistic’s 
distribution which turned out to be the wrong one for the true value of 0. 

Choice of test size 

22.29 Throughout our exposition so far we have assumed that the test size a has 
been fixed in some way, and all our results are valid however that choice was made. 
We now turn to the question of how a is to be determined. 

In the first place, it is natural to suggest that a should be made “ small ” according 
to some acceptable criterion, and indeed it is customary to use certain conventional 
values of a, such as 0-05, 0*01 or 0-001. But we must take care not to go too far in 
this direction. We can only fix two of the quantities n, a and /3, even in testing a 
simple H 0 against a simple H v If » is fixed, we can only in general decrease the value 
of a, the probability of Type I error, by increasing the value of /9, the probability of 
Type II error. In other words, reduction in the size of a test decreases its power. 

This point is well illustrated in Example 22.3 by the expression (22.18) for the 
power of the BCR in a one-sided test for a normal population mean. We see there 
that as «—► (), by (22.16) d a —► oo, and consequently the power (22.18) —► 0. 

Thus, for fixed sample size, we have essentially to reconcile the size and power of 
the test. If the practical risks attaching to a Type I error are great, while those attach¬ 
ing to a Type II error are small, there is a case for reducing a, at the expense of in¬ 
creasing /?, if n is fixed. If, however, sample size is at our disposal, we may, as in 
Example 22.13, ensure that n is large enough to reduce both a and /? to any pre-assigned 
levels. These levels have still to be fixed, but unless we have supplementary informa¬ 
tion in the form of the costs (in money or other common terms) of the two types of 
error, and the costs of making observations, we cannot obtain an “ optimum ” com- 
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bination of a, /? and n for any given problem. It is sufficient for us to note that, how¬ 
ever « is determined, we shall obtain a valid test. 

22.30 The point discussed in 22.29 is reflected in another, which has sometimes 
been made the basis of criticism of the theory of testing hypotheses. 

Suppose that we carry out a test with a fixed, no matter how, and n extremely large. 
The power of a reasonable test will be very near 1, in detecting departure of any sort 
from the hypothesis tested. Now, the argument (formulated by Berkson (1938)) 
runs: “ Nobody really supposes that any hypothesis holds precisely: we are simply 
setting up an abstract model of real events which is bound to be some way, if only a 
little, from the truth. Nevertheless, as we have seen, an enormous sample would 
almost certainly (i.e. with probability approaching 1 as n increases beyond any bound) 
reject the hypothesis tested at any pre-assigned size a. Why, then, do we bother to 
test the hypothesis at all with a smaller sample, whose verdict is less reliable than the 
larger one’s ? ” 

This paradox is really concerned with two points. In the first place, if n is fixed, 
and we are not concerned with the exactness of the hypothesis tested, but only with 
its approximate validity, our alternative hypothesis would embody this fact by being 
sufficiently distant from the hypothesis tested to make the difference of practical interest. 
This in itself would tend to increase the power of the test. But if we had no wish to 
reject the hypothesis tested on the evidence of small deviations from it, we should 
want the power of the test to be very low against these small deviations, and this would 
imply a small a and a correspondingly high /? and low power. 

But the crux of the paradox is the argument frpm increasing sample size. The 
hypothesis tested will only be rejected with probability near 1 if we keep a fixed as n 
increases. There is no reason why we should do this: we can determine « in any 
way we please, and it is rational, in the light of the discussion of 22.29, to apply the 
gain in sensitivity arising from increased sample size to the reduction of a as well as 
of /?. It is only the habit of fixing a at certain conventional levels which leads to the 
paradox. If we allow a to decline as n increases, it is no longer certain that a very 
small departure from H 0 will cause H 0 to be rejected: this now depends on the rate 
at which a declines. 

22.31 There is a converse to the paradox discussed in 22.30. Just as, for large n, 
inflexible use of conventional values of a will lead to very high power, which may 
possibly be too high for the problem in hand, so for very small fixed n their use will 
lead to very low power, perhaps too low. Again, the situation can be remedied by 
allowing a to rise and consequently reducing /9. It is always incumbent upon the 
statistician to satisfy himself that, for the conditions of his problem, he is not sacrificing 
sensitivity in one direction to sensitivity in another. 

Example 22.14 

E. S. Pearson (discussion on Lindley (953a)) has calculated a few values of the 
power function (22.56) of the two-sided test for a normal mean, which we reproduce 
to illustrate our discussion. 

N 
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Table 22.1—Power function calculated from (22.56) 

The entries in the first row of the table give the sizes of the tests. 


Sample aise (n) 


Value of 


*»-**.! 

‘ i 


10 


0 ’ 

0-050 

0-072 

0-111 

o-i ! 
0-2 

0-097 

0-129 

0-181 

0-3 

0-4 

0-244 

0-298 

0-373 

0-5 

0-6 

0-475 

0-539 

0-619 


20 


100 


0-050 

0-050 

0-019 

0-0056 

0-073 

0-170 

0-088 

0-038 

0-145 

0-516 

0-362 

0-221 

0-269 

0-851 

0-741 

0-592 

0-432 

0-979 

0-950 

0-891 

0-609 

0-765 

0-999 

0-996 

0-987 


It will be seen from the table that when sample size is increased from 20 to 100, 
the reductions of a from 0-050 to 0*019 and 0-0056 successively reduce the power of the 
test for each value of | —/a 0 1 • In fact, for a = 0-0056 and | 1 = 0-1, the 

power actually falls below the value attained at n = 20 with a = 0-05. Conversely, 
on reduction of sample size from 20 to 10, the increase in a to 0-072 and 0-111 increases 
the power correspondingly, though only in the case « = 0-111, | \ = 0-2, does 

it exceed the power at n = 20, a = 0-05. 


EXERCISES 

22.1 Show directly by use of (22.6) that the BCR for testing a simple hypothesis 
H t : ft =* fi t concerning the mean ft of a Poisson distribution against a simple alternative 
Hi: ft — fti is of the form 

* < <*a if ft 9 > ft u 
x> b a if ft 0 < ft u 

where x is the sample mean and a a , b a are constants. 

22.2 Show similarly that for the parameter n of a binomial distribution, the BCR 
is of the form 

* < a* »f *o > *u 
x > b a if n t < Jii, 

where x is the observed number of “ successes ” in the sample. 

22.3 Show that for the normal distribution with zero mean and variance a*, the 
BCR for H t : a = a 0 against the alternative Hi: a = <r x is of form 

« 

2 < a a if Oq > <T|, 

M 

n 

2 xf > b a if Oq < <T|* 
i-1 
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Show that the power of the BCR when <x 0 > a x is where Xa,n is the 

lower 100a per cent point and F is the d.f. of the x* distribution with n degrees of freedom. 


22.4 In Example 22.4, show that the power of the test is 0*648 when k* = 1 and 
0*352 when A« = 0-5. Draw a diagram of the two Cauchy distributions to illustrate 
the power and size of each test. 


22.5 In Exercise 22.3, verify that the power is a monotone increasing function of 
aj/oi, and also verify numerically from a table of the z* distribution that the power is a 
monotone increasing function of n. 


22.6 Confirm that (22.21) holds for the sufficient statistics on which the BCR of 
Example 22.2, and Exercises 22.1-22.3 are based. 


22.7 In 22.15 show that the more efficient estimator always gives the more powerful 
test if its test power exceeds 0*5. 


(Sun drum, 1954) 


22.8 Show that for testing H 0 : ft = in samples from the distribution 

dF = dx f fi < x A*+l, 

there is a pair of UMP one-sided tests, and hence no UMP test for all alternatives. 


22.9 In Example 22.11, show that x is normally distributed with mean 0 and variance 
6 s /n*, and hence that it is a sufficient statistic for 0. 


22.10 Verify that the distribution of Example 22.10 does not satisfy condition (2) 
of 22.21. 


22.11 In Example 22.9, let a be any positive increasing function of 0. Show that 
to test H 0 : 0 = 0 O against H x : 0 = 0 X < 0 O , there is still a BCR of form x < c at but that 
x is not alone sufficient for 0, although x and *(d remain jointly sufficient for 0. 

(Neyman & Pearson, 1936a) 

22.12 Generalizing the discussion of 22.27, write down the power function of any 
test based on the distribution of x with its critical region of form 

* 

X > bau 

where a x + a, = a(aj and a, not necessarily being equal). Show that the power function 
of any such test lies completely between those for the cases «i = 0, a, = 0 illustrated 
in Fig. 22.3. 

22.13 Referring to the discussion of 22.14, show that the likelihood ratio (for testing 
a simple H 9 :0 = 0 O against a simple H x : 0 « 0j) is a sufficient statistic for 0 on either 
hypothesis by writing the Likelihood Function as 

L(x|0) = L(x 


(Pitman, 1957) 
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23.1 We have seen in Chapter 22 that, when the hypothesis tested is simple (speci¬ 
fying the distribution completely), there is always a BCR, providing a most powerful 
test, against a simple alternative hypothesis ; that there may be a UMP test against a 
class of simple hypotheses constituting a composite parametric alternative hypothesis; 
and that there will not, in general, be a UMP test if the parameter whose variation 
generates the alternative hypothesis is free to vary in both directions from the value 
tested. 

If the hypothesis tested is composite, leaving at least one parameter value unspecified, 
it is to be expected that UMP tests will be even rarer than for simple hypotheses, but 
we shall find that progress can be made if we are prepared to restrict the class of tests 
considered in certain ways. 

Composite hypotheses 

23.2 First, we formally define the problem. We suppose that the n observations 
have a distribution dependent upon the values of /(< n) parameters which we shall 
write 

^ I ®i» • • • t ®i) 

as before. The hypothesis to be tested is 

H 0 • 9i — ®io ! = »• • • 5 55 (23.1) 

where k < /, and the second suffix 0 denotes the value specified by the hypothesis. 
We lose no generality by thus labelling the k parameters whose values are specified by 
Ho as the first k of the set of / parameters. // 0 as defined at (23.1) is said to impose k 
constraints, or alternatively to have l—k degrees of freedom, though this latter (older) 
usage requires some care since we already use the term “ degrees of freedom ” in 
another sense. 

Hypotheses of the form 

Ho • ! • • • i 

which do not specify the values of parameters whose equality we are testing, may be 
transformable into the form (23.1) by reparametrizing the problem in terms of 0j-0j, 
0 3 —0 4 , etc., and testing the hypothesis that these new parameters have zero values. 
Thus (23.1) is a more general composite hypothesis than at first appears. 

To keep our notation simple, we shall write L(x\6 r , 6,) and 

Ho : 0 r = 0 ro , (23.2) 

where it is to be understood that 0 r , 0, may each consist of more than one parameter, 
the “ nuisance parameter ” 0, being left unspecified by the hypothesis tested. 

186 
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An optimum property of sufficient statistics 

23.3 This is a convenient place to prove an optimum test property of sufficient 
statistics analogous to the result proved in 17.35. There we saw that if /j. is an un¬ 
biassed estimator of 6 and * is a sufficient statistic for 0, then the statistic E(t v 1 1) is 
unbiassed for 0 with variance no greater than that of fj. We now prove a result due to 
Lehmann (1950): if to is a critical region for testing H 0 , a hypothesis concerning 0 
in L(x 10), against some alternative H u and t is a sufficient statistic, both on H 0 and 
on H ly for 0, then there is a critical region of the same size, based on a function of t, 
which has the same power as to. 

We first define a function (*) 


, . f = 1 if the sample point is in to, 

= 0 otherwise. 

(23.3) 

Then the integral 


j" c(to)L{x\B)dx = E (c(to) } 

(23.4) 


gives the probability that the sample point falls into to, and is therefore equal to the 
size (a) of the test when H „ is true and to the power of the test when H t is true. Using 
the factorization property (17.68) of the Likelihood Function in the presence of a sufficient 
statistic, (23.4) becomes 

-E {£«»)!<)}, (23.5) 

the expectation operation outside the braces being with respect to the distribution of t. 
Thus the particular function of t, E (c(w) 11), not dependent upon 0 since t is sufficient, 
has the same expectation as c{to). There is therefore a critical region based on the 
sufficient statistic t which has the same size and power as the original region to. We 
may therefore without loss of power confine the discussion of any test problem to 
functions of a sufficient statistic. 

This result is quite general, and therefore also covers the case of a simple H 0 dis¬ 
cussed in Chapter 22. 

Test size for composite hypotheses : similar regions 

23.4 Since a composite hypothesis leaves some parameter values unspecified, a 
new problem immediately arises, for the size of the test of H 0 will obviously be a func¬ 
tion, in general, of these unspecified parameter values, 0,. 

If we wish to keep Type I errors down to some preassigned level, we must seek 
critical regions whose size can be kept down to that level for all possible values of 6,. 
Thus we require 

a(0,) ^ a. (23.6) 

l * J c(to) is known in measure theory as the characteristic function of the set of points to. We 
shall avoid this terminology, since there is some possibility of confusion with the use of “ char¬ 
acteristic function ” for the Fourier transform of a distribution function, with which we have 
been familiar since Chapter 4. 
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If a critical region has 

«(0.) = a (23.7) 

as a strict equality for all 6, t it is called a (critical) region similar to the sample space (*) 
with respect to Q„ or, more briefly, a similar (critical) region. The test based, on a 
similar critical region is called a similar size-a test. 

23.5 It is not obvious that similar regions exist at all generally, but, in one sense, 
as Feller (1938) pointed out, they exist whenever we are dealing with a set of n inde¬ 
pendent identically distributed observations on a continuous variate x. For no matter 
what the distribution or its parameters, we have 

P{* x < x t < x 9 < ... < *„} = l/»! (23.8) 

(cf. 11.4), since any of the »! permutations of the x t is equally likely. Thus, for a 
an integral multiple of 1 Jn !, there are similar regions based on the n ! hypersimplices 
in the sample space obtained by permuting the n suffixes in (23.8). 

23.6 If we confine ourselves to regions defined by symmetric functions of the 
observations (so that similar regions based on (23.8) are excluded) it is easy to see that, 
where similar regions do exist, they need not exist for all sample sizes. For example, 
for a sample of n observations from the normal distribution 

dF{x) = (2*)-‘exp{-J(*-0) a }<fc, 

there is no similar region with respect to 0 for n — 1, but for n > 2 the fact that 

n 

ns' 1 = E (xi—x)* has a chi-squared distribution with (n — 1) degrees of freedom, what- 

<=i 

ever the value of 0, ensures that similar regions of any size can be found from the 
distribution of j*. 

23.7 However, even if we take note of this result, and the analogous one of Exercise 
23.1, it is still not true that we can always find (symmetric) similar regions for large 
enough n, as the following example, due to Feller (1938), shows. 

Example 23.1 

Consider a sample of n observations, where the ith observation has distribution 
dF{x t ) = (2rc)~*exp {-i(*<-0<)*}<&<, 

so that 

L(x |0) = (2*)-»»exp {-JSfr-0,) 1 }. 

i 

For a similar region to of size a, we require, identically in 6, 

J L {x 10) dx = a. 

Using (23.3), we may re-write this size condition as 

f L{x\0)^dx « 1, (23.9) 

J w « 


(*) The term arose because, trivially, the entire sample space is a similar region with a = 1. 
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where W is the whole sample space. Differentiating (23.9) with respect to 0„ we find 

f L(*| ( x< -ejdx = 0. (23.10) 

J w * 

A second differentiation with respect to 6 { gives 

f L( x |0)fH {(^-0^-lJdx » 0. (23.11) 

J w « 

Now from the definition of c(to), 

f(*|6)-.L(«|8)£fe> (23.12) 

is a (joint) frequency function. (23.10) and (23.11) express the facts that the marginal 
distribution of x t in f(x|0) has 

E(x { ) * 0<, 
varx< = 1, 

just as it has in the initial distribution of x { . 

If we examine the form of g (x 10), we see that if we were to proceed with further 
differentiations, we should find that all the moments and product-moments of g(x|0) 
are identical with those of L (x 10), which is uniquely determined by its moments. 
Thus, from (23.10), 

<*>) = i 

a 

identically. But since c(u>) is either 0 or 1, we see finally that the trivial values 

« = 0 or 1 

are the only values for which similar regions can oust. 

23.8 It is nevertheless true that for many problems of testing composite hypotheses, 
similar regions exist for any size a and any sample size n. We now have to consider 
how they are to be found. 

Let / be a sufficient statistic for the parameter 0, unspecified by the hypothesis 
H 0 , and suppose that we have a critical region to such that for all values of t, when 
H 0 is true, 

£{c(i»)|/} = a. (23.13) 

Then, on taking expectations with respect to /, we have, as at (23.5), 

E (c(to) } = E {£(<«>) 1 1 )} = a (23.14) 

so that the original critical region to is similar of size a, as Neyman (1937b) and Bartlett 
(1937) pointed out. Thus to is composed of a fraction a of the probability content 
of each contour of constant t. 

It should be noticed that here t need be sufficient only for the unspecified parameter 
0„ and only when H 0 is true. This should be contrasted with the more demanding 
requirements of 23.3. 

Our argument has shown that (23.13) is a sufficient condition that to be similar. 
We shall show in 23.19 that it is necessary and sufficient, provided that a further con¬ 
dition is fulfilled, and in order to state that condition we must now introduce, following 
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Lehmann and Schefte (1950), the concept of the completeness of a parametric family 
of distributions, a concept which also permits us to supplement the discussion of 
sufficient statistics in Chapter 17. 


Complete parametric families and complete statistics 

23.9 Consider a parametric family of (univariate or multivariate) distributions, 
f(x\0), depending on the value of a vector of parameters 0. Let h(x) be any statistic, 
independent of 0. If for all 0 

E{h(x)} = Ja(*)/(* \6)dx - 0 (23.15) 

implies that 

h(x) = 0 (23.16) 

identically (save possibly on a zero-measure set), then the family f(x\0) is called com¬ 
plete. If (23.15) implies (23.16) only for all bounded h(x), f(x\0) is called boundedly 
complete. 

In the statistical applications of the concept of completeness, the family of distribu¬ 
tions we are interested in is often the sampling distribution of a (possibly vector-) 
statistic t, say g (t \ 0). We then call t a complete (or boundedly complete) statistic if, 
for all 0, E (A(t) } — 0 implies h(t) — 0 identically, for all functions (or bounded 
functions) h(t). In other words, we label the statistic t with the completeness property 
of its distribution. 

An evident immediate consequence of the completeness of a statistic t is that only 
one function of that statistic can have a given expected value. Thus if one function 
of t is an unbiassed estimator of a certain function of 0, no other function of t will be. 
Completeness confers a uniqueness property upon an estimator. 


The completeness of sufficient statistics 

23.10 The special case of the exponential family (17.83) with A (0) = 0, £( x) — x 
has 

/(*|0) = exp {0* + C(x) + D (0) }, — oo < x < oo. (23.17) 

If, for all 0, 


J A (*)/(* |0)d* = 0, 


we must have 


J [h (*) exp (C(*) }] exp (Ox) dx - 0. (23.18) 

The integral in (23.18) is the two-sided Laplace transform (*) of the function in 


W The two-sided Laplace transform of a function g ( x ) is defined by 

A (6) = I* exp (8x)g(x)dx. 

J —00 

The integral converges in a strip of the complex plane a < R(0) < where one or both of 
a, P may be infinite. (The strip may degenerate to a line.) Except possibly for a zero-measure 
set, there is a one-to-one correspondence between g(x) and A(0). See, e.g., D. V. Widder (1941), 
The Laplace Transform f Princeton U.P., and compare also the Inversion Theorem for c.Fs. in 4.3. 
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square brackets in the integrand. By the uniqueness property of the transform, the 
only function having a transform of zero value is zero itself; i.e., 

h (x) exp {C(jt) } = 0 

identically, whence 

A(x) = 0 

identically. Thus f(x j 0) is complete. 

This result generalizes to the multi-parameter case, as shown by Lehmann and 
Scheffe (19SS): the ^-parameter, A-variate exponential family 

/(x|$) = exp + C(x)+D(e)j (23.19) 

is a complete family. We have seen (Exercise 17.14) that the joint distribution of the 
set of k sufficient statistics for the k parameters of the general univariate exponential 
form (17.86) takes a form of which (23.19) is the special case, with Aj(6) = 0,. (We 
have replaced nD and Q of the Exercise by D and exp (C) respectively.) By 23.3, we 
may confine ourselves, in testing hypotheses about the parent parameters, to the 
sufficient statistics. 

Example 23.2 

Consider the family of normal distributions 
f(x\6 lt 6 t ) = (2re0 1 ) _l exp|-^-(*~6 l )*-oo^xsjoo; 0, > 0. 

(a) If 6 t is known (say = 1), the family is complete with respect to Q lt for we are 
then considering a special case of (23.17) with 

0 = 0!, exp {C(x) } = (2re)-* exp (- §**) 
and 

D(0) = exp(-|0f). 

(b) If, on the other hand, 0 X is known (say = 0), the family is not even boundedly 
complete with respect to 0„ for f(x \ 0, 0 t ) is an even function of x, so that any 
odd function h(x) will have zero expectation without being identically zero. 

23.11 In 23.10 we discussed the completeness of the characteristic form of the 
joint distribution of sufficient statistics in samples from a parent distribution with range 
independent of the parameters. Hogg and Craig (1956) have established the com¬ 
pleteness of the sufficient statistic for parent distributions whose range is a function of a 
single parameter 0 and which possess a single sufficient statistic for 0. We recall from 
17.40-1 that the parent must then be of form 

/(*|0)=S(*)/A(0) (23.20) 

and that 

(i) if a single terminal of f(x 10) is a function of 0 (which may be taken to be 0 
itself without loss of generality), the corresponding extreme order-statistic is 
sufficient; 



192 


THE ADVANCED THEORY OF STATISTICS 


(ii) if both terminals are functions of 0, the upper terminal (i(0)) must be a mono¬ 
tone decreasing function of the lower terminal (0) for a single sufficient statistic 
to exist, and that statistic is then 

“in {*<n> b ~ x (*(»)) }• (23.21) 

We consider the cases (i) and (ii) in turn. 


a. 


23.12 In case (i), take the upper terminal equal to 0, the lower equal to a constant 
x (n) is then sufficient for 0. Its distribution is, from (11.34) and (23.20), 

^^(*t»>) ** B {^ (*(")) } n-1 /( x (»)) ^*(n) 


B {P"* (*)<&} 'gM 
= - <**(»)» a < *(») < 0* 

Now suppose that for a statistic u (x (n) ) we have 

J* «(*<->) dG(x (n) ) = 0, 


(23.22) 


or, substituting from (23.22), and dropping the factor in h(0), 

J] «(*<»>) *(*)<&} 1 g( x (n))dx (n) = 0. (23.23) 

If we differentiate (23.23) with respect to 0, we find 

(23.24) 

and since the integral in braces equals h(0), while ^(0) # 0 h(0), (23.24) implies 

n(0) = 0 

for any 0. Hence the function u (x (n) ) is identically zero, and the distribution of x (n) , 
given at (23.22), is complete. Exactly the same argument holds for the lower terminal 
and x ( i). 


23.13 In case (ii), the distribution function of the sufficient statistic (23.21) is 

G(t) = P{x (1) , &-»(*(„)) < *} 

= ^{*( 1 ) < *<») <b[t)} 

■ {r$M" (2325) 

Differentiating (23.25) with respect to t, we obtain the frequency function of the 
sufficient statistic, 

m = 

0 < t < c(0). (23.26) 

If there is a statistic u(t) for which 

r«®> 

(23.27) 


j # u(t)g(t)dt = 0, 



TESTS OF HYPOTHESES : COMPOSITE HYPOTHESES 


193 


we find, on differentiating (23.27) with respect to 0 and by following through the 
argument of 23 . 12 , that u(0) = 0 for any 0, as before. Thus u(t) = 0 identically 
and g (t) at (23.26) is complete. 

23.14 The following example is of a non-complete single sufficient statistic. 

m 

Example 23.3 

Consider a sample of a single observation x from the rectangular distribution 

dF ■= dx, 0<*<0 + l. 

x is evidently a sufficient statistic. (There would be no single sufficient statistic 
for n > 2, since the condition (ii) of 23.11 is not satisfied.) 

Any bounded periodic function h(x) of period 1 which satisfies 

= 0 

will give us 

r«+i r#+i r i 

I h{x)dF = h(x)dx = I h{x)dx = 0, 

J 9 J e Jo 

so that the distribution is not even boundedly complete, since h(x) is not identically 
zero. 

Minimal sufficiency 

23.15 We recall from 17.38 that, when we consider the problem of sufficient 
statistics in general (i.e. without restricting ourselves, as we did earlier in Chapter 17, 
to the case of a single sufficient statistic, which is essentially unique), we have to con¬ 
sider the choice between alternative sets of sufficient statistics. In a sample of n 
observations we always have a set of n sufficient statistics (namely, the observations 
themselves) for the A(> 1) parameters of the distribution we are sampling from. 
Sometimes, though not always, there will be a set of r(< n) statistics sufficient for the 
parameters. Often, s = k; e.g. all the cases of sufficiency discussed in Examples 
17.15-16 have s =» k = 1, while in Example 17.17 we have s = k = 2. By contrast, 
the following is an example in which s < k.(*) 

Example 23.4 

Consider again the problem of Example 22.11, with the alteration that 

£(*i) = nfi 

instead of nO as previously. Exactly as before, we find for the joint distribution 

dF = 0(2n)i * exp {~^ •••**»• 

Here it is clear that the single statistic x is sufficient for the parameters ji, 6. 

( *> Sir Ronald Fisher (e.g., 1956) calls a sufficient set of statistics “ sufficient” only if s = k 
and ” exhaustive ” if s > k. 
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23.16 We thus have to ask ourselves : what is the smallest number s of statistics 
which constitute a sufficient set in any problem ? With this in mind, Lehmann and 
Scheffe (1950) define a vector of statistics as minimal sufficient if it is a function of all 
other vectors of statistics which are sufficient for the parameters of the distribution^*) 
The problems which now raise themselves are : how can we be sure, in any particular 
situation, that a sufficient vector is the minimal sufficient vector ? And can we find a 
construction which yields the minimal sufficient vector ? 

A partial answer to the first of these questions is supplied by the following result: 
if the vector t is a boundedly complete sufficient statistic for 6, and the vector u is a 
minimal sufficient statistic for 6, then t is equivalent to u, i.e. they are identical, except 
possibly for a zero-measure set. 

The proof is simple. Let to be a region in the sample space for which 

D = E {c{w) 11) - E (c(to) |u) # 0, (23.28) 

where the function c(w) is defined at (23.3). From (23.28), we find, on taking expecta¬ 
tions over the entire sample space, 

E{D) = 0. (23.29) 

Now since u is minimal sufficient, it is a function of t, another sufficient statistic, by 
definition. Hence we may write (23.28) 

D = h( t) # 0. (23.30) 

Since D is a bounded function, (23.29) and (23.30) contradict the assumed bounded 
completeness of t, and thus there can be no region w for which (23.28) holds. Hence 
t and u are equivalent statistics, i.e. t is minimal sufficient. 

The converse does not hold: while bounded completeness implies minimal 
sufficiency, we can have minimal sufficiency without bounded completeness. An im¬ 
portant instance is discussed in Example 23.10 below. 

A consequence of the result of this section is that there cannot be more than one 
boundedly complete sufficient statistic for a parameter. 

23.17 In view of the results of 23.10-13 concerning the completeness of sufficient 
statistics, a consequence of 23.16 is that all the examples of sufficient statistics we have 
discussed in earlier chapters are minimal sufficient, as one would expect on intuitive 
grounds. 

23.18 The result of section 23.16, though useful, is less direct than the follow¬ 
ing procedure for finding a minimal sufficient statistic, given by Lehmann and 
Scheffe (1950). 

We have seen in 22.14 and 22.20 that in testing a simple hypothesis, the ratio of 
likelihoods is a function of the sufficient (set of) statistic(s). We may now, so to speak, 
put this result into reverse, and use it to find the minimal sufficient set. Writing 
L(*| 0) for the LF as before, where x and 0 may be vectors, consider a particular set 
of values x 0 and select all those values of x within the permissible range for which 

(*) That this is for practical purposes equivalent to a sufficient statistic with minimum number 
of components is shown by Barankin and Katz (1959). 
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L(jc[ 0) is non-zero and 


is independent of 0. Now 
(17.68), whence 


any 


£$$-*** (23J1) 

sufficient statistic t (possibly a vector) will satisfy 


£(«!*) _*(*!*) *(«) 

^(*• 1 ®) giuW*M 


(23.32) 


so that if / = t 0 , (23.32) reduces to the form (23.31). Conversely, if (23.31) holds for 
all 0, this implies the constancy of the sufficient statistic t at the value f 0 . This may 
be used to identify sufficient statistics, and to select the minimal set, in the manner 
of the following examples. 


Example 23.5 

We saw in Example 17.17 that the set of statistics (x, s 2 ) is jointly sufficient for the 
parameters (/u, a *) of a normal distribution. For this distribution, L(x\0) is non-zero 
for all a* > 0, and the condition (23.31) is, on taking logarithms, that 

-^,{(s*;-S^)-2^n(i-i.)} (23.33) 

be independent of (ju , a 2 ), i.e. that the term in braces be equal to zero. This will be 
so, for example, if every x t is equal to the corresponding x oi , confirming that the set of 
n observations is a jointly sufficient set, as we have remarked that they always are. 

It will also be so if the x { are any rearrangement (permutation) of the x oi : thus 
the set of order-statistics is sufficient, as it is again obvious that they always are. Finally, 
the condition in (23.33) will be satisfied if 

x = x 0 , = 2*o{, (23.34) 

t i 

and clearly, from inspection, nothing less than this will do. Thus the pair (x, 2 x 2 ) is 
minimal sufficient: equivalently, since ns 2 = 2x 2 —nx 2 , (x, s 2 ) is minimal sufficient. 

Example 23.6 

As a contrast, consider the Cauchy distribution of Example 17.5. L(x| 0) is every¬ 
where non-zero and (23.31) requires that 

n {1 + (x oi — 0)* }/ n (1 + (x { - 0) 1 } (23.35) 

i=l ' {ml 

be independent of 0. As in the previous example, the set of order-statistics is sufficient, 
but nothing less will do here, for (23.35) is the ratio of two polynomials, each of degree 
2n in 0. If the ratio is to be independent of 0, each polynomial must have the same 
set of roots, possibly permuted. Thus we are thrown back on the order-statistics as 
the minimal sufficient set. 


Completeness and similar regions 

23.19 After our lengthy excursus on completeness, we return to the discussion 
of similar regions in 23.8. We may now show that if, given H 0 , the sufficient statistic t 
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is boundedly complete, all size-a similar regions must satisfy (23,13). For any such 
region, (23.14) holds and may be re-written 

£{£(c(«>) |<)-«} = 0. (23.36) 

The expression in braces in (23.36) is bounded. Thus if t is boundedly complete, 
(23.36) implies that 

£(c(«0|0-« - 0 

identically, i.e. that (23.13) holds. 

The converse result is immediate: if all similar regions satisfy (23.13), (23.36) 
shows that t must be boundedly complete. Thus the bounded completeness of a 
sufficient statistic is equivalent to the condition that all similar regions to satisfy (23.13). 

The choice of most powerful similar regions 

23.20 The importance of the result of 23.19 is that it permits us to reduce the 
problem of finding most powerful similar regions for a composite hypothesis to the 
familiar problem of finding a BCR for a simple hypothesis against a simple alternative. 

By 23.19, the bounded completeness of the statistic t, sufficient for 6, on H 0 , implies 
that all similar regions to satisfy (23.13), i.e. every similar region is composed of a 
fraction a of the probability content of each contour of constant t. We therefore may 
conduct our discussion with t held constant. Constancy of the sufficient statistic, t, 
for 0, implies from (17.68) that the conditional distribution of the observations in the 
sample space will be independent of 0,. Thus the composite H 0 with 0, unspecified 
is reduced to a simple H 0 with t held constant. If t is also sufficient for 0, when H 1 
holds, the composite H x is similarly reduced to a simple H x with t constant (and, 
incidentally, the power of any critical region with t constant, as well as its size, will be 
independent of 0,). If, however, t is not sufficient for 0, when H x holds, we consider 
H x as a class of simple alternatives to the simple H 0 , in just the manner of the previous 
chapter. 

Thus, by keeping t constant, we reduce the problem to that of testing a simple 
H 0 concerning 0 r against a simple H x (or a class of simple alternatives constituting H x ). 
We use the methods of the last chapter, based on the Neyman-Pearson lemma (22.6), 
to seek a BCR (or common BCR) for H 0 against ff,. If there is such a BCR for each 
fixed value of t, it will evidently be an unconditional BCR, and gives the most powerful 
similar test of H 0 against H v Just as previously, if this test remains most powerful 
against a class of alternative values of 0 r , it is a UMP similar test. 

Example 23.7 

To test H 0 : /t = n 0 against H x : /t = /i x for the normal distribution 
dF - 

H 0 and H x are composite with one degree of freedom, a % being unspecified. 

From Examples 17.10 and 17.15, the statistic (calculated from a sample of » inde- 

n 

pendent observations) u = 2 (x t — // 0 ) J is sufficient for a * when H 0 holds, but not 
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otherwise. From 23.10, u is a complete statistic. All similar regions for H 0 therefore 
consist of fractions a of each contour of constant u. 

Holding u fixed, we now test 


H 0 :p * p 0 against H[: p - p x , a - a x , 
both hypotheses being simple. The BCR obtained from (22.6) is that for which 

£(*!#«)<* 

This reduces, on simplification, to the condition 


> C{n o, <r 2 , of, k a> u) (23.37) 

where C is a constant containing no function of x except u. Thus the BCR consists 
of large values of x if p x -p 0 > 0 and of small values of x if p x -p 0 < 0, and this is 
true whatever the values of <x* and <4> and whatever the magnitude of | p x — p 0 1. Thus 
we have a common BCR for the class of alternatives H x : p = p x for each one-sided 
situation p x > p 0 and p x < fi 0 . 

We have been holding u fixed. Now 


it = 2(*-/i 0 )' = S(x-x)*+fi(*-/f 0 )* (23.38) 


= 2(*-*).{l + »M}. (23.39) 


Since the BCR for fixed u consists of extreme values of x, (23.38) implies that the 
BCR consists of small values of E(x—*)*, which by (23.39) implies large values of 

n -1 S(x-x)** 


(23.40) 


t 1 as defined by (23.40) is the square of the “ Student's ” t statistic whose distribution 
was derived in Example 11.8. By Exercise 23.7, t, which is distributed free of <r a , is 
consequently distributed independently of the complete sufficient statistic, tf, for <r 8 . 
Remembering the necessary sign of x, we have finally that the unconditional UMP 
similar test of H 9 against H x is to reject the largest or smallest 100a per cent of the 
distribution of t according to whether fi x > ft 0 or [i x < ft 0 . 

As we have seen, the distribution of t does not depend on a*. The power of the 
UMP similar test, however, does depend on cr 2 , for u is not sufficient for tr* when H 0 
does not hold. Since every similar region for H 0 consists of fractions a of each con¬ 
tour of constant u, and the distribution on any such contour is a function of a * when 
H x holds, there can be no similar region for H 0 with power independent of <r*, a result 
first established by Dantzig (1940). 


Example 23.8 

For two normal distributions with means p, p + 0 and common variance <r s , to test 
H 9 :6 — d 0 (= 0, without loss of generality) 

against 

H x :6 = e x 

on the basis of independent samples of size n lt n t with means x x , x t . 
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Write 

n = n, + » 8 , 
nx = n l x 1 +n t x tt 

s 2 = 2 2 (x w —x) 2 = 22x«— nx*. 

<=n-i 

The hypotheses are composite with two degrees of freedom. When H 0 holds, but 
not otherwise, the pair of statistics ( x , s 2 ) is sufficient for the unspecified parameters 
(ju, a 2 ), and it follows from 23.10 that (£, s 2 ) is complete. Thus all similar regions 
for H 0 satisfy (23.13), and we hold (x, s 2 ) fixed, and test the simple 

H o: 6 = 0 

against H [: 6 — 6 lt p = p u a = a v 

Our original H 1 consists of the class of H[ for all p u a x . 

The BCR obtained from (22.6) reduces, on simplification, to 

< g* 



where g a is a constant function of all the parameters, and of x and s 2 , but not otherwise 
of the observations. For fixed x, s 2 , the BCR is therefore characterized by extreme 
values of x 2 of opposite sign to 6 V and this is true whatever the values of the other 
parameters. (23.41) then implies that for each fixed ( x , s% the BCR will consist of 


large values of f 2 ^, 
s 


and hence of the equivalent monotone increasing function 


_ (*i~**) 2 _ _ ^ g tyx a?\ 

S^-jc^+S^-x,) 2 (»-2)» 1 »; 1 ' ' 

(23.42) is the definition of the usual ** Student’s ” t 2 statistic for this problem, which 
we have encountered as an interval estimation problem in 21.12. By Exercise 23.7, 
t 2 , which is distributed free of [i and a *, is distributed independently of the complete 
sufficient statistic (x, s 2 ) for (ji, a 2 ). Thus, unconditionally, the UMP similar test of 
H 0 against H t is given by rejecting the 100a per cent largest or smallest values in the 
distribution of t, according to whether 0 X (or, more generally, 0 1 — 0 o ) is positive or 
negative. 

Here, as in the previous example, the power of the BCR depends on (jt , a 2 ), since 
(£, s *) is not sufficient when H 0 does not hold. 


Example 23.9 

To test the composite H 0 :a = a 0 against H l \a = a l for the distribution 
dF - exp 

We have seen (Example 17.19) that a (1) , the smallest of a sample of n independent 
observations, is sufficient for the unspecified parameter 6, whether H 0 or H x holds. 
By 23.12 it is also complete. Thus all similar regions consist of fractions a of each 
contour of constant x (1) . 
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The comprehensive sufficiency of x (1) renders both H 0 and H t simple when x (l) is 
fixed. The BCR obtained from (22.6) consists of points satisfying 





where g a is a constant, a function of <r 0 , a x . For each fixed jc ( 1) , we therefore have the 
BCR defined by 


n 

2 x, < a a if < (T 0 , 

<=1 f 

> b a if o-j > O 0 . y 

The statistic in (23.43), 2x ( , is not distributed independently of x (1) . 
in a form of more practical value, we observe that the statistic 


(23.43) 
To put (23.43) 


ft 

* = S (X(o-x (1 )) 


is distributed independently of x (1) . (This is a consequence of the completeness and 
sufficiency of x (1) —see Exercise 23.7 below.) Thus if we rewrite (23.43) for fixed x (1) as 


z < c„ a, < <7 0 »1 
^ ^ <TofJ 


(23.44) 


where c a = a,—nx (1) , d a = 6 a —nx (1) , we have on the left of (23.44) a statistic which 
for every fixed * (1) determines the BCR by its extreme values and whose distribution 
does not depend on x (1) . Thus (23.44) gives an unconditional BCR for each of the 
one-sided situations o 1 < a 0 , o 1 > a 0 , and we have the usual pair of UMP tests. 

Note that in this example, the comprehensive sufficiency of x w makes the power 
of the UMP tests independent of 6 (which is only a location parameter). 


23.21 Examples 23.7 and 23.8 afford a sophisticated justification for two of the 
standard normal distribution test procedures for means. Exercises 23.13 and 23.14 
at the end of this chapter, by following through the same argument, similarly justify 
two other standard procedures for variances, arriving in each case at a pair of UMP 
similar one-sided tests. Unfortunately, not all the problems of normal test theory are 
so tractable : the thorniest of them, the problem of two means which we discussed at 
length in Chapter 21, does not yield to the present approach, as the next example 
shows. 


Example 23.10 

For two normal distributions with means and variances (0, of), (0+/*, of), to test 
H 0 : fx = 0 on the basis of independent samples of n 1 and n t observations. 

Given H 0 , the sample means and variances (x lt x t , xf, if) = t form a set of four 
jointly sufficient statistics for the three parameters 0, of, of left unspecified by H 0 . 
They may be seen to be minimal sufficient by use of (23.31)—cf. Lehmann and SchefK 
(1950). But t is not boundedly complete, since x lt x t are normally distributed inde¬ 
pendently of jf, ^ and of each other, so that any bounded odd function of (x x — x t ) 
alone will have zero expectation. We therefore cannot rely on (23.13) to find all similar 
regions, though regions satisfying (23.13) would certainly be similar, by 23.8. But it 
o 
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is easy to see, from the fact that the Likelihood Function contains the four components 
of t and no other functions of the observations, that any region consisting entirely of a 
fraction a of a surface of constant t will have the same probability content in the sample 
space whatever the value of p, and will therefore be an ineffective critical region with 
power exactly equal to its size. This disconcerting aspect of a familiar and useful 
property of normal distributions was pointed out by Watson (1957a). 

No useful exact unrandomized similar regions are known for this problem. If we 
are prepared to use asymptotically similar regions, we may use Welch’s method ex¬ 
pounded in 21.25 as an interval estimation technique ; similarly, if we are prepared to 
introduce an element of randomization, Schef&’s method of 21.15-22 is available. The 
relation between the terminology of confidence intervals and that of the theory of tests 
is discussed in 23.26 below. 

23.22 The discussion of 23.20 and Examples 23.8-10 make it clear that, if there 
is a complete sufficient statistic for the unspecified parameter, the problem of selecting 
a most powerful test for a composite hypothesis is considerably reduced if we restrict 
our choice to similar regions. But something may be lost by this—for specific alterna¬ 
tives there may be a non-similar test, satisfying (23.6), with power greater than the most 
powerful similar test. 

Lehmann and Stein (1948) considered this problem for the composite hypotheses 
considered in Example 23.7 and Exercise 23.13. In the former, where we are testing 
the mean of a normal distribution, they found that if a > $ there is no non-similar 
test more powerful than ** Student’s ” t, whatever the true values p u o u but that for 
a < £ (as in practice it always is) there is a more powerful critical region, which is of 
form 

S {x { -c a (ji lt o x ) }* < K(p u oj. (23.45) 

Similarly, for the variance of a normal distribution (Exercise 23.13 below), they found 
that if o l > o 0 no more powerful non-similar test exists, but if <r x < <r 0 the region 

2(*,-/*i) 8 < K (23.46) 

< 

is more powerful than the best similar critical region. 

Thus if we restrict the alternative class H x sufficiently, we can sometimes improve 
the power of the test, while reducing the average value of the Type I error below the 
size «, by abandoning the requirement of similarity. In practice, this is not a very 
strong argument against using similar regions, precisely because we are not usually 
in a position to be very restrictive about the alternatives to a composite hypothesis. 


Bias in tests 

23.23 In the last chapter (22.26-8) we briefly discussed the problem of testing a 
simple H 0 against a two-sided class of alternatives, where no UMP test generally exists. 
We now return to this subject from another viewpoint, although the two-sided nature 
of the alternative hypothesis is not essential to our discussion, as we shall see. 
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Example 23.11 

Consider again the problem of Examples 22.2-3 and of 22.27, that of testing the 
mean ft of a normal population with known variance, taken as unity for convenience. 
Suppose that we restrict ourselves to tests based on the distribution of the sample mean 
x, as we may do by 23.3 since x is sufficient. Generalizing (22.55), consider the size-a 
region defined by 

*iid (23 - 47 > 

where oci + oc a = cc, and is not now necessarily equal to a a . a and b are defined, as 
at (22.15), by 

a, = fit-djn*, 

K - fto+djn*, 

and 

G{-d a ) = (2n) exp {-\y')dy = «. 

We take d a > 0 without loss of generality. 

Exactly as at (22.56), the power of the critical region (23.47) is seen to be 

P = G {n*A-< }+G {n‘A+4 }, (23.48) 

where A = Mx~Mo- 

We consider the power (23.48) as a function of A. Its first two derivatives are 
r - (£)'[«* }-«p {-Hn'A+O* }] (23.49) 

and 

P" = ^[(dL.-n'AJexp {-)(»<A} 

+(»'A+<(,)«p{-K» , A+0 1 }). (23.50) 

From (23.49), we can only have P' — 0 if 

A = «-</*)/(2»‘). (23.51) 

UTien (23.51) holds, we have from (23.50) 

p " = {d °‘ + dJ exp { ! (n ‘ A +<)1 *■ (23 - 52) 

Since we have taken d a always positive, we therefore have P" > 0 at the stationary 
value, which is therefore a minimum. From (23.51), it occurs at A = 0 only when 
= ct t , the case discussed in 22.27. Otherwise, the unique minimum occurs at some 
value ft m where 

Mm> Mo if *i > **. Mm < Mo ^ *i < **• 

23.24 The implication of Example 23.11 is that, except when = a a , there exist 
values of ft in the alternative class H 1 for which the probability of rejecting H 0 is actually 
smaller when H 0 is false than when it is true. (Note that if we were considering a 
one-sided class of alternatives (say, ft t > yu 0 ), the same situation would arise if we used 
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the critical region located in the wrong tail of the distribution of * (say, * < a 3 ).) It 
is clearly undesirable to use a test which is more likely to reject the hypothesis when 
it is true than when it is false. In fact, we can improve on such a test by using a table 
of random numbers to reject the hypothesis with probability a—the power of this 
procedure will always be a. 

We may now generalize our discussion. If a size-a critical region to for H 0 : 6 = 0„ 
against the simple H x : 0 = Q x is such that its power 

P{xew\0i}> a, (23.53) 

it is said to give an unbiassed (*) test of H 0 against H x ; in the contrary case, the region 
to, and the test it provides, are said to be biassed .(*) If H x is composite, and (23.53) 
holds for every member of H x , to is said to be an unbiassed critical region against H v 
It should be noted that unbiassedness does not require that the power function should 
actually have a regular minimum at 0 O , as we found to be the case in Example 23.11 
when ax = a 2 , although this is often found to be so in practice. Fig. 22.3 on page 182 
illustrates the appearance of the power function for an unbiassed test (the full line) 
and two biassed tests. 

The criterion of unbiassedness for tests has such strong intuitive appeal that it is 
natural to restrict oneself to the class of unbiassed tests when investigating a problem, 
and to seek UMP unbiassed (UMPU) tests, which may exist even against two-sided 
alternative hypotheses, for which we cannot generally hope to find UMP tests without 
some restriction on the class of tests considered. Thus, in Example 23.11, the “ equal- 
tails ” test based on x is at once seen to be UMPU in the class of tests there considered. 
That it is actually UMPU among all tests of H 0 will be seen in 23 . 33 . 

Example 23.12 

We have left over to Exercise 23.13 the result that, for a normal distribution with 

II 

mean p and variance a 2 , the statistic z = £ (x, — x) 2 gives a pair of one-sided UMP 

1—1 

similar tests of the hypothesis H 0 : o 2 = o%, the BCR being 

z > a* if ax > o„, z < b a if a x < a 0 . 

Now consider the two-sided alternative hypothesis 

H x :a 2 ^ al- 

By 22.18 there is no UMP test of H 0 against H u but we are intuitively tempted to use 
the statistic z, splitting the critical region equally between its tails in the hope of 
achieving unbiassedness, as in Example 23.11. Thus we reject H 0 if 

z Z a ia or z < b i<t . 

This critical region is certainly similar, for the distribution of z is not dependent on t u, 
the nuisance parameter. Since z/a 2 has a chi-square distribution with (n— 1) d.f., 
whether H 0 or H x holds, we have 

= ^oZi-lco 

This use of “ bias ” is unconnected with that of the theory of estimation, and is only 
prevented from being confusing by the fortunate fact that the context rarely makes confusion 
possible. 
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where xl is the 100a per cent point of that chi-square distribution. When H 1 holds, 
it is z/af which has the distribution, and H 0 will then be rejected when 



fly* 

of* 1- *’ 


or 




The power of the test against any alternative value of is the sum of the probabilities 
of these two events. We thus require the probability that a chi-square variable will 
fall outside its 100 (£a) per cent and 100(1 — ^a) per cent points each multiplied by a 
constant o$/of. For each value of a and (n— 1), the degrees of freedom, this probability 
can be calculated from a table of the distribution for each value of og/<rf. Fig. 23.1 
shows the power function resulting from such calculations by Neyman and Pearson 



Fig. 23.1 —Power function of a test for a normal distribution variance (see text) 


(1936b) for the case n — 3, a = 0-02. The power is less than a in this case when 
0-5 < o\/<Jq < 1, and the test is therefore biassed. 

We now enquire whether, by modifying the apportionment of the critical regions 
between the tails of the distribution of z, we can remove the bias. Suppose that the 
critical region is 

z > or z < 6,,, 

where + a 2 = a. As before, the power of the test is the probability that a chi- 
square variable with (n— 1) degrees of freedom, say y n -u falls outside the range of its 
100a, per cent and 100 (1— a x ) per cent points, each multiplied by the constant 
0 = o§/<rf. Writing F for the distribution function of y n - u have 

P= FWxU + l-FidxLJ. (23.54) 

Regarded as a function of 0, this is the power function. We now choose aj and a, so 
that this power function has a regular minimum at 0 = 1, where it equals the size of 
the test. Differentiating (23.54), we have 

p ' = xl, / ( e xl) ~ 21 


(23.55) 
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where / is the frequency function of y n - v If this is to be zero when 6 = 1, we require 

J if (A) - *?-.,/(*?-..)■ (23.56) 

Substituting for the frequency function 

f(y)cce- iv y^ n ~ 3) dy, (23.57) 

we have finally from (23.56) the condition for unbiassedness 

fy? •) 

{%-} - exp ft Gtf-* - A }• (23.58) 

Values of a x and a 2 satisfying (23.58) will give a test whose power function has zero 
derivative at the origin. To investigate whether it is strictly unbiassed, we write 
(23.55), using (23.57) and (23.58), as 

F - c«' | - ,l xi-'exp(-J z i)[exp{Ui(l-6)}-exp{W_.,(l-6)}]. (23.59) 

where c is a positive constant. Since xi-a, > xl,> we have from (23.59) 


P'< 


r< o, 
= 0 , 
l> 0, 


6 < 1 , 
® - 1 , 
6 > 1 . 


(23.60) 


(23.60) shows that the test with a x ,a t determined by (23.58) is unbiassed in the strict 
sense, for the power function is monotonic decreasing as 0 increases from 0 to 1 and 
monotonic increasing as 0 increases from 1 to oo. 

Tables of the values of fa and Xi-^ satisfying (23.58) are given by Ramachandran 
(1958) for a = 0 05 and n-1 = 2(1)8(2)24, 30, 40 and 60 ; and by Tate and Klett 
(1959)0 for a = 0-10, 0-05, 0-01, 0 005, 0 001 and »-l = 2(1)29. Table 23.1 com¬ 
pares some of Ramachandran’s values with the corresponding limits for the biassed 
“ equal-tails ” test which we have considered, obtained from the Biometrika Tables. 


Table 23.1—Limits outside which the chi-square variable Z(* —S)*/o3 must fall for 

H 0 :o* = Oo to be rejected (a=0*05) 


Degrees of freedom 

Unbiassed 

“ Equal-tails ” 

Differences 

(«-o 

test limits 

test limits 

2 

( 0 08, 9-53) 

( 0-05, 7-38) 

(0-03, 2-15) 

5 

( 0-99, 14-37) 

( 0-83, 12-83) 

(0-16, 1-54) 

10 

( 3-52, 21-73) 

( 3-25, 20-48) 

(0-27, 1-25) 

20 

( 9-96, 35-23) 

( 9-59, 34-17) 

(0-37, 1-06) 

30 

(17-21, 47-96) 

(16-79, 46-98) 

(0-42, 0-98) 

40 

(24-86, 60-32) 

(24-43, 59-34) 

(0-43 , 0-98) 

60 

(40-93, 84-23) 

(40-48, 83-30) 

(0-45, 0-93) 


It will be seen that the differences in both limits are proportionately large for small n, 
that the lower limit difference increases steadily with n, and the larger limit difference 
decreases steadily with n. At n—1 = 60, both differences are just over 1 per cent of 
the values of the limits. 

We defer the question whether the unbiassed test is UMPU to Example 23.14 
below. 

Tate and Klett also give, for the same values of a and n, the values b„ and a„ determining 
the physically shortest confidence interval of form (z/b„, z/a„). 
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Unbiassed tests and similar tests 

23.25 There is a close connection between unbiassedness and similarity, which 
often leads to the best unbiassed test emerging directly from an analysis of the similar 
regions for a problem. 

We consider a more general form of hypothesis than (23.2), namely 

: 6 r < 0,o, (23.61) 

which is to be tested against 

tf x : 0 r > dro. (23.62) 

If we can find a critical region to satisfying (23.6) for all 6 r in Hq as well as for all values 
of the unspecified parameters 0„ i.e. 

P(m t 6,) < a, (23.63) 

(where P is the power function whose value is the probability of rejecting H 0 ), the test 
based on to will be of size a as before. If it also unbiassed, we have from (23.53) 

P(H lt d.) > a. (23.64) 

Now if the power function P is a continuous function of 0 r , (23.63) and (23.64) 

imply, in view of the form of Hq and H lt 

P(6 r0 ,d.) = «, (23.65) 

i.e. that to is a similar critical region for the “ boundary ” hypothesis 

H 0 : d r = 6 r0 . 

All unbiassed tests of H ' 0 are similar tests of Hq. If we confine our discussions to 
similar tests of H 0 , using the methods we have encountered, and find a test with opti¬ 
mum properties—e.g., a UMP similar test—then provided that this test is unbiassed it 
will retain the optimum properties in the class of unbiassed tests of Hq —e.g. it will 
be a UMPU test. 

Exactly the same argument holds if H' 0 specifies that the parameter point 0 r lies 
within a certain region R (which may consist of a number of subregions) in the para¬ 
meter space, and H 1 that the 6 r lies in the remainder of that space : if the power function 
is continuous in 0 r , then if a critical region to is unbiassed for testing H' 0 , it is a similar 
region for testing the hypothesis H 0 that 6 r lies on the boundary of R. If to gives 
an unbiassed test of H' 0 , it will carry over into the class of unbiassed tests of Hq any 
optimum properties it may have as a similar test of Hq. There will not always be 
a UMP similar test of H 9 if the alternatives are two-sided : a UMPU test may exist 
against such alternatives, but it must be found by other methods. 


Example 23.13 

We return to the hypothesis of Example 23.12. One-sided critical regions based 
on the statistic z > a„ z < b a , give UMP similar tests against one-sided alternatives. 
Each of them is easily seen to be unbiassed in testing one of 

H 0 : <7* ^ oj, Hq : 0* ^ Oq 


respectively against 

H [: 0 * > 0 §, H" : 0 * < 0 §. 

Thus they are, by the argument of 23.25, UMPU tests for these one-sided situations. 
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For the two-sided alternative H x : <x* # a§, the unbiassed test based on (23.58) 
cannot be shown to be UMPU by this method, since we have not shown it to be UMP 
similar. 

Tests and confidence intervals 

23.26 The early work on unbiassed tests was largely carried out by Neyman and 
Pearson in the series of papers mentioned in 22 . 1 , and by Neyman (1935, 1938b), 
Scheffe (1942a) and Lehmann (1947). Much of the detail of their work has now been 
superseded, as pioneering work usually is, but their terminology is still commonly used, 
and it is desirable to provide a “ dictionary ” connecting it with the present terminology, 
where it differs. We take the opportunity of making a similar “ dictionary ” trans¬ 
lating the ideas of the theory of hypothesis-testing into those of the theory of confidence 
intervals, as promised in 20 . 20 . As a preliminary, we make the obvious points that 
a confidence interval with coefficient (1—*) corresponds to the acceptance region of 
a test of size a, and that a confidence interval exists in the sense defined in 20.5 if and 
only if a similar region exists for the corresponding test problem. 


Property of test 

--*-- 

Present Older terminology 

terminology 


Property of corresponding 
confidence interval 


UMP 

Unbiassed 

UMPU 
“ locally ” 

(i.e. near H 0 ) 
UMPU 

Unbiassed similar 


“ Shortest ” (= most 
selective) 

Unbiassed 

Type (simple H 0t one parameter) ^ 

Type B<*> (composite H 0 ) >“ Short ” unbiassed 

Type (simple H 0f two or more parameters )J 

SJS ££&? pa " me “ r) }“ Sh ““ M ” 

Bisimilar 


(*) Subject to regularity conditions. 


The effect of this table and similar translations is to make it unnecessary to derive opti¬ 
mum properties separately for tests and for intervals: there is a one-to-one corres¬ 
pondence between the problems. 

For example, in 20 . 31 , we noticed that in setting confidence intervals for the mean u 
of a normal distribution with unspecified variance, using “ Student’s ” t distribution, 
the width of the interval was a random variable, being a multiple of the sample standard 
deviation. In Example 23.7, on the other hand, we remarked that the power of the 
similar test based on “ Student’s ” t was a function of the unknown variance. Now 
the power of the test is the probability of rejecting the hypothesis when false, i.e. in 
confidence interval terms, is the probability of not covering another value of fi than 
the true one, /i 0 . If this probability is a function of the unknown variance, for all 
values of //, we evidently cannot pre-assign the width of the interval as well as the con¬ 
fidence coefficient. Our earlier statement was a consequence of the later one. 
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UMPU tests for the exponential family 

23.27 We now give an account of some remarkably comprehensive results, due 
to Lehmann and Scheffe (1955), which establish the existence of, and give a construc¬ 
tion for, UMPU tests for a variety of parametric hypotheses in distributions belonging 
to the exponential family (17.86). We write the joint distribution of n independent 
observations from such a distribution as 


/(*) = D CO h (*) ex p{^ i b i CO u > (*)}• 


(23.66) 


where x is the column vector (a^, ..., x„) and T is a vector of (r+l) parameters 
(t„ ..., r r+I ). In matrix notation, the exponent in (23.66) may be concisely written 
u'b, where u and b are column vectors. 

Suppose now that we are interested in the particular linear function of the para¬ 
meters 

r+l 

0 = 2 a n bj( t), (23.67) 

j«l 

r+l 

where 2 <& = 1. Write A for an orthogonal matrix (a uc ) whose first column con- 
i=*i 

tains the coefficients in (23.67), and transform to a new vector of (r+l) parameters 
(0, 4»), where + is the column vector (y> u ..., y,), by the equation 

Q = A'b. (23.68) 

The first row of (23.68) is (23.67). We now suppose that there is a column vector 
of statistics T = (*,*„..., t r ) defined by the relation 



(23.69) 


i.e. we suppose that the exponent in (23.66) may be expressed as 0r(x) + 2 y,fy(x). 
Using (23.68), (23.69) becomes 

//i \ /n \ 

(23.70) 


t '(;h a q 


(23.70) is an identity in (0, +), so we have T' = u'A or 

T = A'u. (23.71) 

Comparing (23.71) with (23.68), we see that each component of T is the same function 
of the Uj (x) as the corresponding component of (0, tj>) is of the b } (t). In particular, 
the first component is, from (23.67), 

r(x) = 2 a ;i M,(x) (23.72) 

i-i 


while the tj (x), j = 1, 2,..., r, are orthogonal to f(x). 

r+l 

Note that the orthogonality condition 2 afi = 1 does not hamper us in testing 

i -1 

hypotheses about 0 defined by (23.67), since only a constant factor need be changed 
and the hypothesis adjusted accordingly. 
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23.28 If, therefore, we can reduce a hypothesis-testing problem (usually through 
its sufficient statistics) to the standard form of one concerning 0 in 

f(x\6, <J>) = C(0, ^)A(x)exp |fo(x)+ S v,f,(x)J, (23.73) 

by the device of the previous section, we can avail ourselves of the results summarized 
in 23.10 : given a hypothesis value for 0, the r-component vector t = (t lt ... ,t r ) will 
be a complete sufficient statistic for the r-component parameter <]> — (ip lt .. ., y> r ), and 
we now consider the problem of using s and t to test various composite hypotheses 
concerning 0, «|* being an unspecified (“ nuisance ”) parameter. Simple hypotheses 
are the special case when r = 0, with no nuisance parameter. 

23.29 For this purpose we shall need an extended form of the Neyman-Pearson 
lemma of 22.10. Let/(x|6) be a frequency function, and 6, a subset of admissible 
values of the vector of parameters 0, (i = 1,2,..., k). A specific element of 0, is 
written 0,°. 0* is a particular value of 6. The vector u,(x) is sufficient for 0 when 
0 is in 0, and its distribution is g { (u, 10,). Since the Likelihood Function factorizes in 
the presence of sufficiency, the conditional value of/(x|0,), given u,, will be inde¬ 
pendent of 0 ( , and we write it / (x [ u<). Finally, we define /<(x), m t (u<) to be non¬ 
negative functions, of the observations and of u< respectively. 

Now suppose we have a critical region to for which 

J^{/ < (x)/(x|u < )}dx = a < . (23.74) 

Since the product in braces in (23.74) is non-negative, it may be regarded as a frequency 

function, and we may say that the conditional size of to, given u<, is a ( with respect 
to this distribution. We now write 

Pi = J («,)£< (U, 10?) dut 

= J h (x) ttti (u<)/(*I u <)^i( u i 16?) dx 

= Vi (*) («<)/(* 10?)} dx. (23.75) 

The product in braces is again essentially a frequency function, say p (x 10?). To test 
the simple hypothesis that p(x|6{) holds against the simple alternative that/(x| 0*) 
holds, we use (22.6) and find that the BCR to of size p { consists of points satisfying 

Lf(*l«*)]/[#M»?)>*(M (23.76) 

where c { is a non-negative constant. (23.76) will hold for every value of i. Thus for 
testing the composite hypothesis that any of p (x 10?) holds (i = 1,2,..., k), we require 
all k of the inequalities (23.76) to be satisfied by to. If we now write km i (u i )/c i (/?,) 
for m,(u,) inp(x| 0“), as we may since m, (u<) is arbitrary, we have from (23.76), adding 
the inequalities for i = 1,2,..., k, the necessary and sufficient condition for a BCR 

/(*!«•)> L /,(l) m ,(u,)/(l|9f). 

1—1 


(23.77) 
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This is the required generalization. (22.6) is its special case with k = 1, l x (x) = k a 
(constant), m 1 (« x ) = 1. (23.77) will play a role for composite hypotheses similar to 
that of (22.6) for simple hypotheses. 

One-sided alternatives 

23.30 Reverting to (23.73), we now investigate the problem of testing 

/To 1 ’: 0 < 0 o 

against 

H™ : 0 > 0 O , 

which we discussed in general terms in 23 . 25 . Now that we are dealing with the 
exponential form (23.73), we can show that there is always a UMPU test of Z/J 11 against 
Z/ 1 ! 1 '. By our discussion in 23 . 25 , if a size-a critical region is unbiassed for Z/£ n against 
H[ u y it is a similar region for testing 0 = 0 O . 

Consider testing the simple 

H 0 :d = d 0 , = 

against the simple 

H x : 0 - 0* > 0 O , * - 

We now apply the result of 23 . 29 . Putting k = 1, l x (x) = 1, a x = a, 8 = (0, i|>), 
0i = (0 O , *J>), 0* = (0*, 4**), 0? = (0 O .^°)» “i = t, we have the result that the BCR 
for testing H 0 against H 1 is defined from (23.77) and (23.73) as 

C(0 # ,4**)exp id*s (x) + S v>?ti(x)\ 

-V- <-> -■/> «.,(!t). (23.78) 

C(0 O ,^°)exp |0 o j(x)+ S y-?/, (x)| 

This may be rewritten 

r(x)(0*-0 o ) > c a (t,0*, 0 O ,**,*<*). (23.79) 

We now see that c a is not a function of for since, by 23 . 28 , t is a sufficient statistic 
for when H 0 holds, the value of c a for given t will be independent of ^°, t|>*. Further, 
from (23.79) we see that so long as the sign of (0*—0 O ) does not change, the BCR will 
consist of the largest 100a per cent of the distribution of j(x) given 0 O . We thus have 
a BCR for 0 = 0 O against 0 > 0 O , giving a UMP test. This UMP test cannot have 
smaller power than a randomized test against 0 > 0 O which ignores the observations. 
The latter test has power equal to its size a, so the UMP test is unbiassed against 0 > 0 O , 
i.e. by 23.25 it is UMPU. Its size for 0 < 0 O will not exceed its size at 0 O , as is evident 
from the consideration that the critical region (23.79) has minimum power against 
0 < 0 O and therefore its power (size) there is less than a. Thus finally we have shown 
that the largest 100a per cent of the conditional distribution of f(x), given t, gives a 
UMPU size-a test of Z/J 1 * against ZZJ 1 ’. 

Two-sided alternatives 

23.31 We now consider the problem of testing 

ZZi 2> : 0 = 0 O 


against 


Z/f*: 0 * 0 O . 
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Our earlier examples stopped short of establishing UMPU tests for two-sided hypo¬ 
theses of this kind (cf. Examples 23.12 and 23.13). Nevertheless a UMPU test does 
exist for the linear exponential form (23.73). 

From 23.25 we have that if the power function of a critical region is continuous 
in 0, and unbiassed, it is similar for H$K Now for any region to, the power function is 

P(w|0)= f /(x|0,*)dx, (23.80) 

J W 

where /is defined by (23.73). (23.80) is continuous and differentiable under the integral 
sign with respect to 0. For the test based on the critical region to to be unbiassed we 
must therefore have, for each value of tj>, the necessary condition 

P'( W |0 O ) = 0. (23.81) 

Differentiating (23.80) under the integral sign and using (23.73) and (23.81), we find 
the condition for unbiassedness 

or 

P{5(x)c(«>)} = — a C' (0 O , ij>)/C (0 o, ij>). (23.82) 

Since, from (23.73), 

1/C(0,ij>) = J h (x) exp j0j (x) + S ip,- #,• (x) j- dx 

we have 

H&B “ "*<*«»• f 23 - 83 ’ 

and putting (23.83) into (23.82) gives 

2?{j(x)c(tt>)} = aP{r(x)}. (23.84) 

Taking the expectation first conditionally upon the value of t, and then unconditionally, 
(23.84) gives 

P,[P{j(x)c(tt!)-aj(x)|t}] = 0. (23.85) 

Since t is complete, (23.85) implies 

P{r(x)c(w)-af(x)| t} = 0 (23.86) 

and since all similar regions for H 0 satisfy 

£M«>)|t} = «, (23.87) 

(23.86) and (23.87) combine into 

P{r‘ -1 (x)c(«o)|t) = aP{^ _1 (x)|t} = a„ i = 1,2. (23.88) 

All our expectations are taken when 0 o holds. 

Now consider a simple 

H 0 :6 = 0 O , i|> = i|>° 


against the simple 


: 0 = o* * 0 O , + = 
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and apply the result of 23.29 with k — 2, a, as in (23.88), 0 = (0, tp), = 6, = (0 O , tp), 
e* = (0* tp*), 6? = 6° = (0 o , 4*°), /«(*) = !*-*(*), u 1 = u t = t. We find that the 
BCR to for testing against is given by (23.77) and (23.73) as 

C (0*, tp*) exp (d* s (x) + i «M»*,(x)} 

----y 1 -- { > mi (t)+s(x)m 2 (t). (23.89) 

C(0 O , tp 8 ) exp |o 0 * (x) + ip? (x)j 

(23.89) reduces to 

exp{*(x)(0*-0 o )} > ^(*,0* 0 o ,^*o) + *(x)c,(t,0* 0 o ,tp* +») 
or 

exp {* (x) (0* - 0 O )} - r (x) c t > c v (23.90) 

(23.90) is equivalent to r(x) lying outside an interval, i.e. 

*(x) < t>(t), r(x) > to (t), (23.91) 

where t>(t) < to(t) are possibly functions also of the parameters. We now show that 
they are not dependent on the parameters other than 0„. As before, the sufficiency 
of t for 4* rules out the dependence of v and to on tp when t is given. That they do 
not depend on 0* follows at once from (23.86), which states that when H 0 holds 

f {,(x)|t}/dk-«f Mx)|t}/dk. (23.92) 

Jw J W 

The right-hand side of (23.92), which is integrated over the whole sample space, clearly 
does not depend on 0* at all. Hence the left-hand side is also independent of 0*, 
so that the BCR to defined by (23.91) depends only on 0 O , as it must. The BCR there¬ 
fore gives a UMP test of H\^ against H[ 2) . Its unbiassedness follows by precisely the 
argument at the end of 23.30. Thus, finally, we have established that the BCR defined 
by (23.91) gives a UMPU test of H ( 0 Z) against H l2 \ If we determine from the condi¬ 
tional distribution of r(x), given t, an interval which excludes 100a per cent of the 
distribution when holds, and take the excluded values as our critical region, then 
if the region is unbiassed it gives the UMPU size-a test. 

Finite-interval hypotheses 

23.32 We may also consider the hypothesis 

f/«”: 0„ < 0 < 0, 

against H™ : 0 < 0 O or 0 > 0 U 

or the complementary : 0 < 0 O or 0 ^ 0 t 

against //£*’: 0„ < 0 < 6 V 

We now set up two hypotheses 

H’ o :d = 0 o , tp = tp®, //;':0 = 0 1 , «P = «W, 
to be tested against 

H 1 :0 = 0*, tp = *P*» where 0 O ^ 0* ^ Q v 
We use the result of 23.29 again, this time with k = 2, = a, = a, 6 = (0, tp). 
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6i - (0o, <W, 0, = (01. <W, e* - (0* +•), e? = (0O.+O), e§ = (0* <n /,(*) -i, 

u x = u t = t. We find that the BCR w for testing H' a or H' 0 ' against H x is defined by 
/(x|0* 4,*) £ 4i°)+» 1 (t)/(x|fl ll 4, 1 ). (23.93) 

On substituting / (x) from (23.73), (23.93) is equivalent to 

H(s) - c 1 exp{(0 o -0*)f(x)}+ Cl exp{(0 l -0*)r(x)} < 1, (23.94) 

where c v c t may be functions of all the parameters and of t. If 0 O < 0* < 6 U (23.94) 
requires that r(x) lie inside an interval, i.e. 

®(t) ^ j(x) < ie(t). (23.95) 

On the other hand, if 0* < 0 O or 0* > 0 lt (23.94) requires that r(x) lie outside the 
interval (v (t), to (t)). The proof that the end-points of the interval are not dependent 
on the values of the parameters, other than 0 O and 0 lt follows the same lines as before, 
as does the proof of unbiassedness. Thus we have a UMPU test for Ho 9) and another 
for HqK The test is similar at values 0 O and 6 U as follows from 23.25. To obtain a 
UMPU test for //£*’ (or H 1 ^), we determine an interval in the distribution of s (x) for 
given t which excludes (for H J 4> includes) 100a per cent of the distribution both when 
0 = 0„ and 0 = 0j. The excluded (or included) region, if unbiassed, will give a UMPU 
test of Hf (or H^). 

23.33 We now turn to some applications of the fundamental results of 23.30-2 
concerning UMPU tests for the exponential family of distributions. We first mention 
briefly that in Example 23.11 and Exercises 22.1—3 above, UMPU tests for all four 
types of hypothesis are obtained directly from the distribution of the single sufficient 
statistic, no conditional distribution being involved since there is no nuisance parameter. 

Example 23.14 

For ft independent observations from a normal distribution, the statistics (x, j*) are 
jointly sufficient for (jU,a 2 ), with joint distribution (cf. Example 17.17) 

g (x, s 8 1 fi, a 1 ) oc exp j - • (23.96) 

(23.96) may be written 

g oc Cfe^)exp|(-iX^)(i) + (S*)(^)), (23.97) 

which is of form (23.73). Remembering the discussion of 23.27, we now consider 
a linear form in the parameters of (23.97). We put 

6 - A ($ +B (& < 23 - 98 > 

where A and B are arbitrary known constants. We specialize A and B to obtain from 
the results of 23.30-2 UMPU tests for the following hypotheses: 

(1) Put A = 1, B — 0 and test hypotheses concerning 0 = —, with y> = — t as 

nuisance parameter. Here r(x) = — and t(x) = 2*. From (23.97) there is 
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a UMPU test of H£\ H£\ Hf? and concerning l/<r 2 , and hence concerning a 2 , 
based on the conditional distribution of Ex 2 given Ex, i.e. of E (x—x) 2 given Ex. 
Since these two statistics are independently distributed, we may use the unconditional 
distribution of 2(x—x) 2 , or of 2 (x—x) 2 /cr 2 , which is a % z distribution with (n— 1) 
degrees of freedom. Hq* was discussed in Examples 23.12-13, where the UMP 
similar test was given for 6 — 6 0 against one-sided alternatives and an unbiassed test 
based on Z(x—x) 2 given for ; it now follows that this is a UMPU test for Hq\ 
while the one-sided test is UMPU for 

(2) To test hypotheses concerning p, invert (23.98) into 

da 1 —A 
M B * 

If we specify a value p 0 for p, we cannot choose A and B to make this correspond 
uniquely to a value 0 O for 0 (without knowledge of a 2 ) if 0 O ^ 0. But if 0 O = 0 we 
have p 0 ■» —A/B. Thus from our UMPU tests for H#' : 0 < 0, //£**: 0 = 0, we get 
UMPU tests of p < p 0 and of p = p Q . We use (23.71) to see that the test statistic 
i (x) 11 is here (—j E x*)A +(Z x)B given an orthogonal function, say (— $ Z x 2 ) B —(Z x)A. 
This reduces to the conditional distribution of Z x given Z x*. Clearly we cannot get 
tests of or H 1 ^ for p in this case. 

The test of p = p 0 against one-sided alternatives has been discussed in Example 23.7, 
where we saw that the “ Student’s ” t test to which it reduces is the UMP similar test 
of p = p 0 against one-sided alternatives. This test is now seen to be UMPU for H§\ 
It also follows that the two-sided “ equal-tails ” “ Student’s ” /-test, which is un¬ 
biassed for H™ against Hf*, is the UMPU test of H™. 


Example 23.15 

Consider k independent samples of n ( (i = 1, 2,..., k) observations from normal 

* 

distributions with means p { and common variance a 1 . Write n = Z n t . It is easily 

k l»| 

confirmed that the k sample means x, and the pooled sum of squares <S 2 = Z Z (x {j — x ,) 2 

<-i j-i 

are jointly sufficient for the (k +1) parameters. The joint distribution of the sufficient 
statistics is 

Cn-*_2 r i 'i 

g(x lt ..., x tl 5 2 ) oc —— exp j-^ZZ {xu-pify (23.99) 

(23.99) is a simple generalization of (23.96), obtained by using the independence of 
the x, of each other and of S 2 , and the fact that S 2 /a 2 has a x 1 distribution with (n—k) 
degrees of freedom. (23.99) may be written 

g cc C0.„<,')exp{(-Si;L4)(i)+L(rA:„)(^)}, (23.100) 

in the form (23.73). We now consider the linear function 



(23.101) 
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(1) Put A = 1, B { = 0 (all i). Then 0 = and y> t — ^ (i = 1. k) is the 

set of nuisance parameters. There is a UMPU test of each of the four Hp discussed 

in 23.30-2 for and therefore for or*. The tests are based on the conditional dis- 

or* 

tribution of 2 2*5 given the vector (2*^,2*,.,..., 2 x kj ), i.e. of S* = 2 2 (x u — x,) a 
i i i i i i i 

given that vector. Just as in Example 23.14, this leads to the use of the unconditional 
distribution of S * to obtain the UMPU tests. 

(2) Exactly analogous considerations to those of Example 23.14 (2) show that by 

k 

putting 0 O = 0, we obtain UMPU tests of 2 c ( /i f < c 0 , 2 c,//, = c 0 , where c 0 is any 

t-i 

constant. (Cf. Exercise 23.19.) Just as before, no “ interval ” hypothesis can be 
tested, using this method, concerning the linear form 2 c<//<. 

(3) The substitution k — 2, c x = 1, c, = — 1, c 0 = 0, reduces (2) to testing 

Ho u : < 0, \ n x —[i t = 0. The test of /n 1 —/u, = 0 has been discussed 

in Example 23.8, where it was shown to reduce to a “ Student’s ” t-test and to be 
UMP similar. It is now seen to be UMPU for HtfK The “ equal-tails ” two-sided 
“ Student’s ” 1-test, which is unbiassed, is also seen to be UMPU for 


Example 23.16 

We generalize the situation in Example 23.15 by allowing the variances of the 
k normal distributions to differ. We now have a set of 2k sufficient statistics for the 


m m 

2Jt parameters, which are the sample sums and sums of squares 2 x (J , 2 x,‘, i — 1, 

;-i i-i 

2,..., k. We now write 

6 - k Ai Gi) + kHz)- (23 - io2) 

(1) Put Bi = 0 (all *). We get UMPU tests for all four hypotheses concerning 

6 




a weighted sum of the reciprocals of the population variances. The case k = 2 reduces 
this to 

0 = di+4*' 

of <4 

If we want to test hypotheses concerning the variance ratio crf/of, then just as in (2) 
of Examples 23.14-15, we have to put 6 = 0 to make any progress. If we do this, 
the UMPU tests of 6 = 0, < 0 reduce to those of 

gj _^ Aj 

of a’ a; 

and we therefore have UMPU tests of and H™ concerning the variance ratio. 
The joint distribution of the four sufficient statistics may be written 

£(2* u ,2x li ,2*? j ,2*| j ) cc C (ju if of) exp / - £ (- 2 ^ 2 .vS,') +2 .t iy +* 2 x 2J \. 

1. \gi / gI g« J 
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By 23.27, the coefficient s(x) of 8 when (23.103) is transformed to make 6 one of its 
parameters, will be the same function of— as 6 is of 1 /of, l/of, i.e. 

-2r(x) = Aj.Ztfj+A, 

and the UMPU tests will be based on the conditional distribution of s(x) given any 
three functions of the sufficient statistics, orthogonal to r(x) and to each other, say 

and Ai^x^j. 

A 

This is equivalent to holding x lt x t and t * 2(x 1 # —j 5 x )*—*,)* fixed, so 

A% 

A 

that s(x) is equivalent to 2 (x 1# —x x )*+-p 2 (x^ —*,)* for fixed t. In turn, this is 

A x 

equivalent to considering the distribution of the ratio 2(* 1/ —£,)*, so that 
the UMPU tests of H$\ are based on the distribution of the sample variance ratio— 
cf. Exercises 23.14 and 23.17. 

(2) We cannot get UMPU tests concerning functions of the ft t free of the of, as is 
obvious from (23.102). In the case k = 2, this precludes us from finding a solution 
to the problem of two means by this method. 

23.34 The results of 23.27-33 may be better appreciated with the help of a partly 
geometrical explanation. From (23.73), the characteristic function of j(x) is 

■Ku) = £{exp(t'ur)} - (23.103) 

so that its cumulant-generating function is 

y>(u) = log <f> (u) = logC (0) — log C(8+iu). (23.104) 

From the form of (23.104), it is clear that the rth cumulant of f (x) is 

" = [w v( “ ) ].-.--^ logC(9) ' (23 ' ,05) 

whence 

E(s) = k x = -^logC(fl) (23.106) 

and 

*r = W^ E ( s)t r > 2 - (23.107) 

Consider the derivative 
From (23,73) and (23.106), 

D/ = { I+ ?|)} / = (23.108) 

By Leibniz’s rule, we have from (23.108) 

D*/-D— [{»-£«}/] 

= {*-*(»)>D—/ + 's(»7 1 )(D‘{*-£(»)}][D—/], (23.109) 

P 
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which, using (23.107), may be written 

D7- {<-BW}D—/-*2 (23.110) 

23.35 Now consider any critical region to of size a. Its power function is defined 
at (23.80), and we may alternatively express this as an integral in the sample space of 
the sufficient statistics (r,t) by 

P{to\e) = f fdsdt, (23.111), 

J 10 

where/now stands for the joint frequency function of (f, t), which is of the form (23.73) 
as we have seen. The derivatives of the power function (23.111) are 

i*«>( tt |0) = | Wfdsdt, (23.112) 

since we may differentiate under the integral sign in (23.111). Using (23.108) and 
(23.110), (23.111) gives 

P'(te|0) = [ {s-E(s)}f dsdt = cov{r,c(w)}, (23.113) 

J tO 

and 

F»>(tt>|0) = J {f-£(f)}D«-7<fr<ft- , S ( 9 “ 1 )if, + ,P<*- 1 - < >(w|0), q > 2, 

(23.114) 

a recurrence relation which enables us to build up the value of any derivative from 
lower derivatives. In particular, (23.114) gives 

P"(w\0) = cov{[r-£(r)] 2 ,c(tt>)}, (23.115) 

P» v >(«>|0) = cov {[>—P (*)] 4 , f(w)} — 6 «, P" (w 10)—4 * 3 P' (to | fl). / (Z3 ' 16) 

(23.113) and (23.115) show that the first two derivatives are simply the covariances 

of c(w) with s, and with the deviation of s from its mean, respectively. The third and 
fourth derivatives given by (23.116) are more complicated functions of covariances and 
of the cumulants of s, as are the higher derivatives. 

23.36 We are now in a position to interpret geometrically some of the results of 
23.27-33. To maximize the power we must choose to to maximize, for all admissible 
alternatives, the covariance of c(to) with s, or some function of s—E (s), in accordance 
with (23.113) and (23.114). In the (r+ l)-dimensional space of the sufficient statistics, 
(s, t), it is obvious that this will be done by confining ourselves to the subspace ortho¬ 
gonal to the r co-ordinates corresponding to the components of t, i.e. by confining our¬ 
selves to the conditional distribution of s given t. 

If we are testing 0 = 0 O against 0 > 0 O we maximize P(w\Q) for all 0 > 0„ by 
maximizing P' (to 10), i.e. by maximizing cov (s, c(w)) for all 0 > 0„. This is easily 
seen to be done if to consists of the 100a per cent largest values of the distribution of 
s given t. Similarly for testing 0 = 0 O against 0 < 0 O , we maximize P by minimizing P\ 



TESTS OF HYPOTHESES : COMPOSITE HYPOTHESES 


217 


and this is done if to consists of the 100a per cent smallest values of the distribution of 
s given t. Since P' ( to 10) is always of the same sign, the one-sided tests are unbiassed. 

For the two-sided H™ of 23.31, (23.81) and (23.115) require us to maximize 
P" (tv 10), i.e. cov {[f —E ($)]*, c(to) }. By exactly the same argument as in the one-sided 
case, we choose tv to include the 100a per cent largest values of {s— £($)}*, so that 
we obtain a two-sided test, which is only an “ equal-tails ” test if the distribution of s 
given t is symmetrical. It follows that the boundaries of the UMPU critical region 
are equidistant from E (r 11). 

Ancillary statistics 

23.37 We have seen that there is always a set of r+s (r > 1, s > 0) statistics, 
written (T„ T,), which are minimal sufficient for k+l (k ^ 1, l ^ 0) parameters, 
which we shall write (0 fc , 0,). Suppose now that the subset T, is distributed inde¬ 
pendently of 0*. We then have the factorization of the Likelihood Function into 
I<(x|e*,e l ) = ^(n,7’,|0 fc ,0 l )A(x) 

= gt[(T r \ 7'.)|0 t ,0 l ]^(r,|0 l )A(x), (23.117) 

so that, given 0„ T r \ T, is sufficient for 0 k . If r + r = n, the last factor on the right 
of (23.117) disappears. 

Fisher (e.g., 1956) calls T, an ancillary statistic, while Bartlett (e.g., 1939) calls the 
conditional statistic (T r \ T,) a quasi-sufficient statistic for 0*, the term arising from the 
resemblance of (23.117) to the factorization (17.84) which characterizes a sufficient 
statistic. 

Fisher has suggested as a principle of test construction that when (23.117) holds, 
the conditional distribution of T r \ T, is all that we need to consider in testing hypotheses 
about 0*. Now if T s is sufficient for 0, when 0* is known, it immediately follows that 
(23.117) becomes 

£(x|<M.) = gA(T r \ r.)|0 t ]g 1 (T Jt | e,)h{x), (23.118) 

and the two statistics (T r \ T,) and T, are separated off, each depending on a separate 
parameter and each sufficient for its parameter. There is then no doubt that, in 
accordance with the general principle of 23.3, we may confine ourselves to functions 
of (T r | T t ) in testing 0*. 

However, the real question is whether we may confine ourselves to the conditional 
statistic when T, is not sufficient for 0 t . It is not obvious that in this case there will be 
no loss of power caused by restricting ourselves in this way. Welch (1939) gave an 
example of a simple hypothesis concerning the mean of a rectangular distribution with 
known range which showed that the conditional test based on (T r \ T,) may be uniformly 
less powerful than an alternative (unconditional) test. It is perhaps as well, therefore, 
not to use the term “ quasi-sufficient ” for the conditional statistic. 

Example 23.17 

We have seen (Example 17.17) that in normal samples the pair (x, j 2 ) is jointly 
sufficient for (/z, o 2 ), and we know that the distribution of j 2 does not depend on fi. 
Thus we have 

L(x|//,o 2 ) = [ (* | r 2 ) | //, <r 2 ] £, (r 2 1 <r 2 ) A (*), 
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a case of (23.117) with k = l= r = s=l. The ancillary principle states that the 
conditional statistic Sc | x* is to be used in testing hypotheses about ft. (It happens that 
x is actually independent of s* in this case, but this is merely a simplification irrelevant 
to the general argument.) But x a is not a sufficient statistic for the nuisance parameter 
<r a , so that the distribution of x | x a is not independent of <r a . If we have no prior distri¬ 
bution given for a* we can only make progress by integrating out a a in some more or less 
arbitrary way. If we are prepared to use its fiducial distribution and integrate over 
that, we arrive back at the discussion of 21.10, where we found that this gives the same 
result as that obtained from the standpoint of maximizing power in Examples 23.7 
and 23.14, namely that “ Student’s ” /-distribution should be used. 

Another conditional test principle 

23.38 Despite the possible loss of power involved, the ancillary principle is 
intuitively appealing. Another principle of test construction may be invoked to sug¬ 
gest the use of T r | T, whenever T, is sufficient for 0,, irrespective of whether its dis¬ 
tribution depends on 0 t , for we then have 

= gi[(T r \T.)\e k )g t (T t \d k ,O t )h(x), (23.119) 

so that the conditional statistic is distributed independently of the nuisance parameter 
0,. Here again, we have no obvious reason to suppose that the test is optimum in 
any sense. 

The justification of conditional tests 

23.39 The results of 23.30-2 now enable us to see that, if the distribution of the 
sufficient statistics (T„ T,) is of the exponential form (23.73), then both the heuristic 
principles of test construction which we have discussed will give UMPU tests, for in 
our previous notation the statistic T r is x(x) and T, is t(x), and we have seen that the 
UMPU tests are always based on the distribution of T r for fixed T,. If the sufficient 
statistics are not distributed in the form (23.73) (e.g. in the case of a distribution with 
range depending on the parameters) this justification is no longer valid. However, 
following Lindley (1958b), we may derive a further justification of the conditional 
statistic T r \ T„ provided only that the distribution of T„ gt(T,\6 k , 0,), is boundedly 
complete when H 0 holds and that T t is then sufficient for 0j. For then, by 23.19, every 
size-a critical region similar with respect to 0, will consist of a fraction a of all surfaces 
of constant T,, Thus any similar test of H 0 which has an “ optimum ” property will 
be a conditional test based on T r \ T„ and again a conditional test will be unconditionally 
optimum. 

Welch’s (1939) counter-example, which is given in Exercise 23.22, falls within the 
scope of neither of our justifications of the use of conditional test statistics. 
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EXERCISES 


23.1 Show that for samples of n observations from a normal distribution with mean 
0 and variance a*, no similar region with respect to 0 and a* exists for n < 2, but that such 
regions do exist for n > 3. 

(Feller, 1938) 

23.2 Show, as in Example 23.1, that for a sample of n observations, the »th of which 
has distribution 


—— a£ l ~* dxi 

r(6i) * 


0 < »t < oo; 0< > 0, 

no similar size-a region exists for 0 < a < 1. 


(FeUer, 1938) 


23.3 If L (x 10) is a Likelihood Function and E ^ —^ ^ = 0, show that if the dis¬ 


tribution of a statistic a does not depend on 0 then cov 




0. As a corol¬ 


lary, show that no similar region with respect to 0 exists if no statistic exists which is 
3 log L 


uncorrelated with 


00 


(Neyman, 1938a) 


23.4 In Exercise 23.3, show that cov — 0 implies E |a^ = 0 

and hence, using the c.f. of a, that the converses of the result and the corollary of Exer¬ 
cise 23.3 are true. 


Together, this exercise and the last state that cov 


0 is a necessary 


and sufficient condition for cov ^e <u *, *» 0, where u is a dummy variable. 


(Neyman, 1938a) 


23.5 Show that the Cauchy family of distributions 

dx 


dF 


is not complete. 




- 00 < X « 00, 


(Lehmann and Scheffl, 1950) 


23.6 Use the result of Exercise 23.4 to show that if a statistic a is distributed inde¬ 
pendently of t, a sufficient statistic for 0, then the distribution of a does not depend on 0. 

23.7 In Exercise 23.6, write H t (a) for the d.f. of a, H t (a 1 1) for its conditional d.f. 
given t, and g(t| 0) for the frequency function of t. Show that 


I 


{H 1 (a)-ISf i (a|t)}g(t|0)dt . 0 
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for all 0. Hence show that if t is a complete sufficient statistic for 0, the converse of the 
result of Exercise 23.6 holds, namely, if the distribution of z does not depend upon 0, 
z is distributed independently of t. 

(Basu, 1955) 

23.8 Use the result of Exercise 23.7 to show directly that, in univariate normal 
samples : 

(a) any moment about the sample mean x is distributed independently of x ; 

(b) the quadratic form x'Ax is distributed independently of x if and only if the 
elements of each row of the matrix A add to zero (cf. 15.15) ; 

(c) the sample range is distributed independently of x\ 

(d) (*<«)-*)/(*<»)—*<n) is distributed independently both of x and of s a , the sample 
variance. 

(Hogg and Craig, 1956) 


23.9 Use Exercise 23.7 to show that: 

(a) in samples from a bivariate normal distribution with p — 0, the sample correlation 
coefficient is distributed independently of the sample means and variances (cf. 
16 . 28 ) ; 

(b) in independent samples from two univariate normal populations with the same 
variance a *, the statistic 

p i _ 

2 (*,,-*!)•/(*.- 1 ) 

i 

is distributed independently of the set of three jointly sufficient statistics 

Xu **, h(x l j-x l )*+'L(x t j-x t ) t 
i i 

and therefore of the statistic 

S_ (v, -•£,)*_ _ f w 1 w t (« t + « a — 2)^ 

2 (*,>-*»)*+2 «i + «* / 

which is a function of the sufficient statistics. This holds whether or not the popu¬ 
lation means are equal. 

(Hogg and Craig, 1956) 

23.10 In samples of size ft from the distribution 

dF = exp { — (x — 0) } dx 9 0 < x < oo, 

show that tf(i) is distributed independently of 

r 

z = 2 (*(,)-*(i)) + (n-r) (x (r) -z ( i)), r «£ n. 
i=»l 

(Epstein and Sobel, 1954) 


23.11 
tion p is 


Show that for the binomial distribution with parameter n, the sample propor- 
minimal sufficient for n . 

(Lehmann and Schefft, 1950) 


23.12 For the rectangular distribution 

dF = dx, 0 — £ ^ x ^ 0 + i, 

show that the pair of statistics (x(i>, X(„>) is minimal sufficient for 0. 

(Lehmann and Scheffe, 1950) 
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23.13 For a normal distribution with variance a* and unspecified mean n, show by 
the method of 23.20 that the UMP similar test of f/ 0 : <x* = <4 against : a* = <4 takes 
the form 

£ (*—£)* > a* if o? > o«, 

£(*-$)* < b a if of < oj. 

23.14 Two normal distributions have unspecified means and variances o*, Oa*. From 
independent samples of sizes n u n„ show by the method of 23.20 that the UMP similar 
test of H 9 :9 * 1 against H X : 8 = 0 X takes the form 

si /if > a* if ®i > 1» 
if/if « b x if 0 X < 1, 
where 4> 4 are the sample variances. 

23.15 Independent samples, each of size n, are taken from the distributions 

dF = exp > °* 

dG — cxp(— yOJO t dy> J 0 < x, y < oo. 

Show that t = (E x 9 2y) = (X 9 Y) is minimal sufficient for (0 lf 0 t ) and remains so if 
H 0 : Q x = 0, = 0 holds. By considering the function XY— E(XY) show that the distri¬ 
bution of t is not boundedly complete given H 0 , so that not all similar regions satisfy 
(23.13). Finally, show that the statistic xy is then distributed independently of 0, so 
that H 0 may be tested by similar regions from the distribution of XY. 

(Watson, 1957a) 

23.16 In Example 23.14, show from (23.98) that there is a UMPU test of the 
hypothesis that the parameter point (ji 9 a) lies between the two parabolas 

f* = t* = f*o + c,a*, 

tangent to each other at (/*<>, 0). 

(Lehmann and SchefR, 1955) 

23.17 In Exercise 23.14, show that the critical region 

4/4 > a i*> < 

is biassed against the two-sided alternative H x : 0 ^ 1 unless n x = n t . By exactly the 
same argument as in Example 23.12, show that an unbiassed critical region 

t = 4/4 > °i—a,» < «i + «, = «, 

is determined by the condition (cf. (23.56)) 

VaJiVaJ = 

where / is the frequency function of the variance-ratio statistic t and V a its 100a per cent 
point. Show that the power function of the unbiassed test is monotone increasing for 
0 > 1, monotone decreasing for 0 < 1. 

(Ramachandran (1958) gives values of Fi-*,, F« t for a = 0*05, 
n x - 1 and n t - 1 = 2(1)4(2)12(4)24; 30, 40, 60) 

23.18 In Exercise 23.17, show that the unbiassed confidence interval for 0 given by 

—-—| minimizes the expectation of (log U — log L) for confidence intervals (L, 17) 

F a , V l- a ,/ 

based on the tails of the distribution of t . 


(SchefK, 1942b) 
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23.19 In Example 23.15, use 23.27 to show that the UMPU tests for Hcipt are 

< 

based on the distribution of 

which is a “ Student’s ” t with (n—k) degrees of freedom. 


23.20 In Example 23.16, show that there is a UMPU test of the hypothesis 

pi e? . 

23.21 For independent samples from two Poisson distributions with parameters 
p u f* t , show that there are UMPU tests for all four hypotheses considered in 2330-2 
concerning Px/Pt, and that the test of p x /p t = 1 consists of testing whether the sum of 
the observations is binomially distributed between the samples with equal probabilities. 

(Lehmann and SchefiK, 1955) 

23.22 For independent binomial distributions with parameters 9 lt 0 t , find the UMPU 
tests for all four hypotheses in 23.30-2 concerning the “ odds ratio ” 
and the UMPU tests for 0 t = 0„ 0 X < 0 t . 

(Lehmann and ScheffS, 1955) 

23.23 For the rectangular distribution 

dF = dx, 0-t«$*<0+i, 

the conditional distribution of the midrange M given the range R, and the marginal 
distribution of M, are given by the results of Exercises 14.12, 14.13 and 14.16. For 
testing H t : 0 = 0 O against the two-sided alternative H t : 0 # 0 O show that the “ equal- 
tails ” test based on M given R, when integrated over all values of R, gives uniformly less 
power than the “ equal-tails ” test based on the marginal distribution of M ; use the 
value a = 0*08 for convenience. 

(Welch, 1939) 



23.24 In Example 23.9, show that the UMPU test of H 0 : a = a 0 against H t : a # a t 
is of the form 

ft 

2 X{ 0g.y ^ 

<«1 

(Lehmann, 1947) 


23.25 For the distribution of Example 23.9, show that the UMP similar test of 
Ho: 0 = 0o against H t : 0 ^ 0 O is of the form 


xu)-0q 

X 


< 0, ^ f a . 


(Lehmann, 1947) 


23.26 For the rectangular distribution 

dF = dx/0> p < x < /i+0, 

show that the UMP similar test of H 0 : p = Po against H x : p ^ p 9 is of the form 

^ w, ^ Cg, 
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Cf. the simple hypothesis with 0 = 1, where it was seen in Exercise 22.8 that no UMP 
test exists. 

(Lehmann, 1947) 


23.27 If *x, are independent observations from the distribution 

dF » exp (- x / 6)x 9 ~ 1 dx, p > 0, 0 < * < CO, 

use Exercises 23.6 and 23.7 to show that a necessary and sufficient condition that a statistic 

N 

h(x u . . . , x„) be independent of S = 2 *< is that k(x l . x n ) be homogeneous of 

degree zero in 0. (Cf. refs, to Exercise 15.22.) 

23.28 From (23.113) and (23.114), show that if the first non-zero derivative of the 
power function is the mth, then 

JX»»>( W |0) = cov{[i-E(i)] m , c(w) } 

and 

{jXm)( w> |fl)}i i 

where p r is the rth central moment of s. In particular, 

23.29 From 23.35, show that to is a similar region for a hypothesis for which 0 is a 
nuisance parameter if and only if 

cov { 5 , c( to) ) = 0 

identically in 0. Cf. Exercises 23.3-4*. 


23.30 Generalize the argument of the last paragraph of Example 23.7 to show that 
for any distribution of form 


dF = 



dx 


admitting a complete sufficient statistic for a when p is known, there can be no similar 
critical region for H 0 : p *= p 0 against H x : p « p t with power independent of <r. 


23.31 For a normal distribution with mean and variance both equal to 0, show 
that for a single observation, x and x* are both sufficient for 0, x* being minimal. Hence 
it follows that single sufficiency does not imply minimal sufficiency. 



CHAPTER 24 


LIKELIHOOD RATIO TESTS AND THE 
GENERAL LINEAR HYPOTHESIS 


24.1 The ML method discussed in Chapter 18 is a constructive method of obtain¬ 
ing estimators which, under certain conditions, have desirable properties. A method 
of test construction closely allied to it is the Likelihood Ratio (LR) method, proposed 
by Neyman and Pearson (1928). It has played a similar role in the theory of tests 
to that of the ML method in the theory of estimation. 

As before, we have a LF 


£(*|0)« n /(*,|0), 


where 0 — (0 r , 0«) is a vector of r+j = k parameters (r 5 s 1, s > 0) and x may also 
be a vector. We wish to test the hypothesis 

0 , (24.1) 

which is composite unless s — 0, against 

Hi ! 0 r ^ B r o, 

i.e. we are concerned here with the two-sided of 23.31. We know that there is 
generally no UMP test in this situation, but that there may be a UMPU test. 

The LR method first requires us to find the ML estimators of (0 r , 0,), giving the 
unconditional maximum of the LF 


L(x |M.), (24.2) 

and also to find the ML estimators of 0„ when H 0 holds/*) giving the conditional 
maximum of the LF 

L(x\6 r J a ). (24.3) 

§, in (24.3) has been given a double circumflex to emphasize that it does not in general 
coincide with 0, in (24.2). Now consider the likelihood ratio(t) 


/ = 


L(x\O r J t ) 


(24.4) 


L(*|M.)‘ 

Since (24.4) is the ratio of a conditional maximum of the LF to its unconditional maxi¬ 
mum, we clearly have 


0 ^ ^ 1. (24.5) 

Intuitively, / is a reasonable test statistic for H 0 : it is the maximum likelihood under 


<*>When s = 0, H 0 being simple, no maximization process is needed, for L is uniquely 
determined. 

W The ratio is usually denoted by A, and the LR statistic is sometimes called “ the lambda 
criterion,” but we use the Roman letter in accordance with the convention that Greek symbols 
are reserved for parameters. 
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H t as a fraction of its largest possible value, and large values of l signify that H 0 is 
reasonably acceptable. The critical region for the test statistic is therefore 

/ < c«, (24.6) 

where c, is determined from the distribution g (/) of / to give a size-a test, i.e. 

- «• ( 24 - 7 ) 

24.2 For the LR method to be useful in the construction of similar tests, i.e. tests 
based on similar critical regions, the distribution of / should be free of nuisance para¬ 
meters, and it is a fact that for most statistical problems it is so. The next two examples 
illustrate the method in cases where it does and does not lead to a similar test. 


Example 24.1 

For the normal distribution 


we wish to test 
Here 


dF(x) = (2*o*)-*exp j—i (* 
H 0 • ^ = A* o- 


L(x\ft,o') = (2*o*)-l"exp J. 

Using Example 18.11, we have for the unconditional ML estimators 


H = x, 

a 2 = -S(x-x)* = s *, 
n 

so that 

L{x\fi i 6 v ) = (2ji r 1 ) - exp (— in). 

When H 0 holds, the ML estimator is (cf. Example 18.8) 

= **+(*-/.„)*, 

It 

so that 

L{x\pJF) = [2^{** + (*- i Mo) 2 }]" i "exp(-in). 
From (24.4), (24.8) and (24.9), we find 


/ = / * % V " 

V + (x-/i 0 ) a J 


or 


/2/h _ 


i 

t % * 

i+-- f 

n— 1 


(24.8) 


(24.9) 


where t is “ Student’s ” f-statistic with (n— 1) degrees of freedom. Thus / is a mono¬ 
tone decreasing function of f*. Hence we may use the known exact distribution of t* 
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as equivalent to that of /, rejecting the 100a per cent largest values of t*, which corres¬ 
pond to the 100a per cent smallest values of /. We thus obtain an “ equal-tails ” test 
based on the distribution of “ Student’s ” t, half of the critical region consisting of 
extreme positive values, and half of extreme negative values, of t. This is a very 
reasonable test: we have seen that it is UMPU for H 0 in Example 23.14. 


Example 24.2 

Consider again the problem of two means, extensively discussed in Chapters 21 
and 23. We have samples of sizes n lt n t from normal distributions with means and 
variances (jx t , cr|) and wish to test H 0 : ft x = /z„ which we may re-parametrize 

(cf. 23.2) esH 0 id = fii — n x — 0. We call the common unknown value of the means ft. 
We have 


= (2?t)- 1<Bi+ n,) trf "* ffj ' l *exp — l -** a /*-)}• 

The unconditional ML estimators are 


Hi — x lt — x t , <rf — $?» <*2 — 

so that 

£(*l/*i>/**^?.*i) = Jf "• $2 "* exp { — 2 («i + «*) }. 

When H 0 holds, the ML estimators are roots of the set of three equations 

n^Xi-fi) n,(* 2 -/z) _ 

" of' ^ u ’ 

°i = r % ( x u~m)* = *i+(*i-/0 2 »l > 

n u=i 

°2 = ~~ 2 (*«-/*)* = + 

n »j =l J 

When the solutions of (24.10) are substituted into the LF, we get 

= (2n:) “ 1( "‘ +n,) 6 1 >>l & £ exp + »»)}» 

and the likelihood ratio is 


( 24 . 10 ) 


/ 


„ (i iV‘ ( s A n ' = f .. * V"‘ / ... 4 . V"* 

\6j \dj 1 j ?+(* i - 4 ) 2 / 14 +(*»-/*)*/ 


(24.11) 


We need then only to determine fi to be able to use (24.11). Now by (24.10), we see 
that fi is a solution of a cubic equation in /z whose coefficients are functions of the n, 
and of the sums and sums of squares of the two sets of observations. We cannot 
therefore write down jx as an explicit function, though we can solve for it numerically 
in any given case. Its distribution is, in any case, not independent of the ratio of [ai, 
for (l is a function of both and if and / is therefore of the form 

l = £( 4 > 4)h(4,4)- 

Thus the LR method fails in this case to give us a similar test. 


24.3 If, as in Example 24.1, we find that the LR test statistic is a one-to-one 
function of some statistic whose distribution is either known exactly (as in that Example) 
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or can be found, there is no difficulty in constructing a valid test of H 0 , though we shall 
have shortly to consider what desirable properties LR tests as a class possess. How¬ 
ever, it frequently occurs that the LR method is not so convenient, when the test statistic 
is a more or less complicated function of the observations whose exact distribution 
cannot be obtained, as in Example 24.2. In such a case, we have to resort to approxi¬ 
mations to its distribution. 

Since l is distributed on the interval (0,1), we see that for any fixed constant c > 0, 
to — —2c log / will be distributed on the interval (0, oo). It is therefore natural to seek 
an approximation to its distribution by means of a variate, which is also on the 
interval (0, oo), adjusting c to make the approximation as close as possible. The 
inclination to use such an approximation is increased by the fact, to be proved in 24.7, 
that asn increases, the distribution of —2 log / when H 0 holds tends to a %* distribu¬ 
tion with r degrees of freedom. In fact, we shall be able to find the asymptotic distri¬ 
bution of —2 log / when H 1 holds also, but in order to do this we must introduce a 
generalization of the % 2 distribution. 


The non-central x 2 distribution 

24.4 We have seen in 16.2-3 that the sum of squares of n independent standardized 
normal variates is distributed in the x* form with n degrees of freedom, (16.1), and c.f. 
given by (16.3). We now consider the distribution of the statistic 

z = 2 x? 

<-i 

where the x t are still independent normal variates with unit variance, but where their 
means differ from zero and 

E(x { ) = fi it Xtf = X. (24.12) 

We write the joint distribution of the x t as 

dF °c exp {—| (x—p)' (x—p.)} FI dx u 

and make the orthogonal transformation to a new set of independent normal variates 
with variances unity, 

y = Bx. 

Since 

E(x) = p, 

0 = E(y) = Bp, 

so that 

0'0 = p'p = A, (24.13) 

since B'B = I. We now make the first (n— 1) components of 0 equal to zero. Then, 
by (24.13), 

61 = A. 


Thus 


z - x'x = y'y 
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is a sum of squares of n independent normal variates, the first (n— 1) of which are 
standardized, and the last of which has mean A* and variance 1. We write 

« = 2 yl, v = y* 

i-i 

and we know that u is distributed like x* with (n— 1) degrees of freedom. The distri¬ 
bution of y n is 

dF oc exp{-|(^ n -A»)*}dy„, 
so that the distribution of v is 

M»)dv oc ^j[exp{—$(»*—A*)*} + exp{—J (-c 1 —A 1 )*}] 

oc tHexp{-K» + A)} (24.14) 

The joint distribution of v and u is 

dG oc fi(v)f,(u)dvdu, (24.15) 

where /, is the x 2 distribution with (»— 1) degrees of freedom 

f t (u)du oc e~ iu u iln ~ 3) du. (24.16) 

We put (24.14) and (24.16) into (24.15) and make the transformation 

z = u + v,' 
u > 

w = -, 

u+vJ 


with Jacobian equal to z. We find for the joint distribution of z and u> 

dG(z,to) oc arK»- s )(1 — tv) _l £ ^^j(l - vifdmdz. 

We now integrate out tv over its range from 0 to 1, getting for the marginal distribution of s 
dH(z) oc «-»<*+*> *»<»-*> £ ^-.B{\{n-\),\+r}dz. (24.17) 

r -=0 * 

To obtain the constant in (24.17), we recall that it does not depend on A, and put 
A = 0. (24.17) should then reduce to (16.1), which is the ordinary x 2 distribution 
with n degrees of freedom. The non-constant factors agree, but whereas (16.1) has 

a constant term ^ (24.17) has B {\ (»-1), J } = T ^ We must 

therefore divide (24.17) by the factor 2 lB r{J(»—l)}r(£) and finally, writing v for », 
we have for any A 


dH(z) = 2 f-r{i(v-i)}r(i) r =o(27)l B ^ (v-1),i+r ^' 


(24.18) 


24.5 The distribution (24.18) is called the non-central x 2 distribution with v degrees 
of freedom and non-central parameter A, and sometimes written ^ ,4 (v,A). It was first 
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given by Fisher (1928a), and has been studied by Wishart (1932) and Patnaik (1949). 
Since its first two cumulants are (cf. Exercise 24.1) 


*i = v+X, \ 
«. = 2(v+2X)J 


(24.19) 


it can be approximated by a (central) % 2 distribution as follows. The first two cumu¬ 
lants of a x* with v* degrees of freedom are (putting X = 0, v — v* in (24.19)) 


= v*. * 2 = 2v*. (24.20) 

If we equate the first two cumulants of % 2 with those of p % 2 , where p is a constant 
to be determined, we have, from (24.19) and (24.20), 

v+X = pv* 'I 
2(v+2X) = 2p s v*J 


so that x'*/p is approximately a central x 2 variate with 

v + 2X X 

^ v + X v+X’ 


_ v+ J!_ 

* “ , Ol - v ’.. , Ol 1 


(24.21) 


>’* in general being fractional. 

Patnaik (1949) shows that this approximation to the d.f. of y ' 2 is adequate for many 
purposes, but he also gives better approximations obtained from Edgeworth series 
expansions. 

If v* is large, we may make the approximation simpler by approximating the x 2 
approximating distribution itself, for (cf. 16.6) (2^' 2 /p)* tends to normality with mean 
(2V*— 1)* and variance 1, while, more slowly, x' 2 /p becomes normal with mean v* and 
variance 2v*. 

If v —> oo, p —► 1 and v* — *■ v ; but if X —*• oo, p —> 2 and v* *** J2. 


24.6 We may now generalize our derivation of 24.4. Suppose that x is a vector 
of n multinormal variates with mean p. and dispersion matrix V. We can find an ortho¬ 
gonal transformation x = By which reduces the quadratic form x'V -1 x to the diagonal 
form y'B'V _1 By = y'Cy, the elements of the diagonal of C being the latent roots 
of V- 1 . If n—r of these are zero (»— r ^ 0), we essentially have a form in r variables y. 
To y'Cy we apply a further scaling transformation y = Dz, where the leading diagonal 
elements of the diagonal matrix D are the reciprocals of the square roots of the corre¬ 
sponding elements of C, so that D* = C -1 . Thus x'V _1 x = y Cy = z'z, and z is 
a vector of r independent normal variates with unit variances and mean vector 6 satis¬ 
fying (a = BD0. Thus X = 0'0 = |i' V -1 |i. We have now reduced our problem 
to that considered in 24.4. We see that the distribution of x' V -1 x, where x is a multi¬ 
normal vector with dispersion matrix V and mean vector (i is a non-central x 2 distri¬ 
bution with r degrees of freedom (r being the rank of V) and non-central parameter 
(x'V -1 |a. This generalizes the result of 15.10 for multinormal variates with zero means. 

Graybill and Marsaglia (1957) have generalized the theorems on the distribution of 
quadratic forms in normal variates, discussed in 15.10-21 and Exercises 15.13, 15.17, to 
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the case where s has mean p 0. Idempotency of a matrix is then a necessary and 
sufficient condition that its quadratic form is distributed in a non-central x* distribution, 
and all the theorems of Chapter 15 hold with this modification. 


The asymptotic distribution of the LR statistic 

24.7 We saw in 18.6 that under regularity conditions the ML estimator (tem¬ 
porarily written /) of a single parameter 6 attains the MVB asymptotically. It follows 
from 17.17 that the LF is asymptotically of the form 


or 


t cc exp { j£ (^) ((-»).}, 


(24.22) 


(24.23) 


showing that the LF reduces to the normal distribution of the “ asymptotically suffi¬ 


cient statistic t. 


For a ^-component vector of parameters 0, the matrix analogue of (24.22) is 




(24.24) 


where V -1 is defined by (cf. 18.26) 



When integrated, (24.24) gives the analogue of (24.23) 

l ccexpj-Kt-eyv-^t-e)}. ( 24 . 25 ) 

We saw in 18.26 that under regularity conditions the vector of ML estimators t is 
asymptotically multinormally distributed with the dispersion matrix V. Thus the LF 
reduces to the multinormal distribution of t. This result was rigorously proved by 
Wald (1943a). 

We may now easily establish the asymptotic distribution of the LR statistic / defined 
at (24.4). In virtue of (24.25), we may reduce the problem to considering the ratio 
of the maximum of the right-hand side of (24.25) given H 0 to its maximum given H x . 
When H t holds, the maximum of (24.25) is when 0 = 6 = t, so that every component 
of (t—0) is equal to zero and we have 

L(*|M») °c 1. (24.26) 

When H 0 holds, the s components of (t-0) corresponding to 0, will still be zero, for 
the maximum of (24.25) occurs when 0, — 8 ( — t,. (24.25) may now be written 

L(*|O ro ,0 s ) cc exp{- $ (t r -0 rO )' V r ‘ 1 (t,-0 ro )}, (24.27) 

the suffix r denoting that we are now confined to an r-dimensional distribution. Thus, 
from (24.26) and (24.27), 

' “ ~LU]d) = c * p <-5 


Thus 


-21og/=(t r -0 ro )'V->(t r -0 ro ). 
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Now we have seen that L is multinormal with dispersion matrix V r and mean vector 0 r . 
Thus, by the result of 24.6, —2 log / for a hypothesis imposing r constraints is asymp¬ 
totically distributed in the non-central %* distribution with r degrees of freedom and 
non-central parameter 

A = (e r -e r0 )'V r - 1 (9r-9 f0 ), (24.28) 

a result due to Wald (1943). When H 0 holds, A = 0 and this reduces to a central x 2 
distribution with r degrees of freedom, a result originally due to Wilks (1938a). A 
simple rigorous proof of the H 0 result is given by K. P. Roy (1957). It should be 
emphasized that these results only hold if the conditions for the asymptotic normality 
and efficiency of the ML estimators are satisfied. 

The asymptotic power of LR tests 

24.8 The result of 24.7 makes it possible to calculate the asymptotic power func¬ 
tion of the LR test in any case satisfying the conditions for that result to be valid. We 
have first to evaluate the matrix V f _1 , and then to evaluate the integral 

< 24 - 29) 

where x'l(. v > 0) is the 100(1 —a) per cent point of the central %* distribution. P is 
the power of the test, and its size when A = 0. 

Patnaik (1949) gives a table of P for a = 0-05, degrees of freedom 2 (1) 12 (2) 20 and 
A = 2 (2) 20. For 1 degree of freedom, we may use the normal d.f. to evaluate P as in 
Example 24.3 below. Fix (1949b) gives inverse tables of A for degrees of freedom 
1 (1)20(2)40(5)60(10)100, a = 0 05 and a = 0 01 and P (her P) = 0-1 (01) 0-9. 

If we use the approximation of 24.5 for the non-central distribution, (24.29) be¬ 
comes, using (24.21) with v = r, 



where x 2 ( r ) * s the central x 2 distribution with r degrees of freedom and xl( r ) its 
100(1—a) per cent point. Putting A = 0 in (24.30) gives the size of the test. 

The degrees of freedom in (24.30) are usually fractional, and interpolation in the 
tables of x 2 is necessary. 

From the fact that the non-central parameter A defined by (24.28) is, under the 
regularity conditions assumed, a quadratic form with the elements of V^ 1 as coefficients, 
it follows, since the variances and covariances are of the order n~ l , that A will have a 
factor n and hence that the power (24.29) tends to 1 as n increases. 

Example 24.3 

To test H 0 : a 1 = <xjj for the normal distribution of Example 24.1. The uncon¬ 
ditional ML estimators are as given there, so that (24.8) remains the unconditional 
maximum of the LF. Given our present H 0 , the ML estimator of p is (L — x (Example 
18.2). Thus 

L(*|/U) = (2^)->exp{—(24.31) 

Q 
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The ratio of (24.31) to (24.8) gives 

'-©""’[-'■{HI- 


so that 


* - e-'r-'" = 

n 


(24.32) 


where t = m 2 /^. z is a monotone function of /, but is not a monotone function of t/n, 
its derivative being 

dt tt\ n) 

so that z increases steadily for t < n to a maximum at / = n and then decreases steadily. 
Putting / < c a is therefore equivalent to putting 

t ^ o at t ^ b at 

where a a ,b a are determined, using (24.32), by 

P{< < <U+P{< £ b a } = a,| (24.33) 

Since the statistic t has a x* distribution with (n—1) d.f. when H 0 holds, we can use 
tables of that distribution to satisfy (24.33). 

Now consider the approximate distribution of 

Since E(t) — n— 1, vart = 2(n—1), we may write 
-21og/ = (/—»)—nlogj\ 

= (,-»)-. £(- lr -.(£r!)'/r 




(24.34) 


We have seen (16.6) that, as n —*• oo, a x* distribution with (»— 1) degrees of freedom 
is asymptotically normally distributed with mean (n—1) and variance 2(n— 1); or 
equivalently, that (/—n)/(2n)* tends to a standardized normal variate. Its square, 
the first term on the right of (24.34), is therefore a x 2 variate with 1 degree of freedom. 
This is precisely the distribution of —2 log / given by the general result of 24.7 when 
H 0 holds. This result also tells us that when H 0 is false, —2 log I has a non-central 
X 2 distribution with 1 degree of freedom and non-central parameter, by (24.28), 
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Thus the expression (24.30) for the approximate power of the LR test in this case, 
where r = 1, is 


P 



(24.35) 


For illustrative purposes we shall evaluate P for one value of A and of n conveniently 
chosen. Choose ^,(1) = 3-84 to give a test of size 0-05. Consider the alternative 
a 1 * of *B 1 -25 <Tq. We then have A = 0 02m, and we choose n = 50 to give A = 1. 
(24.35) is then 



and from the Biometrika Tables we find by simple interpolation between 1 and 2 degrees 
of freedom that P — 0T66 approximately. The exact power may be obtained from 
the normal d.f.: it is the power of an equal-tails size-* test against an alternative with 
mean A* =» 1 standard deviations distant from the mean on H 0 , i.e. the proportion of 
the alternative distribution lying outside the interval (—2*96, +0-96) standard devia¬ 
tions from its mean. The normal tables give the value P — 0*170. The approxima¬ 
tion to the power function is thus quite accurate enough. 


Closer approximations to the distribution of the LR statistic 

24.9 Confining ourselves now to the distribution of / when H 0 holds, we may 
seek closer approximations than the asymptotic result of 24.7. As indicated in 24.3, 
if we wish to find x 2 approximations to the distribution of a function of /, we can gain 
some flexibility by considering the distribution of to = — 2c log / and adjusting c to 
improve the approximation. 

The simplest way of doing this would be to find the expected value of to and adjust c 
so that 


E(to) = r, 

the expectation of a x 2 variate with r degrees of freedom. An approximation of this 
kind was first given by Bartlett (1937), and a general method for deriving the value 
of c has been given by Lawley (1956), who uses essentially the methods of 20.15 to 
investigate the moments of —2log/. If 

£<—21og/) = r(l +jj+o(I)}, (24.36) 

Lawley shows that by putting either 


or 



(24.37) 


we not only have 


*(«) - '+«(*). 
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which follows immediately from (24.36) and (24.37), but also that all the cumulants 
of to conform, to order n -1 , with those of a distribution with r degrees of freedom. 
The simple scaling correction which adjusts the means of to to the correct value is 
therefore an unequivocal improvement. 

If even closer approximations are required, they can be obtained in a large class of 
situations by methods due to Box (1949), who shows how to derive a function of —2 log l 
which is distributed in the variance-ratio distribution, and also derives an asymptotic 
expansion for its distribution function in terms of Incomplete Gamma-functions. 


Example 24.4 

k independent samples of sizes n t (i = 1,2. k ; n, 2) are taken from different 

normal populations with means fi { and variances of. To test 

H 9 : of = of = ... = of, 

a composite hypothesis imposing the r = k— 1 constraints 

_ £f _ _^*_1 

of - of *■' of * 

and having s — k+\ degrees of freedom. Call the common unknown value of the 
variances o*. 

The unconditional maximum of the LF is obtained, just as in Example 24.1, by 
putting 

fii = *0 


giving 


where 


<*f = -j- 

n t j =1 


L(x\fi lt <*?,..., of) = (2n)~ n/ ‘ 2 n^(rf) - "' /2 e~ H,2 t 

t 

n = 

i=l 


(24.38) 


Given H 0l the ML estimators of the means and the common variance o* are 

= *<» 

6* = l S «,rf = r*, 

# t=*i 

so that 

L{x\fi u ...,fl k ,6*) = (2 

From (24.4), (24.38) and (24.39), 


mi/2 


so that 


/= n - £ 

i-1 V* 


-2log/ = nlog(r a )— S »,log(jf). 

t=l 


(24.39) 

(24.40) 

(24.41) 


Now when H 0 holds, each of the statistics has a Gamma distribution with para- 



LIKELIHOOD RATIO TESTS 


235 


ns* 


meter § (n<— 1), and their sum has the same distribution with parameter 

ZCT 1 

k 

2 $(«,— !) = %(n—k). For a Gamma variate x with parameter p, we have 


£{log(«x)} 


l r 

r ( i>)Jc 


log(<uc)«-*Jc ,, - 1 d!3c 


log «+^ logr (/>). 


which, using Stirling’s series (3.63), becomes 

£{log(a*)} = loga+lpgp-i-^ 2 +0 


$ 


(24.42) 


Using (24.42) in (24.41), we have 

£{-21og/} - „{log(^)+!og{((»-*)}-^-3^+O(i)} 

" A- { log (^’) +logfi ‘»-K=U -3 <*- 1)> + ° (i?) } 


”{ 1 ° g ( 1 «) (»-*) 3(«-*)« +0 ( i »)} 

{ l0g (^l)" 3(»,-l )* +1 

+ * {<?. o^i)>“ f^} ] +0 (^)’ 


Q} 


(24.43) 


where we now write JV indifferently for and n. We could now improve the %* 
approximation, in accordance with (24.37), with the expression in square brackets in 

(24.43) as (A-l)?. 

Now consider Bartlett’s (1937) modification of the LR statistic (24.40) in which 
n t is replaced throughout by the “ degrees of freedom ” n t — 1 = v t , so that n is replaced 

by v = 2 (rtf— 1) ■» n—k. We write this 

<-i 

"AW- 


1 * 


where now 
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Thus 

—2 log/* = vlogr 2 — 2 v, log if. (24.44) 

We shall see in Example 24.6 that /* has the advantage over / that it gives an unbiassed 
test for any values of the n t . If we retrace the passage from (24.42) to (24.43), we 
find that 



£(-21og/.) = _.{i + 3 -L J+ o(i i )} + + 


(24.45) 


From (24.37) and (24.45) it follows that —2log/* defined at (24.44) should be divided 
by the scaling constant 

i 1 /v 1 l \ 

1+ 3(A-l)\ i “'iv, v) 

to give a closer approximation to a distribution with (k — 1) degrees of freedom. 


LR tests when the range depends upon the parameter 

24.10 The asymptotic distribution of the LR statistic, given in 24.7, depends 
essentially on the regularity conditions necessary to establish the asymptotic normality 
of ML estimators. We have seen in Example 18.5 that these conditions break down 
where the range of the parent distribution is a function of the parameter 0. What 
can be said about the distribution of the LR statistic in such cases ? It is a remarkable 
fact that, as Hogg (1956) showed, for certain hypotheses concerning such distributions 
the statistic —2 log / is distributed exactly as x 2 > hut with 2r degrees of freedom, i.e. 
twice as many as there are constraints imposed by the hypothesis. 

24.11 We first derive some preliminary results concerning rectangular distribu¬ 
tions. If k variables z { are independently distributed as 

dF = dz u 0 < Zt 1, (24.46) 

the distribution of 

t ( = -2 log z { 

is at once seen to be 

dG = \ exp (-£/<) dt h 0 < f, < oo, 

a x 2 distribution with 2 degrees of freedom, so that the sum of k such independent 
variates 

* k k 

t = S t ( — —2 2 log*,- = —21og II z t 

i=i i=i t=i 

has a x 2 distribution with 2k degrees of freedom. 

It follows from (14.1) that the distribution of v ( ,„), the largest among «, independent 
observations from a rectangular distribution on the interval (0,1), is 

dH = n ( y? n j l dy (ni) , 0 < y {n>) < 1, 


(24.47) 
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and hence that = z { is uniformly distributed as in (24.46). Hence for k inde- 

* 

pendent samples of size t — —2log II has a distribution with 2k degrees 

»-i 

of freedom. 

Now consider the distribution of the largest of the k largest values y (ni) . Since all 

k 

the observations are independent, this is simply the largest of n = S «, observations 

«-i 

from the original rectangular distribution. If we denote this largest value by y <n) the 

distribution of — 2 logjy^, will, by the argument above, be a distribution with 2 de¬ 
ft 

grees of freedom. We now show that the statistics y { „) and u = II y^/y^ are inde¬ 
pendently distributed. Introduce the parameter 0, so that the original rectangular 
distribution is on the interval (0,0). The joint frequency function of the y (nt ) then 
becomes, from (24.47), 

n fayfc'/o*} = i n 

(=l v jal 

By 17.40, y (n) is sufficient for 0, and by 23.12 its distribution is complete. Thus by 
Exercise 23.7 we need only observe that the distribution of u is free of the parameter 0 
to establish the result that u is distributed independently of the complete sufficient 
statistic y (n) . 

Since jy (N) and u are independent, y* n) and u are likewise. If we write ^(/) for the 

ft 

c.f. of —21og vS,,, for the c.f. of —21og II and <f>(t) for the c.f. of — 2log u, 

t-i 

we then have 

(-21og«) + (-21og^ ) ) = —2log n 

t=l 

and using our previous results concerning distributions, and the fact that the c.f. 
of a sum of independent variates is the product of their c.f.’s (cf. 7.18), we have 

*(*).(l-2*)-» = (1—21/)-*, 

whence 

Ut) = (l-2i/)-<*- 1 ), 


so that — 2 log u has a distribution with 2(^ — 1) degrees of freedom. 

Collecting our results finally, we have established that if we have k variates 

* 

independently distributed as in (24.47), then —2 log II has a x 1 distribution with 


2k degrees of freedom, while, if y (n) is the largest of the y ( „ t) , — 




has a % 4 distribution with 2{k— 1) degrees of freedom. 


24.12 We now consider in turn the two classes of situation in which a single 
sufficient statistic exists for 6 when the range is a function of 6, taking first the case 
when only one terminal (say the upper) depends on 6. We then have, from 17.40, the 
necessary form for the frequency function 

f(*|0) = g(x)/h(6), a < x < 0. 


(24.48) 
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Now suppose we have k(^ 1) separate populations of this form, f(x t \6 { ), and wish 
to test 

Hq ; flj = 0 1 = ... = Ojg = 6q, 

a simple hypothesis imposing k constraints, on the basis of samples of sizes n ( (t = 1,2, 
.. k). We now find the LR criterion for H 0 . The unconditional ML estimator of 
6 t is the largest observation (cf. Example 18.1). Thus 

.$*) - 1^ jBte(*«)/[A (*(«.,) ]*}• (24.49) 

Since H 0 is simple, the LF when it holds is determined and no ML estimator is neces¬ 
sary. We have 

L(x |0 O ,0„,... ,0.) - n 8 {g(x u ))mw- 

Hence the LR statistic is 


i_ L(x I ®Oi • * • A ) _ i ^ (*(<»)) ** 

- . A) ~ i 1 ! L m*o) J * 


( 24 . 50 ) 


When H 0 holds, y { = h (x (nt) )/h (0 O ) is the probability that an observation falls below 
or at x (nt ) and is itself a random variable with distribution obtained from that of x (m) as 


dF = niy?- l dy (t 0 < y { < 1, 
of the form (24.47). Thus, from the result of the last section, 

t 

-21og II vf* = -21og/ 

has a x* distribution with 2k degrees of freedom. 


24.13 We now investigate the composite hypothesis, for k ^ 2 populations, 


H o: = ... = Ok 

which imposes (k— 1) constraints, leaving the common value of 0 unspecified. The 
unconditional maximum of the LF is given by (24.49) as before. The maximum under 
our present H 0 is L (x | $,$, where $ is the ML estimator for the pooled samples, 

which is x (H) . Thus we have the LR statistic 


£(*i<. t) _ At*fe«)r* 

- L(x\i, .«,) - [/.(*<.,)]"' 


( 24 . 51 ) 


By writing this as 



where 0 is the common unspecified value of the 8 { , we see that in the notation of the 
last section, 


/ = 





so that by 24.11 we have that in this case —2 log / is distributed like %* with 2(k-\) 
degrees of freedom. 
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24.14 When both terminals of the range are functions of 0, we have from 17.41 
that if there is a single sufficient statistic for 0, then 

/(* | 0) = g(x)/h(e), 0 < * < b(d ), (24.52) 

where b (0) must be a monotone decreasing function of 6. For k > 1 such populations 
/(■r,| 0*), we again test the simple 

H 0 :0, = 0, = ... = 0* = 6 0 


on the basis of samples of sizes n { . The unconditional ML estimator of 6 { is the 
sufficient statistic 


t t = min{* (10 , A- 1 (* ( * () )}, 

where x (U ) t x lnt) are respectively the smallest and largest observations in the ith sample. 
When H 0 holds, the LF is specified by L (x 10 O ,..., 0 O ). Thus the LR statistic 


,L(x\0o . e 0 )_ * rMM]"* 

1 - L (*Wi . 6 k ) - LA(©o)J * 

Just as for (24.50), we see that 

/ - n 


(24.53) 


where the y t are distributed in the form (24.47), and hence —2 log / again has a %* 
distribution with 2k degrees of freedom. 

Similarly for the composite hypothesis with (k — l) constraints (k > 2) 

H 0 : 0 , = 0 , = — = 0 *, 


we find, just as in 24.13, that the LR statistic is 

where t = min {/,} is the combined ML estimator 6, so that by writing 

/= n mv/thm* 
i“.L*(wJ / U(o)J 

we again reduce / to the form required in 24.11 for —2 log / to be distributed like %* 
with 2{k — \) degrees of freedom. 


24.15 We have thus obtained exact %* distributions for two classes of hypotheses 
concerning distributions whose terminals depend upon the parameter being tested. 
Exercises 24.8 and 24.9 give further examples, one exact and one asymptotic, of LR 
tests for which —2 log / has a distribution with twice as many degrees of freedom 
as there are constraints imposed by the hypothesis tested. It will have been noted 
that these forms spring not from any tendency to multinormality on the part of 
the ML estimators, as did the limiting results of 24.7 for “ regular ” situations, but 
from the intimate connexion between the rectangular and distributions explored in 
24.11. One effect of this difference is that the power functions of the tests take a 
quite different form from that obtained by use of the non-central %* distribution in 
24.8. 
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Consider, for example, the simple H 9 of 24.12, where the LR statistic / is defined 
at (24.50), and the particular case k = 1. When H 0 does not hold, i.e. 6 X = 0* # 0 O , 
it will be the statistic^ = h (x (fli) )/A(0*) which is distributed in the form (24.47), and 


-2 log (tf*) 



which has a y' distribution with 2 degrees of 


freedom. Thus — 2 log / will have a “ displaced ” y* distribution with 2 degrees of free¬ 
dom, the displacement being y 0 = 2n x log [A (6 0 ) 'h (0 # ) ]. The logarithmic factor being 
fixed, as n x increases y 0 will be unbounded, so that, since the critical region consists 
of large values of —2log/, the power of the test will tend to unity as it should if 
h (0 O ) > h (0*). But note that if h (0 O ) < h (0*), y 0 will be negative, so that the con¬ 
tent of the critical region will be less when H 0 is false than w hen it is true, i.e. the test 
will be biassed, and badly so if h (0*) is much greater than h (0 O ) and n t is large. Similar 
considerations apply to the other hypotheses considered in 24.13-14, though the power 
functions for the composite hypotheses are not so tractable (cf. Exercise 24.10). 


The properties of LR tests 

24.16 So far, we have been concerned entirely with the problems of determining 
the distribution of the LR statistic, or a function of it. We now have to inquire into 
the properties of LR tests, in particular the question of their unbiassedness and whether 
they are optimum tests in any sense. First, however, we turn to consider a weaker 
property, that of consistency, which we now define for the first time. 

Test consistency 

24.17 A test of a hypothesis H 0 against a class of alternatives H 1 is said to be con¬ 
sistent if, when any member of holds, the probability of rejecting H 0 tends to 1 as 
sample size(s) tend to infinity. If to is the critical region, and x the sample point, we 
write this 

lim P{x e to | } = 1. (24.54) 

»—>■ X 

The idea of test consistency, which is a simple and natural one, was first introduced 
by Wald and Wolfowitz (1940). It seems perfectly reasonable to require that, as the 
number of observations increases, any test wrorth considering should reject a false 
hypothesis with increasing certainty, and in the limit with complete certainty. Test 
consistency is as intrinsically acceptable as is consistency in estimation (17.7), of which 
it is in one sense a generalization. For if a test concerning the value of 0 is based on 
a statistic which is a consistent estimator of 0, it is immediately obvious that the test 
will be consistent too. But an inconsistent estimator may still provide a consistent 
test. For example, if t tends in probability to aO, t will give a consistent test of hypo¬ 
theses about 0. In general, it is clear that it is sufficient for test consistency that the 
test statistic, when regarded as an estimator, should tend in probability to some one- 
to-one function of 0. 

Since the condition that a size-x test be unbiassed is (cf. (23.53)) that 

P{xetcl/7,} > x, 


(24.55) 
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it is clear from (24.54) and (24.55) that a consistent test is at least asymptotically un¬ 
biassed. However, an unbiassed test need not be consistent.!*) 


The consistency and unbiassedness of LR tests 

24.18 We saw in 18.10 and 18.22 that under a very generally satisfied condition, 
the ML estimator $ of a parameter-vector 6 is consistent, though in other circumstances 
it need not be. If we take it that we are dealing with a situation in which all the ML 
estimators are consistent, we see from the definition of the LR statistic at (24.4) that, 
as sample sizes increase, 


/• 


(24.56) 


L(x\Q r0 ,6.) 

L(x\e„e t y 

where 0 r ,6, are the true values of those parameters, and 0 ro is the hypothetical value 
of 0 f being tested. Thus, when H 0 holds, / —► 1 in probability, and the critical region 
(24.6) will therefore have its boundary c a approaching 1. When H 0 does not hold, 
the limiting value of / in (24.56) will be some constant k satisfying (cf. (18.20)) 


and thus we have 

and the LR test is consistent. 


0 < k < 1 
P{/<r a }— 1 


(24.57) 


In 24.8 we confirmed from the approximate power function that LR tests are con¬ 
sistent under regularity conditions, and in 24.15 we deduced consistency in another case, 
not covered by 24.8. Both of these examples are special cases of our present dis¬ 
cussion. 


24.19 When we turn to the question of unbiassedness, we recall the penultimate 
sentence of 24.17 which, coupled with the result of 24.18, ensures that most LR esti¬ 
mators are asymptotically unbiassed. Of itself, this is not very comforting (though 
it would be so if it could be shown under reasonable restrictions that the maximum 
extent of the bias is always small), for the criterion of unbiassedness in tests is intuitively 
attractive enough to impose itself as a necessity for all sample sizes. However, we have 
already had in 24.15 a LR test which was biassed: the following is another, more 
important, example. 

Example 24.5 

Consider again the hypothesis H 0 of Example 24.3. The LR test uses as its critical 
region the tails of the x»-i distribution of t = ns z /ol determined by (24.33). Now 
in Examples 23.12 and 23.14 we saw that the unbiassed (actually UMPU) test of H 0 
was determined from the distribution of t by the relations 

P{t^a a } + P{t>b lx } = *, 

a," ~ 1)/2 exp (— ajl) = b^txp{-bj2). 

Cf. the result in 17.9 that if a consistent estimator has a finite expectation in the limit, it 
is at least asymptotically an unbiassed estimator, but that an unbiassed estimator need not be 
consistent. 


(24.58) 
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It is clear on comparison of (24.58) with (24.33) that they would only give the same 
result if a a = b a , which cannot hold except in the trivial case a 9 —b a = 0,a = 1. In 
all other cases, the tests have different critical regions, the LR test having higher values 
of a a and b a than the unbiassed test, i.e. a larger fraction of a concentrated in the lower 
tail. It is easy to see that for alternative values of a* just larger than of, for which 
the distribution of t is slightly displaced towards higher values of t compared to its 
H 0 distribution, the probability content lost to the critical region of the LR test through 
its larger value of b a will exceed the gain due to the larger value of a a ; and thus the 
LR test will be biassed. 

It will be seen by reference to Example 23.12 that whereas the LR test has values 
of a„ b a too large for unbiassedness, the “ equal-tails ” test there discussed has a a , b t 
too small for unbiassedness. Thus the two more or less intuitively acceptable critical 
regions “ bracket ” the unbiassed critical region. 

If in (24.33) we replace n by it— 1, it becomes precisely equivalent to the unbiassed 
(24.58), confirming the general fact that the LR test loses its bias asymptotically. It is 
suggestive to trace this bias to its source. If, in constructing the LR statistic in Example 
24.3, we had adjusted the unconditional ML estimator of <r* to be unbiassed, s 2 would 


have been replaced by 



and the adjusted LR test would have been un¬ 


biassed : the estimation bias of the ML estimator lies behind the test bias of the LR 
test. 


Unbiassed tests for location and scale parameters 

24.20 Example 24.5 suggests that a good principle in constructing a LR test is 
to adjust all the ML estimators used in the process so that they arc unbiassed. A 
further confirmation of this principle is contained in Example 24.4, where we stated 
that the adjusted LR statistic l* gives an unbiassed test. We now prove this, develop¬ 
ing a method due to Pitman (1939b) for this purpose. 

If the hypothesis being tested concerns a set of k location parameters 0, 
(i = 1,2. k), we write the joint distribution of the variates as 

dF = / (#i — 0i, — 0*.a:*— 0 k ) dx x ... dx t . (24.59) 

We wish to test 

H o :0 t = 0 2 = ... = 0 k . (24.60) 

Any test statistic /, to be satisfactory intuitively, must satisfy the invariance condition 
t(*i,* 2 , •••»**•) = t(*i-A,* # -A,..., x k -X). (24.61) 

We may therefore without loss of generality take the common value of the 0 ( in (24.60) 
to be zero. We suppose that / > 0, and that w 0 , the size-a critical region based on 
the distribution of t, is defined by 

t < c a ; (24.62) 

if either of these statements were not true, we could transform to a function of t for 
which they were. 

Because of its invariance property (24.61), t must be constant in the ^-dimensional 
sample space W on any line L parallel to the equiangular vector V defined by 
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x k , and thus to 0 will lie outside a hypercylinder with axis parallel 
to V. When H 0 holds, the content of to 0 is its size 

® = f dF (*j, *ji • • •, **), (24.63) 

J «•, 

and when H 0 is not true the content of to 0 is its power 

1-/3= f dF(x 1 -0 1 ,x i —0 t . x k -0 k ) = f dF(x u x a ,... ,x k ), (24.64) 

J If # Jtfj 

where w 1 is derived from w 0 by translation in W without rotation. We define the 
integral, over any line L parallel to V, 

P(L) = J /(*i>*a. x k )dx. (24.65) 

Since variation in x is along any line L, and the aggregate of lines L is the whole of W, 
we have 


J P(L)dL = J{ f/dxJ dL = J ... f/dx k .. .dx k = 1. (24.66) 

We now determine to 0 as the aggregate of all lines L for which the statistic P(L) < some 
constant h. Then P(L) will exceed h on any L which is in w t but not in to 0 . Hence, 
from (24.63), (24.64) and (24.66), 

a « f dF^ [ dF = 1-/3, 

J IT, J W l 

so that the test is unbiassed. We therefore need only define the test statistic t so that 
at any point on a line L, parallel to V, it is equal to P(L). Now using the invariance 
property (24.61) with A = jc we have, conditionally upon L, 

t (r) | L = J* f(x i x, x 2 x ,..., x k x)dx t 

so that unconditionally we have for the test statistic 

t(x) = J|J^/(.v 1 -x,Xj- x ,... ,x k ~x)dx^dL 

and replacing jc by u, this is, on integration with respect to L, 

r oo 

t(x) = /(*!-«,*,-«. x k -u)du , (24.67) 

J —CO 


the unbiassed size-a region being defined by (24.62). It will be seen that the unbiassed 
test thus obtained is unique. An example of the use of (24.67) is given in Exercise 24.15. 


24.21 Turning now to tests concerning scale parameters, which are more to our 
present purpose, suppose that the joint distribution of k variates is 


- p (y^ y* M d y* d y* 

g \Kf, . 


where all the scale parameters if> t are positive. We make the transformation 

Xi = logi^l, 0, = log^ 


(24.68) 
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and find for the distribution of the x { 

dF = g { exp - 0J, exp (x* - 0,),... ,exp(**-0 fc )} 

exp( 2 (X (—©,))<&!.. ,dx k . (24.69) 

(24.69) is of the form (24.59) which we have already discussed. To test 

(24.70) 

is the same as to test H 0 of (24.60). The statistic (24.67) becomes 

t (*) = J £{ exp (x 1 — u), exp (x t —u), ..., exp (x k - u)} exp j - £ u| du, 

which when expressed in terms of the y { becomes 

POO 


24.22 Now consider the special case of k independently distributed Gamma vari¬ 


ates ^ with parameters m,-. Their joint distribution is 
To test H' 0 of (24.70), we use (24.71) and obtain 


!W -5,{fwH* exp (-A^) 


dv 


k k 

where m = Z On substituting u = 2 yt/v in (24.73), we find 

i-1 i-1 


t(y) 


m r r ( w ) i 7^ 

[n r(mDj (x yi y 


(24.72) 

(24.73) 


(24.74) 


We now neglect the constant factor in square brackets in (24.74). From the remainder, 
T t the maximum attainable value of t, occurs when yj^Lyi = m { /m, when 

t 

T = fl (24.75) 

We now write 

<* - -lo *(f) = ( 2+ - 76) 

t* will be unbiassed for H' 0 , and will range from 0 to oo, large values being rejected. 


Example 24.6 

We may now apply (24.76) to the problem of testing the equality of k normal vari¬ 
ances, discussed in Example 24.4. For each of the quantities Z(x,;—x,) 2 /(2<7 J ) is, 
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when H 0 holds, a Gamma variate with parameter l («<— 1). We thus have to substitute 
in (24.76) 

y< = 2 (*«-*,)* = 1 

= !(»<-!) - K i (24.77) 

m = 'Lm i = \{n—k) = Jv,j 

and we find for the unbiassed test statistic 

2f = vlog j —Sv,log(i?). (24.78) 

(24.78) is identical with (24.44), so that 2t* is simply —2log/* which we discussed 
there. Thus the /* test is unbiassed, as stated in Example 24.4. From this, it is fairly 
evident that the unadjusted LR test statistic / of (24.40), which employs another 
weighting system, cannot also be unbiassed in general. When all sample sizes are 
equal, the two tests are equivalent, as Exercise 24.7 shows. Even in the case k = 2, 
the unadjusted LR test is biassed when tt t n t : this is left to the reader to prove 
in Exercise 24.14. 


24.23 Before leaving the question of the unbiassedness of LR tests, it should be 
mentioned that Paulson (1941) investigated the bias of a number of LR tests for expon¬ 
ential distributions—some of his results are given in Exercises 24.16 and 24.18—and that 
Daly (1940) and Narain (1950) have shown a number of LR tests of independence in 
multinormal systems to be unbiassed: we shall refer to their results as we encounter 
these tests in Volume 3. 


Other properties of LR tests 

24.24 Apart from questions of consistency and unbiassedness, what can be said 
in general concerning the properties of LR tests ? In the first place, we know that 
ML estimators are functions of the sufficient statistics (cf. 18 . 4 ) so that the LR statistic 
(24.4) may be re-written 


' - ifJ, n + l) < 24 - 79 > 

where t, is the vector minimal sufficient for 0 , when H 0 holds and T r+ . is the statistic 
sufficient for all the parameters when H 0 does not hold. As we have seen in 17 . 38 , it 
is not true in general that the components of T r+ . include the components of /,—the 
sufficient statistic for 0, when H 0 holds may no longer form part of the sufficient set 
when H 0 does not hold, and even when it does may not then be separately sufficient 
for 0„ merely forming part of T r+ , which is sufficient for (0 r , 0,). Thus all that we 
can say of / is that it is some function of the two sets of sufficient statistics involved. 
There is, in general, no reason to suppose that it will be the right function of them. 

If there is a UMP test against all alternatives, we should expect the LR method 
to give it, but there does not seem to be any result to the effect that it will do so, even 
under restrictive conditions. However, the existence of a UMP test is rare, as we 
saw in 22 . 18 , even for a simple H 0 —the argument there carries over to the case of a 
composite H 0 —so the point is perhaps not very important. 
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If we are seeking a UMPU test, the LR method is handicapped by its own general 
biassedness, but we have seen that a simple bias adjustment will sometimes remove 
this difficulty. The adjustment takes the form of a “ reweighting ” of the test statistic 
by substituting unbiassed estimators for the ordinary ML estimators (Examples 24.4 
and 24.6, Example 24.5), or sometimes equivalently of an adjustment of the critical 
region of the statistic to which the LR method leads (Exercise 24.14). Exercise 24.16 
shows that two UMP tests derived in Exercises 23.25-26 for an exponential and a 
rectangular distribution are produced by the LR method, while the UMPU test for 
an exponential distribution given in Exercise 23.24 is not equivalent to the LR test, 
which is biassed. 

However, even UMPU tests are relatively rare, and the LR principle is an appealing 
one when there is no “ optimum ” test. It is of particular value in tests of linear 
hypotheses (which we shall discuss in the second part of this chapter) for which, in 
general, no UMPU test exists. But it is as well to be reminded of the possible falli¬ 
bility of the LR method in exceptional circumstances, and the following example, 
adapted from one due to C. Stein and given by Lehmann (1950), is a salutary warning 
against using the method without investigation of its properties in the particular situation 
concerned. 


Example 24.7 

A discrete random variable x is defined at the values 0, ±1, ±2, and the prob¬ 
abilities at these points given a hypothesis H x are: 


x : 0 ±1 +2 -2 ' 

P\H t : «(-££) (l-*)(y~) 


(24.80) 


The parameters 0 V 0„ are restricted by the inequalities 

0 ^ 0 2 ^ a <'], 0 < 0, < 1, 


where a is a known constant. We wish to test the simple 

Ho • — #» — 2 » 

H t being the general alternative (24.80), on the evidence of a single observation. The 
probabilities on H 0 are: 


*: 0 ±1 +2 - 2 \ 

P\H 0 : « 1 —a 3# 3a J 


(24.81) 


The LF is independent of 0, when x = 0, +1, and is maximized unconditionally by 
making 0 2 as small as possible, i.e. putting 0 X = 0. The LR statistic is therefore 

'•/wuV 1 -^ ”°' ±l - < 24 - 82 > 

When x = + 2 or — 2, the LF is maximized unconditionally by choosing 0 t respectively 
as large or as small as possible, i.e. 0 2 = 1,0, respectively; and by choosing 0 t as 
large as possible, i.e. 0, = a. The maximum value of the LF is therefore a and the 
LR statistic is 


/ = 1, x = ±2. 


(24.83) 
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Since a < £, it follows from (24.82) and (24.83) that the LR test consists of rejecting 
H 0 when * = ±2. From (24.81) this test is seen to be of size a. But from (24.80) 
its power is seen to be Q x exactly, so for any value of d x in 


0 < 0 X < a (24.84) 

the LR test will be biassed for all 0„ while for 0 X = a the test will have power equal 
to its size a for all 6 t . In this latter extreme case the test is useless, but in the former 
case it is worse than useless, for we can get a test of size and power a by using a table 
of random numbers as the basis for our decision concerning H 0 . Furthermore, a 
useful test exists, for if we reject H 0 when x =* 0, we still have a size-a test by (24.81) 


and its power, from (24.80), is a 



which exceeds a when (24.84) holds and 


equals a when 0 X — a. 

Apart from the fact that the random variable is discrete, the noteworthy feature of 
this cautionary example is that the range of one of the parameters is determined by a, 
the size of the test. 


The general linear hypothesis and its canonical form 

24.25 We are now in a position to discuss the problem of testing hypotheses in 
the general linear model of Chapter 19. As at (19.8), we write 

y = X p+e, (24.85) 

where the e f have zero means, equal variances a 3 and are uncorrelated. For the 
moment, we make no further assumptions about the form of their distribution. We 
take X' X to be non-singular : if it were not, we could make it so by augmentation, as 
in 19.13-16. 

Suppose that we wish to test the hypothesis 

H 0 : A(3 = c„, (24.86) 

where A is a (rxk) matrix and c 0 a (rx 1) vector, each of known constants. (24.86) 
imposes r(<£) constraints, which we take to be functionally independent, so that A 
is of rank r. H x is simply the negation of H 0 . When r — k, A' A is non-singular and 
(24.86) is equivalent to H 0 : (3 = (A' A) -1 A'c 0 . If A is the first r rows of the (n x k) 
matrix X, we also have a particularly direct H 0 , in which we are testing the means of 
the first r y { . 

Consider the (n x 1) vector 

z = C (X' X)- 1 X' y = C b, (24.87) 

where C is a (ttxk) matrix and b is the Least Squares (LS) estimator of (3 given at 
(19.12). Then, from (24.87) and (24.85), 

z = Cp + C(X , X)- 1 X'c, 

so that 

\l = E(z) = Cp % (24.88) 

and the dispersion matrix of z is, as in 19.6, 

V = ^(X'XJ-’C'. 


R 


(24.89) 
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Let us now choose C so that the components of z are all uncorrelated, i.e. so that 

V = <7*1. 

From (24.89), this requires that 

C(X'X)- 1 C' = I 

or, if C'C is non-singular, that 

C'C - X'X. (24.90) 

(24.90) is the condition that the z, be uncorrelated, and implies, with (24.87) and 
(24.88), that 

- «'X(X'X)-'X't - (X(b-«t'{X(b-p)}. (24.91) 


24.26 We now write 



where A is the (r x k) matrix in (24.86), D is a {(k — r) x k) matrix and F is a ((n— k) x k) 
matrix satisfying 

F(J = 0. (24.92) 


Since A is of rank r, we can choose D so that the (k x k) matrix 



is non-singular, 


and thus C is of rank k. C' C is then also of rank k, and hence non-singular as required 
above (24.90). 

From (24.88), we have 


p = E(z) = 



(24.93) 


Thus the means of the first r z ( are precisely the left-hand side of (24.86), so that H a 
is equivalent to testing 

H 0 : fi t = E (st) = c oh i = 1,2,..., r, (24.94) 

a composite hypothesis imposing r constraints upon the parameters. Since, by (24.92), 
the last (»— k) of the fx ( are zero, there are k non-zero parameters fi t , which together 
with < 7 * make up the total of (£+1) parameters. 


24.27 Thus we have reduced our problem to the following terms : we have a set 
of n mutually uncorrelated variates z ( with equal variances a*, (n — k) of the z t have 
zero means, and the others non-zero means. The hypothesis to be tested is that r of 
these k variates have specified means. This is called the canonical form of the 
general linear hypothesis. 

In order to make progress with the hypothesis-testing problem, we need to make 
assumptions about the distribution of the errors in the linear model (24.85): specifi¬ 
cally, we take each e t - to be normal and hence, since they are uncorrelated, independent. 
The z ( , being linear functions of them, will also be normally distributed and, being 
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uncorrelated, independently normally distributed. Their joint distribution therefore 
gives the LF 

L(*|p,o 2 ) = (2wor*)-"'-exp|- 2 ^-(z-p) , (z-ji)| 

= (2^ Or 2 ) “" /2 exp ^-^- 2 |(Zr-|Ar)'(2r-Pr) 

+ —(z^-r (24.95) 

where suffixes to vectors denote the number of components in the vector. Our hypo¬ 
thesis is 

H 0 : p, - c 0 * (24.96) 

and H x is its negation. 

We saw in Example 23.14 that if we have only one constraint (r = 1), there is 
a UMPU test of H 0 against H u as is otherwise obvious in our present application from 
the fact that we are then testing the mean of a single normal population with unknown 
variance: the UMPU test is, as we saw in Example 23.14, the ordinary “ equal-tails ” 
“ Student’s ” /-test for this hypothesis. 

Kolodzieczyk (1935), to whom the first general results concerning the linear hypo¬ 
thesis are due, demonstrated the impossibility of a UMP test with more than one 
constraint, and showed that there is a pair of one-sided UMP similar tests when r = 1 : 
these are the one-sided “ Student’s ” /-tests (cf. Example 23.7). We have just seen 
that there is a two-sided “ Student’s ” /-test which is UMPU for r = 1, but the critical 
region of this test is different according to which of the /i t is being tested : thus there 
is no common UMPU critical region for r > 1. 

Since there is no “ optimum ” test in any sense we have so far discussed, we are 
tempted to use the LR method to give an intuitively reasonable test. 


24.28 The derivation of the LR statistic is simple enough. The unconditional 
maximum of (24.95) is obtained by solving the set of equations 

= 0 | = 12 * 

_ - v, « — i, rt, 

O/l i 

dlo i L = ft 

The ML estimators thus obtained arc 

/if — Zf t i = 1,2,..., A,] 

1 " 

d* = - 2 zf , 

i 

whence 

(*-«'( «-W = 

Thus the unconditional maximum of the LF is 

L(z|M 2 ) = (2-rd 2 *) S zt\" \ (24.97) 
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When the hypothesis (24.96) holds, the ML estimators of the unspecified parameters 
are 

fit = z { , * = r+1, r+2, ... ,k,' 

= H 2 *f+ S (ar-c 0< )4, 

n U-i+i «'-i J J 

whence 

(*-£)'(*-A) = «* 2 > 

so that the conditional maximum of the LF is 


L(x\ C..M*) - (&«*.)-« - 
From (24.97) and (24.98) the LR statistic / is given by 

At 1 

/*/» — _ = __ 

d* 1 + IT 

where 

W = (z r -c 0 )'(z r - c 0 )/z' n _ * z„ _ * 


(24.98) 

(24.99) 


S (Zi-c oi ) z 


n 



<=*+1 


d a -d 2 


(24.100) 


It will be observed from above that n6\ no 2 are respectively the minima of 
(z—p)'(z—p) with respect to p under H 0 and H v By (24.91), these are the same 
as the minima of 

S= {X(b-0)}'{X(b—p)} 
with respect to The identity in (3 

T= c'c = (y-Xp)'(y-Xp) • (y-Xb)'(y-Xb) + 5 
is easily verified by direct expansion, and the term on its right 


R = (y-Xb)'(y-Xb) 

does not depend on (3. Minimization of S with respect to (3 is therefore equivalent 
to minimization of T. But the process of minimizing T for (3 is precisely the means 
by which we arrived at the Least Squares solution in 19.4. Thus the minimum value 
of T occurs with the minimum value of S. To obtain d 2 , d 2 in (24.100), therefore, 
we minimize c'c in the original model. 

Since / is a monotone decreasing function of W, the LR test is equivalent to rejecting 
H 0 when W is large. If we divide the numerator and denominator of W by a 2 , we 
see that when H 0 holds, W is the ratio of the sum of squares of r independent normal 
variates to an independent sum of squares of (n—At) such variates, i.e. is the ratio of 
two independent variates with r and (n—k) degrees of freedom. Thus, when H 0 

holds, F = ——W is distributed in the variance-ratio distribution (cf. 16.15) with 

(r,n—k) degrees of freedom and the LR test is carried out in terms of F, large values 
forming the critical region. 
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Many of the standard tests in statistics may be reduced to tests of a linear hypothesis, 
and we shall be encountering them frequently in later chapters. 

Example 24.8 

As a special case of particular importance, consider the hypothesis 

0 , 

where (3 r is a (r x 1) subvector of (3 in (24.85). We may therefore rewrite (24.85) as 

where X x is of order (nx r) and X a is of order (»x (k—r)). Then H 0 becomes equi¬ 
valent to specifying 

y = X t p*_ f +c. 

In accordance with 24.28, we find the minima ofT = e'c. Since we are here esti¬ 
mating all the parameters of a linear model both on H 0 and on H lt we may use the 
result of 19.9. We have at once that the minimum under H 0 is 

n6 2 = y'{I-X t (X^ XO^XiJy 

while under H x it is 

»<x 2 = y'{I—X(X'X) _1 X'}y 
where X = (X x X a ). The statistic 

is distributed in the variance-ratio distribution with ( r,n—k) degrees of freedom, the 
critical region for H 0 being the 100a per cent largest values of F. 

24.29 In 24.28 wc saw that the LR test is based on the statistic (24.100) which 
may be rewritten 

2 (Zi-CoiY/a 2 

W = - 1 

S zf/a* 

<-*+i 

Whether H 0 holds or not, the denominator of W is distributed like x* with (n—k) 
degrees of freedom. When H 0 holds, as we saw, the numerator is also a %* variate 
with r degrees of freedom, but when H 0 does not hold this is no longer so : in fact, 
the numerator will always be a non-central x 2 variate (cf. 24.4) with r degrees of freedom 
and non-central parameter 

A = S (c 0i - Mi )*/o* = (p r -c 0 )> r -c 0 )/cr*, (24.101) 

>-i 

where is the true mean of z { . Only when H 0 holds is X equal to zero, giving the 
central x 2 distribution of 24.28. Since we wish to investigate the distribution of W 
(or equivalently of F) when H 0 is not true, so that we can evaluate the power of the 
LR test, we are led to the study of the ratio of a non-central to a central x 2 variate. 
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The non-central F distribution 

24.30 Consider first the ratio of two variates z lt z t , distributed in the non-central 
X 2 form (24.18) with degrees of freedom v lt v t and non-central parameters X lt A, respec¬ 
tively. Using (11.74), the distribution of 

u = sjz t 

is given by 

"« - J." 2-^r7i (X- 

x 2">- rft (»,—i)>r<i) J„ (».- J ). i+'}>’*’• 

If we write A — Aj+A,, v — Vj+r*, and simplify, this becomes 

_ cL‘ ; ; « JL ra+f) r(j+i) 


w - 2,/s (2r) I (2,) 1 f (J) f(l»,+rjT (J) r (J»,+») 


«{i: 






(24.102) 


The integral in (24.102) is equal to r($r+r+ s) j • Thus 

dH(u\ - ,-i* 5 s ^ r (i+ r ) r (H*)2 ,+f 

W - * o ( 2r)!(2r)! Ba^+r.ir.+Oira)}* 




■G^ 


(24.103) 


Since 


r(i+r)r(J+r)2'+'_ 1 

(2r)!(2r)!{r ($)}* 2 r+ 'tls\’ 

(24.103) may finally be simplified to 




’ <fir 
B^vj+r.lvj+r)" 


(24.104) 


24.31 To obtain the distribution of a non-central x* variate divided by its degrees 
of freedom to a central x l variate similarly divided, we put 

F' - *l£i - v -*u, A, = 0, A x = A 
**/*« *1 


in (24.104). The result is 


(MW*' 


» r! Vv 

dG(n = r 


£ ' ! W _ ( F ') tri+r ~ 1 . dF 

/-oB(K+> , .i»’«+*) (x+riry**” 


(24.105) 


(24.105) is a generalization of the variance-ratio (F) distribution (16.24), to which it 
reduces when A = 0. It is called the non-central F distribution with degrees of free- 
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dom v 1( v 2 and non-central parameter A. We sometimes write it F'(v x , v 2 , A). Like 
(24.18), it was first discussed by Fisher (1928a), and it has been studied in a special 
context by Wishart (1932) and later by Tang (1938) and Patnaik (1949) among others. 


The power function of the LR test of the linear hypothesis 

24.32 It follows at once from 24.28-9 and 24.31 that the power function of the 
LR test of the general linear hypothesis is 

P= r dG{F'(y lt v 2t ?.)}, (24.106) 

J F 9 (r„ r„ 0) 

where F' a is the 100(1 —a) per cent point of the distribution, v x = r, v t = n — k, and 
A is defined at (24.101). 

Several tables and charts of P have been constructed: 

(1) Tang (1938) gives the complement of P (i.e. the Type II error) for test sizes a = 0-01, 

0 05 ; v x (his/j) = 1 (1)8 ; v, (his/») = 2(2)6(1)30,60, oo ; and 
4- (A/frr+1)}*- 1 (0-5)3 (1)8. 

(2) Lehmer (1944) gives inverse tables of 4 for « = 0-01, 0-05 ; *>, = 1 (1) 10, 12, 15, 20, 

24, 30, 40, 60, 80, 120, oo ; v* = 2(2)20, 24, 30, 40, 60, 80, 120, 240, oo ; and 
P (her p) = 0-7, 0-8. 

(3) E. S. Pearson and Hartley (1951) give eight charts of the power function, one for each 

value of v x from 1 to 8. Each chart shows the power for v t = 6 (1) 10, 12, 15, 20, 
30, 60, oo ; a = 0-01, 0-05 ; and 4 ranging from 1 (except when r x = 1, when <f> 
ranges from 2 for « = 0-01, 1 -2 for « = 0-05) to a value large enough for the power 
to be equal to at least 0-98. The table for v x = 1 is reproduced in the Biometrika 
Tables. 

(4) M. Fox (1956) gives inverse charts, one for each of the combinations of « = 0-01, 0-05, 

with power P (his (!) = 0-5, 0-7, 0-8, 0-9. Each chart shows, for 

r x = 3(1)10(2)20(20)100, 200, oo ; v t = 4(1)10(2)20(20)100, 200, oo, 
the contours of constant 4- He also gives a nomogram for each a to facilitate inter¬ 
polation in p. 

(5) A. J. Duncan (1957) gives two charts, one for a = 0-01 and one for « = 0-05. Each 

shows, for Vj = 6(1)10, 12, 15, 20(10)40, 60, oo, the values of v x (ranging from 
1 to 8) and <f> required to attain power P = 1 — p = 0-50 and 0-90. 


Approximation to the power function of the LR test 

24.33 As will be seen from the form of (24.105), the computation of the exact 
power function (24.106) is a laborious matter, and even now is far from complete. 
However, we may obtain a simple approximation to the power function in the manner 
of, and using the results of, our approximation to the non-central distribution in 
24.5. If z t is a non-central variate with v x degrees of freedom and non-central 


parameter A, we have from (24.21) that z x j is approximately a central x 2 


variate with degrees of freedom v* = (v x +A) 2 /(v x + 2A). Thus 



*i/(*i+A) 


is approximately a central x 2 variate divided by its degrees of freedom v*. Hence 



254 


THE ADVANCED THEORY OF STATISTICS 


zjv x is approximately a multiple (vi+A)/?! of such a variate. If we now define the 
non-central F'-variate 


e•/ *i/ 

**/*.’ 

where ar a is a central £ 2 variate with degrees of freedom, it follows at once that 
approximately 

F' = *-^F, (24.107) 


where F is a central F-variate with degrees of freedom v* — (*'i+A) 2 /(v 1 +2A) and v a . 

The simple approximation (24.107) is surprisingly effective. By making compari¬ 
sons with Tang's (1938) exact tables, Patnaik shows that the power function calculated 
by use of (24.107) is generally accurate to two significant figures; it will therefore 
suffice for all practical purposes. 

To calculate the power of the LR test of the linear hypothesis, we therefore replace 
(24.106) by the approximate central F-integral 


-i(^.< 24 - io8 » 


the size of the test being determined by putting A = 0. (»’i+A) 2 /(v 1 +2A) is generally 
fractional, and interpolation is necessary. Even the central F distribution, however, 
is not yet so very well tabulated as to make the accurate evaluation of (24.108) easy— 
see the list of tables in 16.19. 


The non-central t-distribution 

24.34 When v x = 1, the non-central F distribution (24.105) reduces to the non¬ 
central 2 s distribution, just as for the central distributions (cf. 16.15). If we trans¬ 
form from t 2 to t, we obtain the non-central 2-distribution, which we call the /'-distribu¬ 
tion. Evidently, from the derivation of non-central %* as the sum of non-central 
squared normal variates, we may write 

? = (z+d)/w*, (24.109) 

where a is a normal variate with zero mean and w is distributed like z 2 //with/degrees 
of freedom (we write / instead of v t in (24.105), and d* = A, in this case). Our dis¬ 
cussion of the F' distribution covers the t' 2 distribution, but the t' distribution has 
received special attention because of its importance in applications. 

Johnson and Welch (1939) studied the distribution and gave tables for finding 
100(1 —a) per cent points of the distribution of (' for a or 1 -a = 0-005, 0-01, 0*025, 
0-05, 0-1 (0-l)0-5, / = 4(1) 9, 16, 36, 144, ao, and any 8 ; and conversely for finding 8 
for given values of 

Resnikoff and Lieberman (1957) have given tables of the frequency function and the 
distribution function of /' to 4 d.p., at intervals of 0-05 for f//*, for / = 2 (1)24 (5)49, 
and for the values of 8 defined by 
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« = 0 001, 0 0025, 0 004,0 01, 0 025,0 04, 0 065, 010, 015, 0-25. They also give some 
percentage points of the distributions. 

24.35 A particular important application of the t' distribution is in evaluating the 
power of a “ Student’s ” /-test for which the critical region is in one tail only (the “ equal- 
tails ” case, of course, corresponds to the /'* distribution). The test is that 3 ■» 0 in 
(24.109), the critical region being determined from the central /-distribution. Its power 
is evidently just the integral of the non-central /-distribution over the critical region. It 
has been specially tabulated by Neyman et al. (1935), who give, for a = 0-05, 0-01, 
/ (their n) ■* 1(1) 30, oo and 6 (their p) — 1(1)10, tables and charts of the complement 
1 — P of the power of the test, together with the values of d for which P = 1 — a. Neyman 
and Tokarska (1936) give inverse tables of d for the same values of a and / and 
1-P « 0-05, 0-10 (0-10) 0-90. 

Optimum properties of the LR test of the general linear hypothesis 

24.36 We saw in 24.27 that, apart from the case r *■ 1, there is no UMPU test 
of the general linear hypothesis. Nevertheless, the LR test of that hypothesis has 
certain optimum properties which we now proceed to develop, making use of simplified 
proofs due to Wolfowitz (1949) and Lehmann (1950). 

In 24.28 we derived the ML estimators of the (k— r+1) unspecified parameters 
when H 0 holds. They are the components of 

* - (M*), 

which are defined above (24.98). When H 0 holds, the components of t are a set of 
(k—r+ 1) sufficient statistics for the unspecified parameters. By 23.10, their distribu¬ 
tion is complete. Thus, by 23.19, every similar size-a critical region to for H 0 will 
consist of a fraction a of every surface t = constant. Here every component of t is 
to be constant, and in particular the component 6*. Let 

nd‘ - S zt+ S (*,-c 0 i) 1 = <*, (24.110) 

<-*+i i-i 

where a is a constant. 

Now consider a fixed value of 2, defined at (24.101), say X — d* > 0. The power 
of any similar region on this surface will consist of the aggregate of its power on 
(24.110) for all a. For fixed a, the power on the surface X = d 1 is 

P(w\X,a) = f L(z| ji,<x 2 )dz, (24.111) 

J 

where L is the LF defined at (24.95). We may write this out fully as 

P(w\X,a) = (2*0*)-''«' 2 j^ ^ e xp|-A_[{(Z f - c o)-(|4r-Co)}'{(z r -C 0 )-(|4r-C 0 )} 

+ (z i ._ r -|x i _ r )'(z t _ r -p t _ r )+z;,_ t .z„ .*] jrfz. (24.112) 

Using (24.110) and (24.101), (24.112) becomes 

P(w\X,a) = (2 7 ra*)-K»-*+^exp|-^d*+^}exp{(z r -c 0 )> r -c 0 )}dz r , (24.113) 
the vector z t _ r having been integrated out over its whole range since its distribution 
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is free of A and independent of a. The only non-constant factor in (24.113). is the integral, 
which is to be maximized to obtain the critical region to with maximum P. The 
integral is over the surface A = d 2 or (p r —c 0 )'(p r —c„) = constant. It is clearly 

r 

a monotone increasing function of | z r —c„| i.e. of (z r -c 0 )'(z r -c 0 ) = L (*,—r 0 ,) 2 . 

1=1 

Now if S (z { — c 0 <) 8 * 8 maximized for fixed a in (24.110), W defined at (24.100) is 

i=*l 

also maximized. Thus for any fixed A and a, the maximum value of P{w | A, a) is 
attained when to consists of large values of W. Since this holds for each a, it holds 
when the restriction that a be fixed is removed. We have therefore established that 
on any surface A = d* > 0, the LR test, which consists of rejecting large values of W, 
has maximum power, a result due to Wald (1942). 

An immediate consequence is P. L. Hsu’s (1941) result, that the LR test is UMP 
among all tests whose power is a function of A only. 

Invariant tests 

24.37 In developing unbiassed tests for location parameters in 24.20, we found it 
quite natural to introduce the invariance condition (24.61) as a necessary condition 
which any acceptable test must satisfy. Similarly for scale parameters in 24.21, the 
logarithmic transformation from (24.68) to (24.69) requires implicitly that the test 
statistic t satisfies 

= t(cy lt cy t . cy„), c > 0. (24.114) 

Frequently, it is reasonable to restrict the class of tests considered to those which are 
invariant under transformations which leave the hypothesis to be tested invariant; 
if this is not done, e.g. in the problem of testing the equality of location (or scale) para¬ 
meters, it would mean that a change of origin (or unit) of measurement would affect 
the conclusions reached by the test. 

If we examine the canonical form of the general linear hypothesis in 24.27 from 
this point of view, we see at once that the problem is invariant under: 

(a) any orthogonal transformation of (z r — c 0 ) (this leaves (z r — c 0 )'(z r — c 0 ) un¬ 
changed) ; 

(b) any orthogonal transformation of z„_j. (this leaves z',_ t z H _ t unchanged); 

(c) the addition of any constant a to each component of z*_ r (the mean vector 
of which is arbitrary); 

(d) the multiplication of all the variables by c > 0 (which affects only the com¬ 
mon variance <r 2 ). 

It is easily seen that a statistic t is invariant under all the operations (a) to (d) if, and 
only if, it is a function of W = (z r —c 0 )'(z r —c 0 )/zi_*z„_* alone. Clearly if / is a 
function of W alone, its power function, like that of W, will depend only on A. By 
the last sentence of 24.36, therefore, the LR test, rejecting large values of W, is UMP 
among invariant tests of the general linear hypothesis. 
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EXERCISES 

24.1 Show that the c.f. of the non-central X s distribution (24.18) is 

4>(t) = (1 - 2i'r)~ r/ - exp 

giving cumulants x r = (v+rA)2 r_1 (r—1)!. In particular, 

x x = v+A, x t = 2(v+2A), 

= 8(v + 3A), x t = 48(v+4A). 

Hence show that the sum of two non-central % 1 variates is another such, with both degrees 
of freedom and non-central parameter equal to the sum of those of the component 
distributions, 

(Wishart, 1932; Tang, 1938) 

24.2 Show that if the non-central normal variates xt of 24,4 are subjected to k 
orthogonal linear constraints 

n 

aij xt — bj j = 1, 2, • • •, hy 

i— 1 

n n 

where 2 al =1,2 ay an = 0, j ^ /, 

i=i i-l 

then y = 2 x? — 2 

i-= 1 1 

has the non-central distribution with [n — k) degrees of freedom and non-central 

n t / n 

parameter A = 2 2 ( 2 aijfu 

i-i 

(Patnaik (1949). If the constraints are not orthogonal, the distribution 
is much more complicated. Its c.f. is given by Bateman (1949).) 

24.3 Show that for any fixed r, the first r moments of a non-central ^ distribution 
with fixed A tend, as degrees of freedom increase, to the corresponding moments of the 
central distribution with the same degrees of freedom. Hence show that, in testing a 
hypothesis H 0 distinguished from the alternative hypothesis by the value of a parameter 0, 
if the test statistic has a non-central x* distribution with degrees of freedom an increasing 
function of sample size n, and non-central parameter A a non-increasing function of n 
such that A = 0 when H 0 holds, then the test will become ineffective as n —^oo, i.e. its 
power will tend to its size a. 

24.4 Show that the LR statistic / defined by (24.40) for testing the equality of k 
normal variances has moments about zero 

, = * r{H(r+l)»<-!]> 

(Neyman and Pearson, 1931) 

24.5 For testing the hypothesis H 0 that k normal distributions are identical in mean 
and variance, show that the LR statistic is, for sample sizes m ^ 2, 
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where 

and 


*? ■» — S (*y—xi)*, * = - S ntxt 

TH jm*l ft fail 

4 «= - S «{r?+ (*-5)* }, 

n 


and that its moments about zero are 


nlmrUin-l)} * r«[(r + l)ni-l]} 
r {* [ (r + l)n - 1 ] } “i ftp'" r tt ON -1) } a 

(Neyman and Pearson, 1931) 


24.6 For testing the hypothesis H t that k normal distributions with the same variance 
have equal means, show that the LR statistic (with sample sizes m ^ 2) is 

U = UH 

where l and l 0 are as defined for Exercises 24.4 and 24.5, and that the exact distribution 
of z cs 1 — 4 a/ * when H t holds is 

dF oc *1<*- 3 >(1 -*)!<»-*-*)&, 0 < z < 1. 

Find the moments of / 8 and hence show that when the hypothesis H 0 of Exercise 24.5 holds, 
l and / t are independently distributed. 

(Neyman and Pearson, 1931) 


24.7 Show that when all the sample sizes nt are equal, the LR statistic l of (24.40) 
and its modified form /* of (24.44) are connected by the relation 

nlog/* = (n — A) log/, 

so that in this case the tests based on / and /* are equivalent. 


24.8 For samples from k distributions of form (24.48) or (24.52), show that if / is 
the LR statistic for testing the hypothesis 

588 m • • • — 0p t ; 0p t +i = 2 538 .. . = 0p,; ®p,+i = ... = 0p,; 

• • • » 0p r _i_j_i » ... = 0p r 

that the fall into r distinct groups (not necessarily of equal size) within which they are 
equal, then —2log/ is distributed exactly like % a with 2 (n — r) degrees of freedom. 

(Hogg, 1956) 


24.9 


In a sample of n observations from 



fi-0 < x ^ 


show that the LR statistic for testing H 0 : p =* 0 is 

' - (*=£“)’ - (£)" 

where z = max {—*(i), *(„)} ■ Using Exercise 23-7, show that l and z are independently 
distributed, so that we have the factorization of c.f’s 

£[exp {(—21ogR")tt}] = I? [exp {(-21og/)if }]2?[exp {[-21og(2z)"]it}]. 


(n— 1) 

Hence show that the c.f. of — 2log/ is * - so that, as n —► co, — 2 log/ 

ft — Zxt) — 1 

is distributed like x* with 2 degrees of freedom. 


(Hogg and Craig, 1956) 
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24.10 For the composite hypothesis of24.13 with k = 2, show that if 0 t = p6 t (p > 0), 
the statistic 

t _ _2ioff (*(*(«,)) (A (*(»,))}"• 

8 [max {/)"•/" h (*<„,>), p~”> /n h (*(„,)) } ] 

is distributed like x* with 2 degrees of freedom, reducing to the LR statistic (24.51) 
when psl. 

k 

24.11 k independent samples, of sizes n< > 2, 2 m — ft, are taken from exponential 

i-l 

populations 

dFi(x) * 0< < x < oo. 

Show that the LR statistic for testing 

H $ : fix = 0j = ... ■ 0*; ffj = a, = ... ■ a* 

is 

/ 0 = n df'/d" 

t-i 

where </< = £< — (* H ), the difference between the mean and smallest observation in the 
ith sample, and d is the same function of the combined samples, i.e. 

d = x — *(i). 

Show that the moments of Q /n are 

, ft'r(n-i) * r {(«<—i)+pm/«} 

** r(«+p-i) <L\ (m-i) ’ 

(P. V. Sukhatme, 1936) 


24.12 In Exercise 24.11, show that for testing 

iff » <Tj — (Tj = . . . — 

the 9t being unspecified, the LR statistic is 

n dT‘ 


GA-)" 


and that the moments of l\ ,n are 

, »*T(«-*) * r{(n,-l)+/«.,/«} 

** “ T(n—k+p) ,ii »p/*r(m-i) * 

(P. V. Sukhatme, 1936) 


24.13 In Exercise 24.11, show that if it is known that the <r< are all equal, the LR 
statistic for testing 

f/i! = 9j = ... = 0* 

is 

/. « / 0//1 

where l 0 and l x are defined in Exercises 24.11-12. Show that the exact distribution 
of l£ /n = u is 

dF = 1 L- 1 v«"-* _l (l -u)*-*du, 0 < tl 1, 

B(n —A, * — 1) 
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and hence, from the moments of u, deduce that when if 0 of Exercise 24.11 holds, l x and 
/ s are independently distributed. 

(P. V. Sukhatme, 1936) 

24.14 Show by comparison with the unbiassed test of Exercise 23.17 that the LR 
test for the hypothesis that two normal populations have equal variances is biassed for 
unequal sample sizes n u n v 

24.15 Show by using (24.67) that an unbiassed similar size-a test of the hypothesis 
H 0 that k independent observations Xi(i = 1, 2, ..., k) from normal populations with 
unit variance have equal means is given by the critical region 

* 

2 (Xi - x )* > c a , 

t«i 

where c a is the 100(1 — a) per cent point of the distribution of x* with (n — 1) degrees of 
freedom. Show that this is also the LR test. 

24.16 Show that the three test statistics of Exercises 23.24-26 are equivalent to the 
LR statistics in the situations given; that the critical region of the LR test in Exer¬ 
cise 23.24 is not the UMPU region and is in fact biassed ; but that in the other two 
Exercises the LR test coincides with the UMP similar test. 

24.17 Extending the results of 23.10-13, show that if a distribution is of form 

/(X I e u e t , 0*) . Q («)MW exp{S Bj (x) A, (0„ 0 4 .0*) }, 

j =3 

a (0ifit) ^ x < 6(0 lt 0*) 

(the terminals of the distribution depending only on the two parameters not entering into 

n 

the exponential term), the statistics = *(i), t t = *(„>, tj = 2 Bj(x{) are jointly 

i= 1 

sufficient for 6 in a sample of n observations, and that their distribution is complete. 

(Hogg and Craig, 1956) 


24.18 Using the result of Exercise 24.17, show that in independent samples of sizes 
n t , n t from two distributions 


dF = exp 


f (^<-0<) > l dxi 

l * 


<x > 0 ; xi ^ 0i ; t = 1, 2, 


the statistics 


*i = min {*«!)}, 

ar* = 2 Xi) + 2 Xtf, 
i-i i-i 


are sufficient for 0 t and 0, and complete. 

Show that the LR statistic for H 9 :0 1 = 0 t is 

z _ fa, - («i *i m + nt^2ci ) )V ,i+ " i 
\ **~(*i + **)*i J 


and that / is distributed independently of z u z t and hence of its denominator. Show 
that / gives an unbiassed test of H 0 . 


(Paulson, 1941) 
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24.19 Generalizing the result of Exercise 16.7, show that the d.f. of the non-central 
X* distribution (24.18) is given, for even v, by 

H(») - Prob{«—v > *»}, 

where u and v are independent Poisson variates with parameters i* and respectively. 

(Johnson, 1959a) 



CHAPTER 25 


THE COMPARISON OF TESTS 

25.1 In Chapters 22-24 we have been concerned with the problems of finding 
" optimum ” tests, i.e. of selecting the test with the “ best ” properties in a given 
situation, where “ best ” means the possession by the test of some desirable property 
such as being UMP, UMPU, etc. We have not so far considered the question of 
comparing two or more tests for a given situation with the aim of evaluating their 
relative efficiencies. Some investigation of this subject is necessary to permit us to 
evaluate the loss of efficiency incurred in using any other test than the optimum one. 
It may happen, for example, that a UMP test is only very slightly more powerful than 
another test, which is perhaps much simpler to compute; in such circumstances we 
might well decide to use the less efficient test in routine testing. Before we can decide 
an issue such as this, we must make some quantitative comparison between the tests. 

We discussed the analogous problem in the theory of estimation in 17.29, where 
we derived a measure of estimating efficiency. The reader will perhaps ask how it 
comes about that, whereas in the theory of estimation the measurement of efficiency 
was discussed almost as soon as the concept of efficiency had been defined, we have 
left over the question of measuring test efficiency to the end of our general discussion 
of the theory of tests. The answer is partly that the concept of test efficiency turns 
out to be more complicated than that of estimating efficiency, and therefore could not 
be so shortly treated. For the most part, however, we are simply following the histori¬ 
cal development of the subject: it was not until, from about 1935 onwards, the atten¬ 
tion of statisticians turned to the computationally simple tests to be discussed in 
Chapters 31 and 32 that the need arose to measure test efficiency. Even the idea 
of test consistency, which we encountered in 24.17, was not developed by Wald and 
Wolfowitz (1940) until nearly twenty years after the first definition of a consistent 
estimator by Fisher (1921a) ; only when “ inefficient ” tests became of practical interest 
was it necessary to investigate the weaker properties of tests. 

The comparison of power functions 

25.2 In testing a given hypothesis against a given alternative for fixed sample 
size, the simplest way of comparing two tests is by direct examination of their power 
functions. If sample size is at our disposal (e.g. in the planning of a series of observa¬ 
tions), it is natural to seek a definition of test efficiency of the same form as that used 
for estimating efficiency in 17.29. If an “ efficient ” test (i.e. the most powerful in 
the class considered) of size a requires to be based on n 1 observations to attain a cer¬ 
tain power, and a second size-a test requires n t observations to attain the same power 
against the same alternative, we may define the relative efficiency of the second test in 
attaining that power against that alternative as «j/n 2 . This measure is, as in the 
case of estimation, the reciprocal of the ratio of sample sizes required for a given per- 

262 
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formance, but it will be noticed that our definition of relative efficiency is not asymp¬ 
totic, and that it imposes no restriction upon the forms of the sampling distributions 
of the test statistics being compared. We can compare any two tests in this way 
because the power functions of the tests, from which the relative efficiency is calcu¬ 
lated, take comprehensive account of the distributions of the test statistics ; the power 
functions contain all the information relevant to our comparison. 

Asymptotic comparisons 

25.3 The concept of relative efficiency, although comprehensive, is not concise. 
Like the power functions on which it is based, it is a function of three arguments— 
the size a of the tests, the “ distance ” (in terms of some parameter 0) between the 
hypothesis tested and the alternative, and the sample size (rtj) required by the efficient 
test. Even if we may confine ourselves to a few typical values of a, a table of double 
entry is still required for the comparison of tests by this measure. It would be much 
more convenient if we could find a single summary measure of efficiency, and it is 
clear that we can only hope to achieve this by imposing some limiting process upon the 
relative efficiency. We have thus been brought back to the necessity for restriction 
to asymptotic results. 

25.4 The approach which first suggests itself is that we let sample sizes tend to 
infinity, as in 17.29, and take the limit of the relative efficiency as our measure of test 
efficiency. If we consider this suggestion we immediately encounter a difficulty. If 
the tests we are considering are both size-a consistent tests against the class of alterna¬ 
tive hypotheses in the problem (and henceforth we shall always assume this to be so), 
it follows by definition that the power function of each tends to 1 as sample size 
increases. If we compare the tests against some fixed alternative value of 0, it follows 
that the relative efficiency will always tend to 1 as sample size increases. The suggested 
measure of test efficiency is therefore quite useless. 

More generally, it is easy to see that consideration of the power functions of con¬ 
sistent tests asymptotically in n is of little value. For example, Wald (1941) defined 
an asymptotically most powerful test as one whose power function cannot be bettered 
as sample size tends to infinity, i.e. it is UMP asymptotically. The following example, 
due to Lehmann (1949), shows that one asymptotically UMP test may in fact be de¬ 
cidedly inferior to another such test, even asymptotically. 

Example 25.1 

Consider again the problem, discussed in Examples 22.1 and 22.2, of testing the 
mean 0 of a normal distribution with known variance, taken to be equal to 1. We 
wish to test H 0 :6 = 0 O against the one-sided alternative H l xd — > 0 O . In 22.17, 

we saw that a UMP test of H 0 against H x is given by the critical region x ^ 0 o + Aa/«*, 
and in Example 22.3 that its power function is 

P, = G{An*-A*} = l-G{A a -An*}, (25.1) 

where A = 0 X —0 O and the fixed value A, defines the size a of the test as at (22.16). 
s 
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We now construct a two-tailed size-oc test, rejecting H 0 when 
x > 0 o +A,,/« l or x < 

where Ag t and Ag,, functions of «, may be chosen arbitrarily subject to the condition 


otj + oct — a, which implies that A*, and both exceed A,.. (22.56) shows that the 
power function of this second test is 

P, m G{A«»-A ai }+G{-An*-A ai }, (25.2) 

and since G is always positive, it follows that 

P, > G{ An*-Ag,} = l-G{Ag,-A«*}. (25.3) 

Since the first test is UMP, we have, from (25.1) and (25.3), 

G{Ag,—An*}—G{A„-Ai**} > P^P, > 0. (25.4) 

It is easily seen that the difference between G{x} and G{y) for fixed (x—y) is maxi¬ 
mized when x and y are symmetrically placed about zero, i.e. when x = —y, i.e. that 

G{i(*~;y)}- G {-i(*-;y)} > G{x}-G{^}. (25.5) 

Applying (25.5) to (25.4), we have 

G{i(^-A a )}~G{-|(A at -A a )}>P 1 -P, ^0. (25.6) 

Thus if we choose A*, for each » so that 

lim /a, = Ag, (25./) 

»— 


the left-hand side of (25.6) will tend to zero, whence Pj-P* will tend to zero uniformly 
in A. The two-tailed test will therefore be asymptotically UMP. 

Now consider the ratio of Type II errors of the tests. From (25.1) and (25.2), 
we have 


(25.8) 


1 -Pt _ G{K-*n')-G{-h -An*} 

1-Pj G{Ag-A«*} ' '* 

As n l —► oo, numerator and denominator of (25.8) tend to zero. Using L’Hopital’s 
rule, we find, using a prime to denote differentiation with respect to n* and writing g 
for the normal f.f., 


lim 

ft loo 


1 -Pt 
l-Pi 


lim 

>-oo 


r(A;-A)*{A„-Ai!t} (A^+A)*{-Ag.-A,i»n 
L -A^{Ag-A«i} + -A^{Ag-AV} J- 


(25.9) 


Now (25.7) implies that ? Vt —► oo \v ; th », and therefore that the second term on the 
right of (25.9) tends to zero: (25.7) also implies that the first term on the right of 
(25.9) will tend to infinity if 


lim 

«->oo 


-A**} 

^{Ag-Aa*} 


lim 

n-> oo 

lim -^,exp{-J(«,-«)+A»>(^-«} 

n—>oo 


(25.10) 


does so. By (25.7), the first term in the exponent on the right of (25.10) tends to 
zero. If we put 

A,, = Ag+«- a , 0 < 6 < l (25.11) 

(25.7) is satisfied and (25.10) tends to infinity with n. Thus, although both tests are 
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asymptotically UMP, the ratio of Type II errors (25.8) tends to infinity with n. It is 
clear, therefore, that the criterion of being asymptotically UMP is not a very selective 
one. 


Asymptotic relative efficiency 

25.5 In order to obtain a useful asymptotic measure of test efficiency, therefore, 
we must consider a sequence of alternative hypotheses in which 0 approaches the value 
tested, 0 O , as n increases. This type of alternative was first investigated by Pitman 
(1948), whose work was generalized by Noether (1955). 

Let ti and t % be consistent test statistics for the hypothesis H o :0 = 0 O against the 
one-sided alternative H t : 0 > 0 O . We assume for the moment that t x and t a are 
asymptotically normally distributed whatever the value of 0—we shall relax this restric¬ 
tion in 25.14-15. 

For brevity, we shall write 


E^IHj) = E () , 
var (/, I Hj) = D%, 


- w D - 




> * = 1,2; y-0,1. 



Large-sample size-a tests are defined by the critical regions 

t{ > EiQ+X^DiQ (25.12) 

(the sign of /, being changed if necessary to make the region of this form), where X % 
is the normal deviate defined by G{— A*} = a, G being the standardized normal d.f. 
as before. Just as in Example 22.3, the asymptotic power function of f, is 

Pi{B) = G{[E n -{E i0 +KD i0 )]/D n }. (25.13) 

Writing u t (0, Aa) for the argument of G in (25.13), we expand (E {1 — E i0 ) in a Taylor 
series, obtaining 

u, (6. K) = [£!*■’ m - i. D„] j D,„ (25.14) 

where 0 O < 0J < 0 and is the first non-zero derivative at 0 O , i.e., m t is defined by 

£ i r, ( 0 o) = 0, r=l,2. m t - 1, 

£!-»*> ( 0 O ) / 0 . 

In order to define the alternative hypothesis, we assume that, as n —► oo, 

R ( = [E| m,) (0 o )/D (o ] - Ci iT*. (25.16) 

(25.16) defines the constants b t > 0 and c,. Now consider the sequences of alter¬ 
natives, approaching 0 O as n~> oo, 

6 = «„+^, (25.17) 


} 


(25.15) 


where k t is an arbitrary positive constant. 

Er ] (o) 


lim 


If the regularity conditions 

D (1 


£T*’(0o)" 1, «->« D i0 - 


(25.18) 
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are satisfied, (25.16), (25.17) and (25.18) reduce (25.14) to 

».(«.« - (25.19) 

tfli ! 

and the asymptotic powers of the tests are G{«<} from (25.13). 


25.6 If the two tests are to have equal power against the same sequence of alter¬ 
natives for any fixed «, we must have, from (25.17) and (25.19), 


^ i _ 


(25.20) 


and 


c 1 kp _ c s k$* 
m l ! m t \ ’ 


(25.21) 


where » x and n t are the sample sizes upon which / x and t t are based. 
(25.20) and (25.21) into 



We combine 
(25.22) 


The right-hand side of (25.22) is a positive constant. Thus if we let n lt n t —► oo, the 
ratio »|/» 2 will tend to a constant if and only if <5 X = <5,. If <5 t > d 2 , we must have 
njn t —► 0, while if <3 X < d 2 we have njn t —► oo. If we define the asymptotic relative 
efficiency (ARE) of t t compared to t x as 


we therefore have the result 


A tl = lim —, 

n t 


(25.23) 


A t i = 0, <3i > 6 V (25.24) 

Thus to compare two tests by the criterion of ARE, we first compare their values of d: 
if one has a smaller 6 than the other, it has ARE of zero compared to the other. The 
value of d plays the same role here as the order of magnitude of the variance plays in 
measuring efficiency of estimation (cf. 17.29). 

Wc may now confine ourselves to the case <5 X = d 2 = <5. (25.22) and (25.23) then 
give 


A tl = lim — = 

n t 


m t \ ) 


(25.25) 


If, in addition, 

m 1 = m t = m, 

(25.26) 

(25.25) reduces to 

<-GT 


which on using (25.16) becomes 



A* = 

i-» 

JT-W* (».)/»„/ 

(25.27) 
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(25.27) is simple to evaluate in most cases, and we shall be using it extensively in later 
chapters to evaluate the ARE of particular tests. Most commonly, d <* f (corres¬ 
ponding to an estimation variance of order a -1 ) and m — 1. No case where m > 2 
seems to be known. For an interpretation of the value of m, see 25.10 below. 

In passing, we may note that if m a # m lt (25.25) is indeterminate, depending as 
it does on the arbitrary constant k t . We therefore see that tests with equal values of 6 
do not have the same ARE against all sequences of alternatives (25.17) unless they also 
have equal values of m. We shall be commenting on the reasons for this in 25.10. 

25.7 If we wish to test H 0 against the two-sided H l :0 ^ 0 O , our results for the 
ARE are unaffected if we use “ equal-tails ” critical regions of the form 

t t > Eio+XfaDiQ or t t < E i0 -X ia D i0t 
for the asymptotic power functions (25.13) are replaced by 

0,(0) = C{«,(0,Aj a )}+l-G{«,(0,-2 la )}, (25.28) 

and Qi = Q % against the alternative (25.17) (where k t need no longer be positive) if 
(25.20) and (25.21) hold, as before. Konijn (1956) gives a more general treatment 
of two-sided tests, which need not necessarily be “ equal-tails ” tests. 


Example 25.2 

Let us compare the sample median x with the UMP sample mean x in testing 
the mean 0 of a normal distribution with known variance <x 2 . Both statistics are asymp¬ 
totically normally distributed. We know that 

£(£)*=» 0, D*(x|0) as a 2 /n 
and £ is a consistent estimator of 0, with 


E(x) = 0, D* (x 10) ~ n a 2 /(2n) 

(cf. Example 10.7). Thus we have 

2 ?'( 0 „) = 1 

for both tests, so that m x = w a = 1, while from (25.16), S x = 6, = J. Thus, from 
(25.27), 

ri/(jr<x*/2fi)n* _ 2 

1 /(<r 2 /n) { / ~ 7i ’ 




- lunf 1 

n—>■ ® V. 


This is precisely the result we obtained in Example 17.12 for the efficiency of x in 
estimating 0. We shall see in 25.13 that this is a special case of a general relationship 
between estimating efficiency and ARE for tests. 


ARE and the derivatives of the power functions 

25.8 The nature of the sequence of alternative hypotheses (25.17), which approaches 
0 O as n —► oo, makes it clear that the ARE is in some way related to the behaviour, 
near 0 O , of the power functions of the tests being compared. We shall make this rela¬ 
tionship more precise by showing that, under certain conditions, the ARE is a simple 
function of the ratio of derivatives of the power functions. 

We first treat the case of the one-sided H x discussed in 25.5-6, where the power 
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functions of the tests are asymptotically given by (25.13), which we write, as before, 


Pi(0) = (?{«,(*, JJ}. 

Differentiating with respect to 0, we have 

AM-*{*>*'(«.U 

where g is the normal frequency function. From (25.13) we find 
As n— ► oo, we find, using (25.18), and the further regularity conditions 


(25.29) 


(25.30) 


(25.31) 


lim = 1, 

a—>oo ^iO 


lim — = 1, 

a->oo "io 


that (25.31) becomes 


«((».*.) “ 


so that if ntf = 1 in (25.15) and if 


lim prL-, = 0, 

»->•*> "< (®o) 

(25.32) reduces at 0 O to 

uWM ~ E'i(0 o )/D io . (25.34) 

Since, from (25.13), 

^{«i(0o,^)}=g{-^}, (25.35) 

(25.30) becomes, on substituting (25.34) and (25.35), 

P;(0 O ) = P’{0M ~ g{-K}E[{0 o )/D i9 . (25.36) 

Remembering that m ( = 1, we therefore have from (25.36) and (25.27) 

lim « Ai lt m l = m a = 1, ' (25.37) 

«->oo r 1 \yo) 

so that the asymptotic ratio of the first derivatives of the power functions of the tests 
at 0 O is simply the ARE raised to the power 6 (commonly $). Thus if we were to use 
this ratio as a criterion of asymptotic efficiency of tests, we should get precisely the same 
results as by using the ARE. This criterion was, in fact, proposed (under the name 
“ asymptotic local efficiency ”) by Blomqvist (1950). 

25.9 If m,- > 1, i.c. £J(0 O ) = 0, (25.36) is zero to our order of approximation and 
the result of 25.8 is of no use. The differentiation process has to be taken further 
to yield useful results. 

From (25.30), we obtain 

«'(») = «]*+*{»,}<(*.«. (25.38) 

From (25.31), 

*<MJ - f [g;- 2 ^]. (25.39) 


(25.32) 


(25.33) 


m 1 =m t = 1, 


(25.34) 

(25.35) 


(25.36) 


(25.37) 
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If (25.18) holds with m< = 2 and also the regularity conditions below (25.31) and 

n •• 

lim = 1, 

«—> oo WO 


.. A, 

lim tv = 1, 
«->00 WO 


lim E' n = £;( 0 O ) = 0 , 

H—> 00 

(25.39) gives 

Instead of (25.33), we now assume the conditions 

AS 


lim p- = 1, 

1—>00 WO 


lim n// /A V 
«->» 


- 0 Um - W - 0 
“°’ „!l?l Ao# Vo) ~ °* 


(25.40) 

(25.41) 

(25.42) 


(25.42) reduces (25.41) to 

«"VM ~ E"(6 0 )/D i0 . (25.43) 

Returning now to (25.38), we see that since 

^ " ~ u,g{u,) • 

we have, using (25.32), (25.35) and (25.43) in (25.38), 

«•(».) ~ *{-*.>{*, t 25 - 44 ) 

Since we are considering the case m ( = 2 here, the term in E'i(0 o ) is zero, and from the 
second condition of (25.42), (25.44) may finally be written 

P”Vo) ~ g{~WVo)/Dio> (25.45) 

whence, with m = 2, (25.27) gives 

lim § 7 ^ = Af x (25.46) 

•-►OO r \ K°oJ 

for the limiting ratio of the second derivatives. 

(25.37) and (25.46) may be expressed concisely by the statement that for m = 1,2, 
the ratio of the rath derivatives of the power functions of one-sided tests is asymptotically 
equal to the ARE raised to the power md. 

If, instead of (25.33) and (25.42), we had imposed the stronger conditions 

lim Ao/Ao = 0, lim A'o/Ao - 0, (25.47) 

«->oo A—>00 


which with (25.16) imply (25.33) and (25.42), (25.34) and (25.43) would have followed 
from (25.32) and (25.41) as before. (25.47) may be easier to verify in particular cases. 


The interpretation of the value of m 

25.10 We now discuss the general conditions under which m will take the value 
1 or 2. Consider again the asymptotic power function (25.13) for a one-sided alter¬ 
native Hi: 0 > 9 0 and a one-tailed test (25.12). For brevity, we drop the suffix “ i ” 
in this section. If 6 — *■ 0 O , and D 1 —► D 0 by (25.18), it becomes 

p w = 

a monotone increasing function of (E 1 — E 0 ). 
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If (E 1 —E 0 ) is a non-decreasing function of (0—0 O ), P(0) — ► 0 as 0 —> — oo (which 
implies that the other “ tail ” of the distribution of the test statistic would be used as 
a critical region if 0 < 0 O ). If E' (0 O ) exists, it is non-zero and m => 1, and P' (0 O ) ^ 0 
also, by (25.36). 

If, on the other hand, (Ej— E 0 ) is an even function of (0—0 0 ), (which implies that 
the same “ tail ” would be used as critical region whatever the sign of (0—0 O ))» and 
an increasing function of 10 — 0 O |, and E' (0 O ) exists, it must under regularity conditions 
equal zero, and m > 1—in practice, we find m = 2. By (25.36), P' (0 O ) = 0 also to 
this order of approximation. 

We are now in a position to see why, as remarked at the end of 25.6, the ARE is 
not useful in comparing tests with differing values of m, which in practice are always 
1 and 2. For we are then comparing tests whose power functions behave essentially 
differently at 0 O , one having a regular minimum there and the other not. The indeter¬ 
minacy of (25.25) in such circumstances is not really surprising. It should be added 
that this indeterminacy is, at the time of writing, of purely theoretical interest, since 
no case seems to be known to which it applies. 


Example 25.3 

Consider the problem of testing H „: 0 = 0 O for a normal distribution with mean 0 
and variance 1. The pair of one-tailed tests based on the sample mean x are UMP 
(cf. 22.17), the upper or lower tail being selected according to whether is 0 > 0 
or 0 < 0. From Example 25.2, 6 = $ and m = 1 for x. 

We could also use as a test statistic 


s= Z(x t -o 0 y. 

*=i 


S has a non-central chi-squared distribution with n degrees of freedom and non¬ 
central parameter n(0 —0 O ) 2 , so that (cf. Exercise 24.1) 

E(S|0) = »{l+(0-0 o )*}, 


Z) 2 (S|0 o ) = 2n, 

and as n —► oo, S is asymptotically normally distributed. 
E'(0 o ) = 0, E” (0) = 2» = E" (0 O ), so that m = 2 and 


£"(0 0 ) = 2n 

D„ (2n)* 


( 2 »)'• 


We have E' (6) - 2»(S-0„), 


From (25.16), since m = 2, 6 = £. Since 6 = £ for x, the ARE of S compared to jc 
is zero by (25.24). The critical region for S consists of the upper tail, whatever the 
value of 0. 


25.11 We now turn to the case of the two-sided alternative H 1 :0 # 0 O . The 
power function of the “ equal-tails ” test is given asymptotically by (25.28). Its 
derivative at 0 O is 


Qi(o 0 ) = p;(0 o ,^)-p;(0 o ,-Aj a ), 


(25.48) 
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where P1 is given by (25.36) if m t = 1 and (25.33) or (25.47) holds. Since g{—A*} in 
(25.36) is an even function of 2 a , (25.48) immediately gives the asymptotic result 

QUO 0 ) - o 


so that the slope of the power function at 0„ is asymptotically zero. This result is also 
implied (under regularity conditions) by the remark in 24.17 concerning the asymptotic 
unbiassedness of consistent tests. 

The second derivative of the power function (25.28) is 

Q<(0o) = Pl'(0o,h*)-P<(0o-**)' (25.49) 

We have evaluated P<" at (25.44) where we had m { * 2. (25.44) still holds for m t = 1 
if we strengthen the first condition in (25.47) to 

DMo = o(0, (25.50) 


for then by (25.16) the second term on the right of (25.39) may be neglected and we 
obtain (25.44) as before. Substituted into (25.49), it gives 


and (25.50) reduces this to 

<?;'(0.) ~ 2^{-;«(5£>)\ 


(25.51) 


In this case, therefore, (25.27) and (25.51) give 

&'(«Lo) = A* 
QfiOo) 


(25.52) 


Thus for m = 1, the asymptotic ratio of second derivatives of the power functions of 
two-sided tests is exactly that given by (25.46) for one-sided tests when m = 2, and 
exactly the square of the one-sided test result for m = 1 at (25.37). 

The case m = 2 does not seem of much importance for two-tailed tests: the 
remarks in 25.10 suggest that where m = 2 a one-tailed test would often be used even 
against a two-sided H v 


Example 25.4 

Reverting to Example 25.2, we saw that both tests have 6 = |, m = 1 and E’(0 o ) = 1. 
Since the variance of each statistic is independent of 6, at least asymptotically, we see 
that (25.33) and (25.50) are satisfied and, the regularity conditions being satisfied, it 
follows from (25.37) that for one-sided tests 


P'UOo) 


n->oo Pt(Po) 



while for two-sided tests, from (25.52), 


>• QliOo) m A 


2 

71 ' 
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The maximum power loss and the ARE 

25.12 Although the ARE of tests essentially reflects their power properties in the 
neighbourhood of 0 O , it does have some implications for the asymptotic power function 
as a whole, at least for the case m — 1, to which we now confine ourselves. 

The power function P t (0) of a one-sided test is G { u ( (0)}, where «,(0), given at 
(25.14), is asymptotically equal, under regularity conditions (25.18), to 

“<(«) = (25.53) 

when m< = 1. Thus u t (0) is asymptotically linear in 0. If we write R t = £,• (0 O )/Z) |O 
as at (25.16), we may write the difference between two such power functions as 

d(6) = P 4 (0)—Pj(0) = G {(0 - 0 O ) /?, - A« } - G |(0 -d 0 )R 2 j, (25.54) 

where we assume R t > R x without loss of generality. Consider the behaviour of 
d{6) as a function of 0. When 0 = 0 O , d = 0, and again as 0 tends to infinity P x and P% 
both tend to 1 and d to zero. The maximum value of d (0) depends only on the ratio 
RJR t , for although R t appears in the right-hand side of (25.54) it is always the coeffi¬ 
cient of (0— 0 O )» which is being varied from 0 to oo, so that R t (d—6 0 ) also goes from 
0 to oo whatever the value of R t . We therefore write A = R t (0— 0 O ) in (25.54), 
obtaining 

(25.55) 

The first derivative of (25.55) with respect to A is 

rf-(A) - f {A-a,}-^{A?!-2.}, 
and if this is equated to zero, we have 



= exp{-}A*(l-|) + 2.A(l-|)}, (25.56) 

(25.56) is a quadratic equation in A, whose only positive root is 



This is the value at which (25.55) is maximized. Consider, for example, the case 
a = 0 05 (A, = 1-645) and R 1 /R i = 0-5. (25.57) gives 

A = 1-645+ {1-645*+6 log, 2)! = 2 . 85 
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(25.55) then gives, using tables of the normal d.f., 

P* = G{ 2*85 —1*64} =« G{1*21) = 0-89, 

P x = G{ 1-42-1-64} = G{—0-22} = 0-41. 

D. R. Cox and Stuart (1955) gave values of P t and P x at the point of maximum difference, 
obtained by the graphical equivalent of the above method, for a range of values of 
a and Ri/R t . Their table is reproduced below, our worked example above being one 
of the entries. 

Asymptotic powers of tests at the point of greatest difference 

(D. R. Cox and Stuart, 1955) 


a 

010 


005 


001 


0 001 


R, R, 

Pt 

P, 

Pi 

Pi 

Pi 

* 

* , 

Pi 

0*9 

67 ! 

73 

63 

71 

49 

60 

54 . 

67 

0*8 

61 1 

74 

56 i 

72 

49 , 

71 

43 | 

72 

0*7 

59 ! 

80 

51 1 

77 

42 , 

77 ! 


83 

0-6 

54 1 

84 

47 • 

84 

1 39 ' 

86 

! 29 

87 

0*5 

48 1 

88 

; 

89 

30 1 

90 1 

20 ! 

93 

0*3 

35 

96 

27 

96 

■ 14 ! 

97 

7 , 

99 


(Decimal points are omitted.) 

It will be seen from the table that as a decreases for fixed Ri/R t , the maximum differ¬ 
ence between the asymptotic power functions increases steadily—it can, in fact, be 
made as near to 1 as desired by taking a small enough. Similarly, for fixed a, the 
maximum difference increases steadily as Ri/R t falls. 

The practical consequence of the table is that if R\/R t is 0-9 or more, the loss of 
power along the whole course of the asymptotic power function will not exceed 0-08 
for a = 0-05, 0-11 for a = 0-01, and 0*13 for a = 0*001, the most commonly used 
test sizes. Since R x /R 2 is, from (25.36), the ratio of first derivatives of the power 
functions, we have from (25.37) that (i? 1 /i? 2 ) 1/# = A lit where <5 is commonly and 
thus the ARE needs to be (0*9)'’ for the statements above to be true. 


ARE and estimating efficiency 

25.13 There is a simple connexion between the ARE and estimating efficiency. 
If we have two consistent test statistics /, as before, we define functions /„ independent 
of n , such that the statistics 

Ti = /<(/<) (25.58) 

are consistent estimators of 0. If we write 


e =/.(r,), (25.59) 

it follows from (25.58) that since T t —*■ 0 in probability, /, —► r, and E (/,) if it exists 
also tends to r,. Expanding (25.58) by Taylor’s theorem about r f , we have, using 


(25.59), 


Ti 


0 + (*<-T<) 





(25.60) 
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where t ', intermediate in value between t { and r t , tends to r ( as n increases. 
(25.60) may be written 


T t —6 ~ (tf—Ti) 



whence 


Thus 


var T t ~ var t { 


/( 


BE(t ( )V 

dd ) 


(25.61) 


lim 

n->co 


(25.62) 


If 26 is the order of magnitude in n of the variances of the T it the estimating efficiency 
of T t compared to 7\ is, by (17.65) and (25.61), 

fvxTWW _ \{dE{t t )/MY/vzrt t V'W 

0™ Tj L {»(/,)/» }*/*« I J 

At 0 O , (25.62) is precisely equal to the ARE (25.27) when m { = 1. Thus the ARE 
essentially gives the relative estimating efficiencies of transformations of the test statis¬ 
tics which are consistent estimators of the parameter concerned. But this corre¬ 
spondence is essentially a local one: in 22.15 we saw that the connexion between 
estimating efficiency and power is not strong in general. 


Example 25.5 

The result we have just obtained explains the fact, noted in Example 25.2, that 
the ARE of the sample median, compared to the sample mean, in testing the mean of 
a normal distribution has exactly the same value as its estimating efficiency for that 
parameter. 

Non-normal cases 

25.14 From 25.5 onwards, we have confined ourselves to the case of asymptoti¬ 
cally normally distributed test statistics. However, examination of 25.5-7 will show 
that in deriving the ARE we made no specific use of the normality assumption. We 
were concerned to establish the conditions under which the arguments u, of the power 
functions G{i/<} in (25.19) would be equal against the sequence of alternatives (25.17). 
G played no role in the discussion other than of ensuring that the asymptotic power 
functions were of the same form, and we need only require that G is a regularly be¬ 
haved d.f. 

It follows that if two tests have asymptotic power functions of any two-parameter 
form G y only one of whose parameters is a function of 0, the results of 25.5-7 will hold, 
for (25.17) will fix this parameter and u, in (25.19) then determines the other. Given 
the form G, the critical region for one-tailed tests can always be put in the form (25.12), 
where A* is more generally interpreted as the multiple of D i0 required to make (25.12) 
a size-a critical region. 


25.15 The only important limiting distributions other than the normal are the 
non-central % 2 distributions whose properties were discussed in 24.4-5. Suppose that 
for the hypothesis H 0 :0 = 0 o we have two test statistics t t with such distributions, 
the degrees of freedom being v ( (independent of 0) and the non-central parameters 
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A, (6), where A«(0 O ) = 0, so that the % % distributions are central when H 0 holds. We 
have (cf. Exercise 24.1) 


** v i+h ( 0),'1 

1 % - 2 Vi . J 


(25.63) 


All the results of 25.5-6 for one-sided tests therefore hold for the comparison of 
test statistics distributed in the non-central x* f Qrm (central when H 0 holds) with 
degrees of freedom independent of 6. In particular, when = d, * 6 and m x ** m t =» m, 
(25.63) substituted into (25.27) gives 


A n — 


lim 

n—>oo 


'4 m WAiV /(ma) 


(25.64) 


A different derivation of this result is given by Hannan (1956). 


Other measures of test efficiency 

25.16 Although in later chapters we shall use only the relative efficiency and the 
ARE as measures of test efficiency, we conclude this chapter by discussing two alter¬ 
native methods which have been proposed. 

Walsh (1946) proposed the comparison of two tests for fixed size a by a measure 
which takes into account the performance of the tests for all alternative hypothesis 
values of the parameter 0. If the tests t { are based on sample sizes and have power 
functions Pi (0, n { ), the efficiency of t t compared to t x is njn x — e l% where 

j [P x {B t n x )-P t {B,n t )]d6 . 0. (25.65) 

Thus, given one of the sample sizes (say, n t ), we choose n x so that the algebraic sum of 
the areas between the power functions is zero, and measure efficiency by n 1 /« 1 . 

This measure removes the effect of 6 from the table of triple entry required to 
compare two power functions, and does so in a reasonable way. However, e lt is still 
a function of a and, more important, of n v Moreover, the calculation of n 1 /n i so that 
(25.65) is satisfied is inevitably tedious and probably accounts for the fact that this 
measure has rarely been used. As an asymptotic measure, however, it is equivalent 
to the use of the ARE, at least for asymptotically normally distributed test statistics 
with m t * 1 in (25.15). For we then have, as in 25.12, 

P<(6,n,) . G{(,6-0,)R,-K), 

where R, — Et(d„)/D it as at (25.16), and (25.65) then becomes 

J = 0. (25.66) 

Clearly, (25.66) holds asymptotically only when R x = R ti or, from (25.16), 

R t c t \n t J 

whence 



exactly as at (25.27) with m = 1. 
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25.17 Finally, we summarize a quite different approach to the problem of measur¬ 
ing asymptotic efficiency for tests, due to Chemoff (1952). For a variate * with moment¬ 
generating function M x {t) = E(e?*), we define 

m(a) = inf M,_„(/), (25.67) 

the absolute minimum value of the m.g.f. of (x—a). If E(x | H ( ) = /t t for simple 
hypotheses H 0 , H lt we further define 

p = inf max{m 0 (a),m l (a)}, (25.68) 

where the suffix to m, defined at (25.67), indicates the hypothesis. For a one-sided 
test of H 0 against H x based on a sum of n identically distributed x t , with size a and 
power 1-/5, Chemoff shows that if any linear function /(a,/5) of the probabilities of 
error a and /5 is minimized, its minimum value behaves as n — ► oo like p", where p is 
defined by (25.68). Consider two such tests t if based on samples of size n t . If they 
have equal minima for /(a,/5), we therefore have 

Umfi-1 

or 

Iim5l-j28£s. (25.69) 

n, log Pl 

Thus the right-hand side of (25.69) is a measure of the asymptotic efficiency of t x 
compared to t x . Its use is restricted to test statistics based on sums of independent 
observations, and the computation required may be considerable. 


EXERCISES 

25.1 The Sign Test for the hypothesis H 0 that a population median takes a specified 
value 0 O consists of counting the number of sample observations exceeding 0 Q and rejecting 
H q when this number is too large. Show that for a normal population this test has 
ARE 2/n compared to the “ Student’s ” £-test for H 0 , and connect this with the result 
of Example 25.2. 

(Cochran, 1937) 

25.2 Generalizing the result of Exercise 25.1, show that for any continuous frequency 
function / with variance a*, the ARE of the Sign Test compared to the f-test is 

4a*{/(0o)>*. 

(Pitman, 1948) 

25.3 The difference between the means of two normal populations with equal vari¬ 
ances is tested from two independent samples by comparing every observation 
in the second sample with every observation in the first sample, and counting the 
number of times a yj exceeds an xt. Show that the ARE of this 5-test compared to the 
two-sample 11 Student’s ” f-test is 3/n . 


(Pitman, 1948) 
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25.4 Generalizing Exercise 25.3, show that if any two continuous frequency functions 
/(*)>/(* — 0)* differ only by a location parameter 0, and have variance <x*, the ARE of the 
5-test compared to the t-test is 

(Pitman, 1948) 

25.5 If x is normally distributed with mean pi and variance of, given Hi (i *0,1; 
/i. < /i,), show that (25.68) has the value 

p = exp{—i [ 0<i ~^«)/( ff i+ Ot )]* }• 

(Chemoff, 1952) 

25.6 If x/<i( has a chi-squared distribution with r degrees of freedom, given 
Hi(i = 0, 1 ; Oo/°i — t < 1), show that p in (25.68) satisfies 

logp *= — ir(<)—1 — log 6) 

where 

<5 = (logr)/(T-l). 

(Chemoff, 1952) 

25.7 <i and t t are unbiassed estimators of 6, jointly normally distributed in large 
samples with variances a*, a*/e respectively (0 < e < 1). Using the results of 16.23 
and 17.29, show that 

E(*i|f») = 6(1 -e) + t*e, 

and hence that if t t is observed to differ from 0 by a multiple d of its standard deviation, 
we expect f, to differ from 0 by a multiple del of its standard deviation. 

(D. R. Cox, 1956) 

25.8 Using Exercise 25.7, show that if f t is used to test H 0 : 0 = 0 Of we may calculate 
the “ expected result ” of a test based on the more efficient statistic f i- In particular, 
show that if a one-tail test of size 0*01, using t t , rejects H a , we should expect a one-tail 
test of size 0-05, using to do so if e > 0-50 ; while if an “ equal-tails ” size-0 01 test 
on t t rejects H 0 , we should expect an “ equal-tails ” size-0-05 test on t x to do so if e > 0*58. 



CHAPTER 26 


STATISTICAL RELATIONSHIP: 

LINEAR REGRESSION AND CORRELATION 

26.1 For this and the next three chapters we shall be concerned with one or another 
aspect of the relationships between two or more variables. We have already, at various 
points in our exposition, discussed bivariate and multivariate distributions, their 
moments and cumulants ; in particular, we have discussed the properties of bivariate 
and multivariate normal distributions. However, a systematic discussion of the rela¬ 
tionships between variables was deferred until the theory of estimation and testing 
hypotheses had been explored. Even in this group of four chapters, we shall not be 
able to address ourselves to the whole problem, the more complicated distributional 
problems of three or more variables being deferred until we discuss Multivariate 
Analysis in Volume 3. 

26.2 Even so, the area which we are about to study is a very large one, and it will 
be helpful if we begin by reviewing it in a general way. 

Most of our work stems from an interest in the joint distribution of a pair of random 
variables: we may describe this as the problem of statistical relationship. There is 
a quite distinct field of interest concerning relationships of a strictly functional kind 
between variables, such as those of classical physics ; this subject is of statistical interest 
because the functionally related variables are subject to observational or instrumental 
errors. We call this the problem of functional relationship , and discuss it in Chapter 29 
below. Before we reach that chapter, we shall be concerned with the problem of 
statistical relationship alone, where the variables are not (except in degenerate cases) 
functionally related, although they may also be subject to observational or instrumental 
errors ; we regard them simply as members of a distributional complex. 

26.3 Within the field of statistical relationship there is a further useful distinc¬ 
tion to be made. We may be interested either in the interdependence between a number 
(not necessarily all) of our variables or in the dependence of one or more variables upon 
others. For example, we may be interested in whether there is a relationship between 
length of arm and length of leg in men ; put this way, it is a problem of interdependence. 
But if we are interested in using leg-length measurements to convey information about 
arm-length, we are considering the dependence of the latter upon the former. This 
is a case in which either interdependence or dependence may be of interest. On the 
other hand, there are situations when only dependence if of interest. The relationship 
of crop-yields and rainfall is an example in which non-statistical considerations make 
it clear that there is an essential asymmetry in the situation: we say, loosely, that 
rainfall “ causes ” crop-yield to vary, and we are quite certain that crops do not affect 
the rainfall, so we measure the dependence of yield upon rainfall. 
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There is no clear-cut distinction in statistical terminology for the techniques appro¬ 
priate to these essentially different types of problem. For example, we shall see in 
Chapter 27 that if we are interested in the interdependence of two variables with the 
effects of other variables eliminated, we use the method called “ partial correlation,” 
while if we are interested in the dependence of a single variable upon a group of others, 
we use “ multiple correlation.” Nevertheless, it is true in the main that the study 
of interdependence leads to the theory of correlation dealt with in Chapters 26-27, while 
the study of dependence leads to the theory of regression discussed in these chapters 
and in Chapter 28. 

26.4 Before proceeding to the exposition of the theory of correlation (largely 
developed around the beginning of this century by Karl Pearson and by Yule), which 
will occupy most of this chapter, we make one final general point. A statistical rela¬ 
tionship, however strong and however suggestive, can never establish a causal connexion : 
our ideas on causation must come from outside statistics, ultimately from some theory 
or other. Even in the simple example of crop-yield and rainfall discussed in 26.3, we 
had no statistical reason for dismissing the idea of dependence of rainfall upon crop- 
yield : the dismissal is based on quite different considerations. Even if rainfall and 
crop-yields were in perfect functional correspondence, we should not dream of reversing 
the “ obvious ” causal connexion. We need not enter into the philosophical implica¬ 
tions of this; for our purposes, we need only reiterate that statistical relationship, of 
whatever kind, cannot logically imply causation. 

G. B. Shaw made this point brilliantly in his Preface to The Doctor's Dilemma 
(1906): “ Even trained statisticians often fail to appreciate the extent to which statistics 
are vitiated by the unrecorded assumptions of their interpreters ... It is easy to 
prove that the wearing of tall hats and the carrying of umbrellas enlarges the chest, 
prolongs life, and confers comparative immunity from disease. ... A university 
degree, a daily bath, the owning of thirty pairs of trousers, a knowledge of Wagner’s 
music, a pew in church, anything, in short, that implies more means and better nur¬ 
ture . . . can be statistically palmed off as a magic-spell conferring all sorts of privi¬ 
leges. . . . The mathematician whose correlations would fill a Newton with 
admiration, may, in collecting and accepting data and drawing conclusions from them, 
fall into quite crude errors by just such popular oversights as I have been describing.” 

Although Shaw was on this occasion supporting a characteristically doubtful cause, 
his logic was valid. In the first flush of enthusiasm for correlation techniques, it was 
easy for early followers of Karl Pearson and Yule to be incautious. It was not until 
twenty years after Shaw wrote that Yule (1926) frightened statisticians by adducing 
cases of very high correlations which were obviously not causal: e.g. the annual suicide 
rate was highly correlated with the membership of the Church of England. Most of 
these “ nonsense ” correlation's operate through concomitant variation in time, and they 
had the salutary effect of bringing home to the statistician that causation cannot be 
deduced from any observed co-variation, however close. Now, more than thirty years 
later, the reaction has perhaps gone too far: correlation analysis is very unfashionable 
among statisticians. Yet there are large fields of application (the social sciences and 
psychology, for example) where patterns of causation are not yet sufficiently well 
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understood for correlation analysis to be replaced by more specifically “ structural " 
statistical methods, and also large areas of multivariate analysis where the computation of 
what is in effect a matrix of correlation coefficients is a necessary prelude to the detailed 
statistical analysis; on both these accounts, some study of the subject is necessary. 

26.5 In Chapter 1 (Tables 1.15,1.23 and 1.24) we gave a few examples of bivariate 
distributions arising in practice. Tables 26.1 and 26.2 give two further examples which 
will be used for illustrative purposes. 

Table 26.1—Distribution of weight and stature for 4,995 women in Great Britain, 1951 
Reproduced, by permission, from Women's Measurements and Sixes, London, H.M.S.O., 195* 


Weight (v): 
central value* 

i 


Suture (*): 

central values of groups in inches 




of groups, 
in pound* 

I 

54 

56 

58 

60 

62 

64 

66 

68 

70 

72 

74 

• Total 

278-5 

i 





1 






i i 

272-5 












i _ 

266-5 






1 






! 1 

260-5 







1 





1 

254-5 

1 











- 

248-5 





i 

1 






2 

242-5 







1 





1 

236-5 







1 





1 

230-5 





2 




1 



. 3 

224-5 





1 

2 

1 





1 4 

218-5 



1 


2 

1 


1 




i 5 

212-5 

i 



2 

1 

6 


1 

1 



1 11 

206-5 

l 



2 

2 

3 

2 


1 



10 

200-5 



4 

2 

6 

2 






14 

194-5 

i 



1 

3 

7 

7 

4 

1 



| 23 

188-5 



1 

5 

14 

8 

12 

3 

1 

2 


: 46 

182-5 



1 

7 

12 

26 

9 

5 


1 

2 

63 

176-5 



5 

8 

18 

21 

15 

11 

7 


2 

i 87 

170-5 



2 

11 

17 

44 

21 

13 

3 

1 


112 

164-5 


1 

3 

12 

35 

48 

30 

15 

5 

3 

1 

I 152 

158-5 



8 

17 

52 

42 

36 

21 

9 



185 

152-5 


1 

7 

30 

81 

71 

58 

21 

2 

2 

! 

273 

146-5 


2 

13 

36 

76 

91 

82 

36 

8 

1 


345 

140-5 


1 

6 

55 

101 

138 

89 

50 

8 



448 

134-5 ' 



15 

64 

95 

175 

122 

45 

5 



521 

128-5 


1 

19 

73 

155 

207 

101 

25 

3 



584 

122-5 


3 

34 

91 

168 

200 

81 

12 

1 

1 


591 

116-5 i 


3 

24 

108 

184 

184 

50 

8 




561 

110-5 


5 

33 

119 

165 

124 

22 

4 



i 

472 

104-5 , 

i 

3 

33 

87 

95 

35 

6 





260 

98-5 1 

2 

5 

29 

59 

45 

16 

3 





159 

92-5 


6 

10 

21 

9 







46 

86-5 


1 

5 

3 








9 

80-5 ' 

2 

1 

1 








i 

4 


5 33 254 813 1340 1454 750 275 56 11 4 1 4995 


Total 
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Table 26.2—Distribution of bust girth and stature for 4,995 women in Great Britain, 1951 
Data from same source as those of Table 26.1 


1 

Bust girth (?) 
central values 



Stature (*): 

central values of groups, 

, in inches 



I _ 

! Total 

i 

of groups, 
in inches 

54 

56 

58 

60 

62 

64 

66 

68 

70 

72 

74 

i 

56 





i 







i 

54 





i 

2 






3 

52 



i 


3 

4 

i 


i 



10 

50 



i 

3 

5 

4 

i 





i 14 

48 


i 

3 

9 

7 

6 

3 

i 




I 30 

46 



4 

11 

17 

17 

7 


i 



! 57 

44 


2 

11 

26 

50 

45 

17 

10 

i 



; 162 

42 


2 

11 

42 

85 

73 

31 

12 

3 

2 


i 261 

40 


2 

20 

76 

132 

131 

71 

31 

9 

4 

3 

i 479 

38 


2 

36 

98 

158 

203 

126 

65 

17 

3 

1 

1 709 

36 


6 

48 

188 

317 

410 

263 

89 

15 

1 


1 1337 

34 

i 

9 

67 

210 

376 

427 

196 

59 

8 



! 1353 

32 

3 

5 

39 

131 

163 

122 

31 

8 

1 

1 


! 504 

30 

1 

4 

11 

18 

25 

10 

2 





71 

28 



2 

1 



1 





! 4 

Total 

5 

33 

254 

813 

1340 

1454 

750 

275 

56 

11 

4 

1 4995 

i 


For the moment, we treat these data as populations, leaving aside the question of 
sampling until later in the chapter. 

Just as, for univariate distributions, we constructed summarizing constants such as 
the mean, variance, etc., we should like to summarize the relationship between the 
variables, and in particular their interdependence. Summarizing constants for a 
bivariate distribution arise naturally from the following considerations. 

We call the two variables x, y. For any given value of x, say X, the distribution 
of y is called a y-array. The y-array is, of course, the conditional distribution of y 
given that x = X. This conditional distribution has a mean which we write 

y x ~E(y\X), (26.1) 

which will be a function of X, and vary with it. Similarly, by considering the x-array 
for y = F, we have 

Xy = F(x| F). (26.2) 

(26.1) and (26.2) are called the regression curves (or, more shortly, the regressions) of 
y on * and of x on y respectively. 

Although we have done so here for explicitness, we shall not use a capital letter to 
denote the variable being held constant where the context makes the notation/? (y | x), 
E (x | y) clear. 

Figs. 26.1 and 26.2 show, for the data of Tables 26.1 and 26.2, the means of y-arrays 
(marked by crosses) and of x-arrays (marked by circles). Lines CC' and RR! have 
been drawn to fit the array-means as closely as possible for straight lines, in the sense 
of Least Squares—cf. 26.8. These diagrams summarize the properties of a bivari¬ 
ate distribution in the same way that a mean summarizes a univariate distribution. 
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Since these are grouped data, the only arrays for which we have information are those 
corresponding to the grouped values of x and y. Conventionally, the y-arrays are 
taken to refer to the central value of the x-group within which they are observed, and 
similarly for the x-arrays. 

We shall study regression in its own right in Chapter 28—here we are using the 
ideas of linear regression mainly as an introduction to a measure of interdependence, 
the coefficient of (product-moment) correlation, though we shall also take the oppor¬ 
tunity to complete our study of the bivariate normal distribution from the standpoint 
of regression and correlation. 

Covariance and regression 

26.6 It is natural to consider using as the basis of a measure of dependence the 
product-moment fi llt which we have encountered several times already in earlier chapters. 
,u u , which is known as the covariance of x and y, is defined for a discrete population by 

#i n 

flu = 'L(x i —fi x )(y i —fi y )/n = S #,y,/» -fi x fi„ (26.3) 

i —1 »=1 

where n is the number of pairs of values x, y, and fi x , fi„ are the means of x, y. For 
a continuous population defined by 

dF(x,y)=f(x,y)dxdy, (26.4) 

the corresponding expression is (cf. 3.27) 

/“a = |j 

- £{(*-/'.)(:>'-/*.)} - E(xy)-E(x)E(y). (26.5) 

If the variates x, y are independent, 

P it — = 0, (26.6) 

as we saw in Example 12.7. By that Example, too, the converse is not generally true : 
(26.6) does not generally imply independence, which requires 

k„ = 0 for all r x s ^ 0. (26.7) 

For a bivariate normal distribution, however, we know that k„ = 0 for all r+s > 2, 
so that k u is the only non-zero product-cumulant. Thus (26.6) implies (26.7) and 
independence for normal variables. It may also do so for other specified distributions, 
but it does not in general do so. Example 26.1 gives a non-normal distribution for 
which K n — 0 implies independence ; Example 26.2 gives one where it does not. 

Example 26.1 

If x and y are bivariate normally distributed standardized variables, the joint charac¬ 
teristic function of x 2 and y 2 is 

+ y 2 {l— 2(1— />*)*u}J \dxdy. 
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The integral is, by Exercise 1.5, equal to 

l-2(l-p*)*/ P -1 

n 2(1-p*) 

P l-2(l-p*)i« 

so that 

Mu) = (1 —p 8 ) 1 [{1 —2(1 —p*)* <}{ 1 —2(1 —p 8 )*m} — p*] - * 

- [(l-2t/)(l-2*tt)+4p*/tt] -i . 

We see that 

MO) = ( 1 - 21 /)-*, 

<f>(0,u) = (1-2/u)-*, 

so that the marginal distributions are chi-squares with one degree of freedom, as we 
know. By differentiating the logarithm of we find 

u = K = ra*log^ (/,«)] = 2 . 

11 La(*W«)-L=o p ‘ 

Now when p = 0, we see that 

a necessary and sufficient condition for independence of x * and y* by 4.16-17. Thus 
Pn — 0 implies independence in this case. 

Example 26.2 

Consider a bivariate distribution with uniform probability over a unit circle centred 
at the means of x and y. We have 

dF(x,y) = dxdy/jt, 0 < x*+y* < 1, 

whence 

Pu = J J xydF - 1J J xydxdy 

■*J*[JH* 

71 J J-(i-*•)■/» 

as is otherwise obvious. But clearly x and y are not independent, since the range of 
variation of each depends on the value of the other. 


Linear regression 

26.7 If the regression of x on y, defined at (26.2), is exactly linear, we have the 
equation 

£(*|y) = (26.8) 

in which we now determine a x and /?,. Taking expectations on both sides of (26.S) 
with respect to x, we find 


/'* = + Py 


(26.9) 
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If we subtract (26.9) from (26.8), multiply both sides by (y—/* y ) and take expectations 
again, we find 

-!**)} - PiE{(y-f**)*}> 

or 

Pi = (26.10) 

where of is the variance of y. Similarly, we obtain from (26.1) 

Pt - A*u/«J (26.11) 

for the coefficient in an exactly linear regression of y on *. (26.10) and (26.11) define 
the (linear) regression coefficients^*) of x on y (/? x ) and of y on x (/?,). Using (26.8), 
(26.9) and (26.10), we have 

E(x\y)-/i s = Pi(y-/iy) (26.12) 

and similarly 

E(y I *)“/*, = Pt{x-n.). (26.13) 

(26.12) and (26.13) are the linear regression equations. 

We have already encountered a case of exact linear regressions in our discussion 
of the bivariate normal distribution in 16.23. 

Example 26.3 

The regressions of * 2 and y 2 on each other in Example 26.1 are strictly linear. For, 
from 16.23, putting o l = o t *= 1 in (16.46), we have 

E(x\y) = py, 
var(jc|y) = 1— />*. 

Thus 

E(x*\y) ^ var(*|^)+{£(*|^)}* 

= l—p t + p*y*. 

To each value of y * there correspond values +y and —y which occur with equal prob¬ 
ability. Thus, since E{x 2 \y) is a function of y 2 only, 

E(**b 2 ) = i{*(*b)+*(* , |-y)} = E(x 2 \y) = 1 -p 2 +p*y', 
which we may rewrite, in the form (26.12), 

£(*‘b*)-i = 

and the regression of y 2 on x 2 is strictly linear. Similarly 

£(y 2 |x 2 )-l = p 2 (x 2 -l). 

Since we saw in Example 26.1 that — 2p 2 , and we know that the variances = 2, 
since these are chi-squared distributions with one degree of freedom, we may confirm 
from (26.10) and (26.11) that p 2 is the regression coefficient in each of the linear regres¬ 
sion equations. 

The notation P„ /?, is unconnected with the symbolism for skewness and kurtosis in 
3.31-2; they are unlikely to be confused, since they arise in different contexts. 
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Example 26.4 

In Example 26.2 it is easily seen that = E(^| jc) = 0, so that we have 

linear regressions here, too, the coefficients being zero. 

Example 26.5 

Consider the variables x and y* in Example 26.3. We saw there that the regression 
of y* is linear on x 2 , with coefficient p 2 , and it is therefore not linear on x when p / 0. 
However, since £ (x | y) = py we have 

£(*!>’) - H*(*M+*(*l-?)> = o. 

so that the regression of x on y* is linear with regression coefficient zero. 

Approximate linear regression: Least Squares 

26.8 Examples 26.3-5 give instances where one or both regressions are exactly 
linear. When the population is an observed and not a theoretical one, however (and 
a fortiori when we have to take sampling fluctuation into account), it is very rare to 
find an exactly linear regression. Nevertheless, as in Fig. 26.1, the regression may be 
near enough to the linear form for us to wish to use a linear regression as an approxima¬ 
tion. We are therefore led to the problem of “ fitting ” a straight line to the regression 
curve of y on x. 

When there are no sampling considerations involved, the choice of a method of 
fitting is essentially arbitrary, in exactly the same way that, from the point of view of 
the description of data, the choice between mean and median as a measure of location 
is arbitrary. If we are fitting the regression of y on x, it is clearly desirable that in 
some sense the deviations of the points (y , x) from the fitted line should be small if 
the line is to represent them adequately. We might consider choosing the line to mini¬ 
mize the sum of the absolute deviations of the points from the line, but this gives rise 
to the usual mathematical difficulties accompanying an expression involving a modulus 
sign. Just as these difficulties lead us to prefer the standard deviation to the mean 
deviation as a measure of dispersion, they lead us here to propose that the sum of squares 
of the deviations of the points should be minimized. 

We have still to determine how the deviations are to be taken : in the ^-direction, 
the ^-direction, or as “ normal ” deviations obtained by dropping a perpendicular 
from each point to the line. As we are considering the dependence of y on x, it seems 
natural to minimize the sum of squared deviations in the ^-direction. Thus we are 
led back to the Method of Least Squares : we choose the “ best-fitting ” regression 
line of y on x, 

y = a 2 + /9 jX, (26.14) 

so that the sum of squared deviations of the n observations from the fitted regression 
line, i.e. 

S = i {yi-fa+MY (26.15) 

i -1 

is minimized. The problem is to determine a 2 and /? 2 . We have already considered 
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a much more general form of this problem in 19.4. In the matrix notation we used 
there, (26.14) is 

y - (»:«)(?:) 

(nxl) (nx2) (2X1) 

where 1 is a (»x 1) vector of units. The solution is, from (19.12), 

(“;) - {(li*)'(lj*)}- 1 (lj*)'y 

/» 2x\->/2y \ 

\Xx 2*y \2 xy) 

_ 1 /2**2^—2*2*^\ 

” n2* 2 —(2*) 2 \ n'Lxy—'Lx'Ly )’ 

Thus 

o _ n'Lxy-'Lx'Ly /i lt 

Pi «2* 2 —(2*) 2 oV 


just as at (26.11) for the case of exact linearity of regression; while 

2* 2 2y —2*2*y . 

* 2 »2**—(2*) 2 

the equivalent of (26.9). Thus (26.14) becomes 

y-fiy = pi{x-fi x ), 

the analogue of (26.13). 

We have thus reached the conclusion that the calculation of an approximate regres¬ 
sion line by the Method of Least Squares gives results which are the same as the correct 
ones in the case of exact linearity of regression. 


The correlation coefficient 

26.9 In view of the result of 26.8, we now make our discussion cover the general 
case where regression is not exactly linear. The linear regression coefficients, (26.10) 
and (26.11), are generally the coefficients in approximate regression lines, though on 
occasions these lines may be exact. 

We now define the product-moment correlation coefficient p by 

P = j“n/(ffi<7i). (26.16) 

whence, from (26.10), (26.11) and (26.16), 

P* = (l (26.17) 

p is a symmetric function of * and y, as any coefficient of interdependence should be. 
Since it is a homogeneous function of moments about the means, it is invariant under 
changes of origin and scale, p has the same sign as and /? 2 , since all three have fin 
as numerator and a positive denominator; when fi n = 0, p = 0. From (26.17) we 
see that |p| is the geometric mean of |/?j| and |/? 2 |. 
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By the Cauchy-Schwarz inequality 

/* - { j j< {IIj j - ot«t 

so that 

0 < p* < 1, (26.18) 

the upper equality in (26.18) holding (cf. 2.7) if and only if (x—/n x ) and ( y—/t *) are 
strictly proportional, i.e. x and y are in strict linear functional relationship. Essen¬ 
tially, therefore, p is the covariance /i ix divided by a factor which ensures that p will 
lie in the interval ( — 1, +1). 

It may easily be shown that the angle between the two regression lines (26.12) and 
(26.13) is 

s = arctan {^(r f ')}' (26I9) 

so that as p varies over its range from — 1 to +1, 0 increases steadily from 0 to its 
maximum of \n when p = 0, and then decreases steadily to 0 again. Thus, if and only 
if x and y are in strict linear functional relationship, the two regression lines coincide 
( p 2 = 1). If and only if p = 0, when x and y are said to be uncorrelated, the regression 
lines are at right angles to each other. 

It may be shown that 

/>* = var(a* + /? 2 *)/<rf = var(a 1 + /? 1 ^)/of, (26.20) 

where “ var ” here means simply the calculated variance. The proof of (26.20) is left 
to the reader as Exercise 26.13. 

p as a coefficient of interdependence 

26.10 From 26.6 and Example 26.2 we see that while independence of x and y 
implies /i u = p = 0, the converse does not generally apply. It does apply for jointly 
normal variables, and sometimes for others (Example 26.1). In this lies the difficulty' 
of interpreting p as a coefficient of interdependence in general. In fact, we have seen 
that p is essentially a coefficient of linear interdependence, and more complex forms 
of interdependence lie outside its vocabulary. In general, the problem of joint varia¬ 
tion is too complex to be comprehended in a single coefficient. 

To express a quality, moreover, is not the same as to measure it. If p = 0 implies 
independence, we know from 26.9 that as | /> | increases, the interdependence also 
increases until when | /> | = 1 we have the limiting case of linear functional relation¬ 
ship. Even so, it remains an open question which function of /> should be used as a 
measure of interdependence : we see from (26.20) that p 2 is more directly interpretable 
than p itself, being the ratio of the variance of the fitted line to the overall variance. 
Leaving this point aside, p gives us a measure in such cases, though there may be better 
measures. On the other hand, if p = 0 does not imply independence, it is difficult to 
interpret p as a measure of interdependence, and perhaps wiser to use it as an indicator 
rather than as a precise measure. In practical work, we would recommend the use 
of p as a measure of interdependence only in cases of normal or near-normal variation. 
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Computation of coefficients 

26.11 From the definitions at (26.10), (26.11) and (26.16) we see that the linear 
regression coefficients and the correlation coefficient require for their computation the 
two variances and the covariance /* u . The calculation of variances was discussed in 
2.19 and Example 2.7. The covariance is calculated similarly, using the identity stated 
in (26.3), 

u n 

Pn = £ (*<-ft) (?<-fr)/» = Xxiyt/n-fitfi, 

For convenience, we often take arbitrary origins a, b, for x and y respectively. Then 

ft. - S (x-a)(y-b)/n- {S(*-a)>{S(>-*)}/*« (26.21) 

identically in a and b. In other words, pu is invariant under changes of origin, as it 
must be since it is a product-moment about the means. (26.21) holds if we put 
(.v—a) = {y—b), when it reduces to (2.21) for the calculation of variances. We usually 
also find it convenient to take an arbitrary unit u x for x and another arbitrary unit u v 
for y. It is easy to see that the effect of this is to divide by u x u v , <rf by uf, and 
al by u%. Thus p x is multiplied by a factor u ¥ /u x , /?, by a factor u x /u y , and p is quite 
unaffected by a change of scales. 

To summarize, p n , of and of are invariant under changes of origin, so p v /? 2 and p 
are. If different arbitrary scale factors are introduced, for computational purposes, 
P x and p t require adjustment by the appropriate ratio ; if the same scale factor is used 
for each variable, p x and p t are unaffected, p is unaffected by any scale change. 

Example 26.6. Computation of coefficients for grouped data 

For grouped data, such as those in Table 26.1, we choose the group-width of each 
variable as the working unit for that variable (if the groups of a variable are of unequal 
width, we usually take the smallest group width). We also choose a working origin 
for each variable somewhere near the mean, estimated by eye. Thus we take the 
.v-origin in Table 26.1 at 64, the centre of the modal frequency-group, the marginal 
distribution of x being near symmetry; the ^-origin is placed at 134-5, since the mean 
is likely to lie appreciably above the modal frequency group (122-5) for a very skew 
distribution like the marginal distribution of y. The group widths (2 and 6) are taken 
as working units. The sum of products, Sxy, is calculated by multiplying each 
frequency in turn by its “ co-ordinates ” in the table in the arbitrary units. Thus 
the extreme “ south-eastern ” entry in the table, the frequency 4, for which x = 68, 
y = 110-5, is multiplied by (+2)(—4) = —8, contributing —32 to the sum. We 
find 

YiX = —2,353, Ey = -1,400, 

2** = 9,508, = 70,802, 

Sxy — +8,805, 
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2353 

* = -4995 2 + 64 = 63 06, 

H, = _ ^00.6+ 134-5 = 132-82, 

. /9508 /2353\*'l - s ... 

. 170802 /1400\n . MAA 

^ = |w 5 -(4995J } x6 = 3 ° 746 ' 

= /? 805 ^_ 2353 ^_ 1400 nx2x6 


Mu 


\4995 


4995/ / 


+ 19-57, 


p = if.M. = 0-335, 

<Ti<T, 

/?! = M 11/02 = 0-0386, 

/». = /Wo? = 2-909. 

The (approximate) linear regression equations are: 

* on y: x— 63-06 = 0-0386 (_y—132-82) or 

x = 0-0386^+57-92, 

y on *: y- 132-82 = 2-909 (jc— 63-06) or 

y = 2-909*-50-65. 

These lines are drawn in on Fig. 26.1 (page 282). 


Example 26.7. Computation of coefficients for ungrouped data 

Table 26.3 shows the yields of wheat and of potatoes in 48 counties of England 
in 1936. For ungrouped data such as these, it is rarely worth taking an arbitrary- 
origin and unit for calculations. Using the natural origins and units, we find 


2* = 

758-0, 

/<* = 

15-792, 

fit 

= Mn/n 

- 0-612, 

II 

T A 

291-1, 

M» = 

6-065, 

P* 

= Mu/ a \ 

= 0-078, 

II 

*1 

H 

12,170-48, 

o\ = 

4-174, 

P 

= Mu/iPi 

*.) = 0-: 

Zy* = 

1,791-03, 

o| = 

0-534, 




2*y = 

4,612-64, 

Mu = 

0-327, 





The (approximate) linear regression equations are therefore : 

Regression of * on y : *—15-792 = 0-612 (y— 6-065) 

Regression of y on *: y— 6-065 = 0-078 (*—15-792) 

The data and the regression lines are shown diagrammatically in Fig. 26.3, one point 
corresponding to each pair of values ( x,y ). A diagram such as this, on which all points 
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Table 26.3—Yields of wheat and potatoes in 48 counties in England in 1936 


j Wheat Potatoes i 


County 1 

! 

(cwt 

per acre) 

X 

(tons 
per acre) 

Bedfordshire . 

16 0 

5-3 

Huntingdonshire 

16 0 

6-6 

Cambridgeshire .. .. 1 

16-4 

6-1 

Ely .j 

20-5 

5-5 

Suffolk, West .. .. .. 

18-2 

6-9 

Suffolk, East .! 

16-3 

6 1 

Essex .. .. .i 

17-7 

6-4 

Hertfordshire. 

IS-3 

6-3 

Middlesex.. 

165 

7-8 

Norfolk . 

16-9 

8-3 

Lines (Holland) 

21 *8 ; 

i 5-7 

„ (Kesteven) .. .. 

155 

6-2 

„ (Lindsey) 

1 15-8 

6-0 j 

Yorkshire (East Riding) .. 

| 16-1 

6-1 

Kent. 

| 18-5 

1 6-6 

Surrey . 

1 12-7 

4-8 ! 

Sussex, East . 

15-7 

4-9 1 

Sussex, West .. 

1 14-3 

5-1 i 

Berkshire .. 

1 13 -8 

! 5-5 | 

Hampshire . 

1 12-8 

! 6-7 : 

Isle of Wight 

' 12 0 

6-5 

Nottinghamshire 

15-6 

5-2 

Leicestershire. 

15-8 

5-2 ! 

Rutland . 

' 16-6 

7-1 


County 1 

1 

Wheat 

Al 

* 

Potatoes 
(tons 
per acre) 

y 

i 

Northamptonshire .. .. 

14-3 

4-9 

Peterborough .. .. .. 

14-4 

5-6 

Buckinghamshire .. .. 

15-2 

6-4 

Oxfordshire . 

14-1 

6-9 

Warwickshire. 

15-4 

5-6 

Shropshire .1 

16-5 

6-1 

Worcestershire .. .. i 

14-2 

5-7 

Gloucestershire .. .. 

13-2 

5-0 

Wiltshire. .. 

13-8 

6-5 

Herefordshire. 

14-4 

6-2 

Somersetshire .. .. .. I 

13-4 

1 5-2 

Dorsetshire . i 

11 -2 

1 6-6 

Devonshire . 

14-4 

1 5-8 

Cornwall . 

. 15-4 

1 6-3 

Northumberland .. .. 

1 18-5 

| 6-3 

Durham .. 

1 16-4 

, 5-8 

Yorkshire (North Riding) 

17 0 

1 59 

„ (West Riding) 

i 16-9 

1 6-5 

Cumberland . 

17-5 

; 5-8 

Westmorland .. 

1 15-8 

i 5-7 

Lancashire 

i 19-2 

i 7-2 

Cheshire .. 

! 17-7 

! 6-5 

Derbyshire 

i 15-2 

5-4 

Staffordshire .. 

■ 17-1 

6-3 



Fig. 263—Data of Table 26.3, with regression lines 
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are plotted, is called a scatter diagram : its use is strongly recommended, since it con¬ 
veys quickly and simply an idea of the adequacy of the fitted regression lines (not 
very good in our example). Indeed, a scatter diagram, plotted in advance of the 
analysis, will often make it clear whether the fitting of regression lines is worth while. 

Sample coefficients: standard errors 

26.12 We now turn to the consideration of sampling problems for correlation and 
regression coefficients. As usual, we observe the convention that a Roman letter 
(actually italic) represents a sample statistic, the Greek letter being the population 
equivalent. Thus we write 

61 = m n /4 = lz(x-x)(y-y) /lz(y-y)\ 

b t = m n /s ? = is(r-i)(y-y) /Is(*-*)*, l (26.22) 

ft [ft 

r = ** u /(m«) = ^2(r-x)(y-y)y f |i2(r-r) ! .ls(y-y)*|* 

for the sample regression coefficients and correlation coefficient, the summations now 
being over sample values. Just as for the population coefficients fi lt /J„ />, we may 
simplify these expressions for computational purposes to 

. _ Xxy-(?,x)('Ly)/n 
'Zy t -{'Zy) i /n ’ 

. = S xy-(Sx)(Sy)/« 

2 Z*’-(Z*)Y« ’ 

_ = _ Sxy-(Sx)( £>>)/» 

[{Sx*-(Sx)V»}{Sy-(Sy)Vn}]i- 
Just as before, we have —1 < r < +1. 

26.13 The standard errors of the coefficients (26.22) are easily obtained. In fact, 
we have already obtained the large-sample variance of r in Example 10.6, where we 
saw that it is, in general, an expression involving all the second-order and fourth-order 
moments of the population sampled. In the normal case, however, we found that it 
simplified to 

varr = (1 — p*) s /», (26.24) 

though (26.24) is of little value in practice since the distribution of r tends to nor¬ 
mality so slowly (cf. 16 . 29 ): it is unwise to use it for n < 500. The difficulty is of 
no practical importance, since, as we saw in 16 . 33 , the simple transformation of r, 

z = \ log = artanhr, (26.25) 

is for normal samples much more closely normally distributed with approximate mean 

£(*) = £ log (26.26) 


(26.23) 
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and variance approximately 

Var * “ 3’ 


(26.27) 


independent of p. For n > 50, the use of this standard error for s is adequate ; closer 
approximations are given in 16.33. 

For the sample regression coefficient of y on x, 

b t = m n /rf, 

the use of (10.17) gives, just as in Example 10.6 for r, 

var b - l * 1 n V f varw “ | var ( J i) 2 cov (»»!!, Ji)l 

\ °? / \ ^11 °1 / 

Substituting for the variances and covariance from (10.23) and (10.24), this becomes 

2/*sx\ 


var b t 


-im 


fjttiM* o 


(26.28) 


For a normal parent population, we substitute the relations of Example 3.17 and obtain 
var 6, = 




-~3(1-A 

n of 

Similarly, for the regression coefficient of x on y, 

var * x = 

ft Og 


°i t*i i°l) 


(26.29) 


(26.30) 


The expressions (26.29) and (26.30) are rather more useful for standard error purposes 
(when, of course, we substitute rf, rf and r for of, of and p in them) than (26.24), for 
we saw at 16.35 that the exact distribution of b t is symmetrical about : it is left to 
the reader as Exercise 26.9 to show from (16.86) that (26.29) is exact when multiplied 
by a factor n/(» —3), and that the distribution of b t tends to normality rapidly, its 
measure of kurtosis being of order 1/n. 


The estimation of p in normal samples 

26.14 The sampling theory of the bivariate normal distribution was developed in 
16.23-36: we may now discuss, in particular, the problem of estimating p from a 
sample, in the light of our results in the theory of estimation (Chapters 17-18). 

In 16.24 we saw in effect that the Likelihood Function is given by (16.52), which 
contains the observations only in the form of the five statistics ic, y, * 4, r. These 
are therefore a set of sufficient statistics for the five parameters /u lt fi t , of, of, p, and 
their distribution is complete by 23.10. Further, (16.52) makes it clear that even if 
all four other parameters are known, we still require this five-component sufficient 
statistic for p alone. 

In Chapter 18 we saw that the Maximum Likelihood estimator of p takes a different 
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form according to which, if any, other parameters are being simultaneously estimated: 
the ML estimator is always a function of the set of sufficient statistics, but it is a different 
function in different situations. When p alone is being estimated, the ML estimator 
is the root of a cubic equation (Example 18.3); when all five parameters are being 
estimated, the ML estimator is the sample correlation coefficient r (Example 18.14). 
In practice, the latter is by far the most common case, and we therefore now consider 
the estimation of p by r or functions of it. 

26.15 The exact distribution of r, which depends only upon p, is given by (16.61) or, 
more conveniently, by (16.66). Its mean value is given by the hypergeometric series 
(16.73). Expanding the gamma functions in (16.73) by Stirling’s series (3.64) and 
taking the two leading terms of the hypergeometric function, we find 

B(r)-Jl—(26.31) 

Thus r is a slightly biassed estimator of p when 0 # />* # 1. The bias is generally 
small, but it is interesting to inquire whether it can be removed. 

26.16 We may approach the problem in two ways. First, we may ask : is there 
a function g(r) such that 

E{g(r)} = g{f) (26.32) 

holds identically in p ? Hotelling (1953) showed that if g is not dependent on n, g (r) 
could only be a linear function of arc sin r, and Harley (1956-7) showed that in fact 

2?(arc sin r) = arc sin p, (26.33) 

a simple proof of Harley’s result being given by Daniels and Kendall (1958). 


26.17 The second, more direct, approach, is to seek a function of r unbiassed for 
p itself. By Hotelling’s result in 26.16, this function must involve n. Since r is a 
function of a set of complete sufficient statistics, the unbiassed function of r must be 
unique (cf. 23.9). Olkin and Pratt (1958) found the unbiassed estimator of p, say 
r„, to be the hypergeometric function 

r u = rF[J,|,i(n-2),(l-r*)] (26.34) 

which, expanded into series, gives 


+ 




(26.35) 


1 


/. 1 -r* 

r “ r \ 2(»-2) ‘ 8n(n 
No term in the series is negative, so that 

Kl > M* 

the equality holding only if r* = 0 or 1. Nevertheless, since F(£,$, \(n — 2),0) 
and r u is an increasing function of r, we have r 2 < r* < 1. 

Evidently, the first correction term in (26.35) is counteracting the downward bias 
of the term in 1 /n in (26.31). Olkin and Pratt recommend the use of the two-term 
expansion 

r i "\ 

( 26 . 36 ) 


r; = r { 1+ 2^-4)}' 
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The term in braces in (26.36) gives r„/r within 0-01 for n ^ 8 and within 0-001 for 
n > 18, uniformly in r. 

Olkin and Pratt give exact tables of r u for n = 2(2)30 and |r| = 0(0-1)1 which 
show that for n ^ 14, | r u | never exceeds | r | by more than 5 per cent. 

Finally, we note that as tt appears only in the denominators of the hypergeometric 
series, r u —► r as n —► oo, so that it has the same limiting distribution as r, namely 
a normal distribution with mean p and variance (1 — p 2 ) l /n. 

Confidence limits and tests for p 

26.18 For testing that p — 0, the tests based on r are UMPU (cf. Exercise 31.21); 
this is not so when we are testing a non-zero value of />. However, if we confine our¬ 
selves to test statistics which are invariant under changes in location and scale, the tests 
based on r are UMP invariant, as Lehmann (1959) shows. 

For interval estimation purposes, we may use F. N. David’s (1938) charts, described in 
20.21. By the duality between confidence intervals and tests remarked in 23.26, these 
charts may also be used to read off the values of p to be rejected by a size-a test, i.e. 
all values of p not covered by the confidence interval for that a. F. N. David (1937) has 
shown that this test is slightly biassed (and the confidence intervals correspondingly 
so). This may most easily be seen from the standpoint of the ^-transformation standard- 
error test given in 26.13: if the latter were exact, and z were exactly normal with 
variance independent of p, the test of p would simply be a test of the value of the mean 
of a normal distribution with known variance, and we know from Example 23.11 that 
if we use an “ equal-tails ” test for this hypothesis, it is unbiassed. Since z is a one-to- 
one function of r, the “ equal-tails ” test on r would then also be unbiassed. Thus the 
slight bias in the r-test may be regarded as a reflection of the approximate nature 
of the ^-transformation. 

26.19 Alternatively, we may make an approximate test using Fisher’s s-trans- 
formation, the simplest results for which are given in 26.13: to test a hypothetical 
value of p we compute (26.25) and test that it is normally distributed about (26.26) with 
variance (26.27). A one- or two-tailed test is appropriate according to whether the 
alternative to this simple hypothesis is one- or two-sided. 

In the same way, we may use the ^-transformation to test the composite hypothesis 
that the correlation parameters of two independently sampled bivariate normal popula¬ 
tions are the same. For if so, the two transformed statistics z lt z 3 will each be dis¬ 
tributed as in 26.13, and (z t —z 3 ) will have zero mean and variance 1 /(n x —3) +1 / (n t —3), 
where n t and n, are the sample sizes. Exercises 26.19-21 show that (z t — z t ) is exactly 
the Likelihood Ratio statistic when n 1 = n„ and approximately so when n x / ti t . In 
either case, however, the test is approximate, being a standard-error test. 

The more general composite hypothesis, that the two correlation parameters p lt p t 
differ by an amount A, cannot be tested in this way. For then 

- ‘-{(KHOGs)} 

u 
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is not a function of J Pi—p* | alone. The ^-transformation could be used to test 



for any constant a , but this is not a hypothesis of interest. Except in the very large 
sample case, when we may use standard errors, there seems to be no way of testing 
Ho ■ Pi~P% = A, for the exact distribution of the difference r x —r, has not been 
investigated. 

Tests of independence and regression tests 

26.20 In the particular case when we wish to test p = 0, i.e. the independence of 
the normal variables, we may use the exact result of 16 . 28 , that 

< - {(*-2)r>/(l-.*)}* (26.37) 

is distributed in “Student's” /-distribution with (n—2) degrees of freedom, t* is 
essentially the LR test statistic for p — 0—cf. Exercise 26.15—and this is equivalent 
to an “ equal-tails ” test on t. 

Essentially, we are testing here that /i n of the population is zero, and clearly this 
implies that the population regression coefficients /? x , /?, are zero. Now in 16 . 36 , we 
showed that 

' - < 26 - 38 > 

has the “ Student’s ” distribution with (n—2) degrees of freedom. Thus E(b t ) = /?,. 
When Pt = 0, (26.38) is seen to be identical with (26.37). Thus the test of independ¬ 
ence may be regarded as a test that a regression coefficient is zero, a special case of 
the general test (26.38) which we use for hypotheses concerning /9 t . It will be noted 
that the exact test for any hypothetical value of /?, is of a much simpler form than that 
for p. 

We shall see in Chapter 31 that tests of independence can be made without 
any assumption of normality in the parent distribution. 

Correlation ratios and linearity of regression 

26.21 In 26.8 we discussed the fitting of approximate regression lines in cases 
where regressions are not exactly linear. We can make further progress in analysing 
the linearity of regression. Consider first the case of exact linear regression of x on y, 
when (26.12) holds. Squaring (26.12) and taking expectations with respect to y, we 
have 

v«{E(*|y)) = EUE(x\y)-E(x))>} - fl<T? - A/4 (26.39) 

¥ 

We now define the correlation ratio of x on y, rj u by 

n\ - var{£(x|y)}/<r?, (26.40) 

the ratio of the variance of x-array means to the variance of x. Unlike p, r}\ is evidently 
not symmetric in x and y. (26.40) implies that r}\ is invariant under permutation of 
the x-arrays, since var {£ (x | y)} does not depend on the order in which the values of 
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£(x|y) occur. This is in sharp contrast to p, which is sensitive to any change in the 
order of arrays. 

From (26.39) we see that if the regression is exactly linear 

*?i = / i h/( <T i <7 l) = P*‘ 

Now consider the general case where the regression is not necessarily exactly linear. 
We have 

«i = £[{*-£(*)}]* - B[({x-B(xW}+ {£(*!>)-£(*)})*] 

= B[(x-B(xM}*] + £[{£(xW-£(x)}*] 

= B[{x-B(x|;><)} ! ]+var{£(x|;y)}, (26.41) 

since the cross-product term 

2£[{ar-£(arb))(£(*b)-£(*))] - £[{£(*b)-£(*)} E {x-£(x|;y)>] - 0. 

y *\y 

Thus, from (26.40) and (26.41), we have 

0 < rft ^ 1, (26.42) 

and j/i = 1 if and only if 2?[{x—£(x|y)} 8 ] = 0, i.e. every observation lies on the 

regression curve, so that x and y are strictly functionally related. Further, 

/>*A! - !fM^{E(x\y))]. (26.43) 

By the Cauchy-Schwarz inequality, 

A = (fiKy-EWfix-EW}])’ = (£[{>-£(>)){£(x|>)-£(x)}y 

< £i’{3'-S(3’)} , ]S[{«(x|3')-£(*)Vj = ^var{£(x|y)}, (26.44) 

y y 

the equality holding if and only if {y—E{y)} is proportional to { is (x | y) - i? (x)}, 
i.e. if E{x\y) is a strict linear function of y. Thus, from (26.43) and (26.44), 

P 2 /r)l < 1, (26.45) 

the equality holding only when the regression of x on y is exactly linear. Hence, 
from (26.42), (26.45) and (26.18), we finally have the inequalities 

0 < P * 4 »;? < 1. (26.46) 

We may summarize our results on the attainment of the inequalities in (26.46), 
given in 26 . 9-10 and in this section, as follows: 

(a) p 1 — 0 if, but not only if, x and y are independent; 

(b) p 1 = rjl = 1 if, and only if, x and y are in strict linear functional relationship ; 

(c) p* < r(\ = 1 if, and only if, x and y are in strict non-linear functional rela¬ 

tionship ; 

(d) p* = r}\ < 1 if, and only if, the regression of x on y is exactly linear, but there 

is no functional relationship ; 

(e) p 8 < rj\ < 1 implies that there is no functional relationship, and some non¬ 

linear regression curve is a better “ fit ” than the “ best ” straight line, for 
(26.20) and (26.40) then imply that var {£ (x | y)} > var(a 1 + ^ 1 y), so that 
the array means are more dispersed than in the straight-line regression most 
nearly “ fitting ” them. (Of course, there may be no better-fitting simple 
regression curve.) 
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Since takes no account of the order of the x-arrays, it does not measure any par¬ 
ticular type of dependence of x on y, but the value of rfi—p* is an indicator of non¬ 
linearity of regression : it is important to remember that it is an indicator, not a measure, 
and in order to assess its importance the number of arrays (and the number of observa¬ 
tions) must also be taken into account. We discuss this matter in 26.34. 

26.22 Similarly, we define, for the regression of y on x, the correlation ratio 

r/| = var{£(y| x) }/<r|, (26.47) 

and again 

0 ^ ^ ^ 1. 

Since = 1 if and only if there is a strict functional relationship, >/? = 1 implies 
t)l = 1 and conversely. In general, both squared correlation ratios exceed />*, but we 
shall have rfi = p* < i}\ if the regression of x on y is linear while that of y on x is not, 
as in the following Example. 


Example 26.8 

Consider again the situation in Example 26.6. The regression of * on y 2 was linear 
with regression coefficient 0, so that the correlation between * and y 2 is zero also. Since 
we found E(x\y 2 ) = 0, it follows that var {£ (x | y 2 )} = 0 also, so that the correlation 
ratio of x ony 2 is 0, as it must be, since the correlation coefficient is zero and the regres¬ 
sion linear. 

The regression of y 2 on x was not linear: we found in Example 26.3 that 

E (y* | x) = l+p 2 (x 2 -l) 

so that 

var{£(y 2 |x)} = E[{p i (x l — l)} 2 ] = p t E[{x i — l} 2 ] = 2 p* 

and of = 2, so that the correlation ratio of y* on * is p*, which always exceeds the cor¬ 
relation coefficient between x and y 2 , which is zero, when p # 0. 


When correlation ratios are being calculated from sample data, we use the observed 
variance of array means and the observed variance in (26.40) and (26.41), properly 
weighted, obtaining for the observed correlation ratio of * on y 

2n,( 

*1 * m 

2 2 
i=lj=l 

where x t is the mean of the ith x-array, and n t the number of observations in the array, 
there being k arrays. A similar expression holds for ef, the observed correlation ratio 
of y on x. As for populations, 

0<r"<4<l, *= 1,2. (26.49) 


Xi— x) 2 2«,xf —nx 




. ... 2 2 x£-«x 2 

(x.j-x) 2 i j y 


(26.48) 


Example 26.9. Computation of the correlation ratio 

Let us calculate the correlation ratio of y on x for the data of Table 26.1, which 
we now treat as a sample. The computation is set out in Table 26.4. 
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Table 26.4 


Stature 

Mean weight in 




(*) 

array (?t) 

** 

m 

54 

92-50 

8,556-25 

5 

42,781-25 

56 

111-09 

12,340-99 

33 

407,252-67 

58 

122-05 

14,896-20 

254 

3,783,634-80 

60 

124-43 

15,482-82 

813 

12,587,532-66 

62 

130-22 

16,957-25 

1340 

22,722,715-00 

64 

134-58 

18,111-78 

1454 

26,334,528-12 

66 

140-48 

19,734-63 

750 

14,800,972-50 

68 

146-37 

21,424-18 

275 

5,891,649-50 

70 

158-61 

25,157-13 

56 

1,408,799-28 

72 

163-41 

26,702-83 

11 

293,731-13 

74 

179-50 

32,220-25 

4 

~n"= 4995 

128,881-00 

88,402,477-91 


In Example 26.6 we found the mean of y to be 

y = 132-82 

and the variance of y to be 507-46. Thus, from (26.48), the correlation ratio of y 
on x is 


88,402,477-91 -4,995 (132-82)* 
4,995x507-46 


88,402,477-91 - 88,117,544-25 
2,534,762-70 

***** = 0-1124. 
2,534,762-70 


This is only slightly greater than the squared correlation coefficient 

r* = (0-335)* = 0-1122. 

Fig. 26.1 shows that the linear approximation to the regression is indeed rather good. 


Testing correlation ratios and linearity of regression 

26.23 We saw in 26.21 that rj\ — p* indicates that no better regression curve than 
a straight line can be found, and hence that a positive value of rft— p* is an indicator 
of non-linearity of regression. Now that we have defined the sample correlation 
ratios, ef, it is natural to ask whether the statistic (ef — r*) will provide a test of the 
linearity of regression of x on y. In the following discussion, we take the opportunity 
to give also a test for the hypothesis that = 0 and also to bring these tests into rela¬ 
tion with the test of p = 0 given at (26.37). These problems were first solved by 
R. A. Fisher. 

The identity 

nsf = »r?r*+»i*(e*-r*)+»i?(l-e*), 
has all terms on the right non-negative, by (26.49). Since 

k m 

1 j = l * j i j 


(26.50) 
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(26.50) may be rewritten in x as 

22(jc„-jc) 2 a r 2 22 (x a - aO 2 +2 2 {(*< - *) - "jO } 2 + 2 2-*,) 2 . (26.51) 

i } i } i } * i 


Now (26.51) is a decomposition of a quadratic form in the x (f into three other such 
forms. We now assume that the y { are fixed and that all the x (j are normally distri¬ 
buted, independently of each other, with the same variance (taken to be unity without 
loss of generality). We leave open for the moment the question of the means of the x u . 

On the hypothesis H 0 that every x i} has the same mean, i.e. that the regression 
curve is a line parallel to the y-axis, we know that the left-hand side of (26.51) is dis¬ 
tributed in the chi-squared form with (n— 1) degrees of freedom. It is a straightfor¬ 
ward, though tedious, task to show that the quadratic forms on the right of (26.51) 
have ranks 1, (k— 2) and (n—k) respectively. Since these add to («— 1), it follows 
from Cochran’s theorem ( 15 . 16 ) that the three terms on the right are independently 
distributed in the chi-squared form with degrees of freedom equal to their ranks. By 
16 . 15 , it follows that the ratio of any two of them (divided by their ranks) has an F 
distribution, with the appropriate degrees of freedom. We may use this fact in two 
ways to test H 0 : 

(a) The ratio of the first to the sum of the second and third terms, divided by their 
ranks, 


_r*/l 

(l-r*)/(»-2) 


Fi t n—i> 


(26.52) 


suffixes denoting degrees of freedom. 

This, it will be seen, is identical with the test of (26.37), since / 2 _ 2 ss Fj in _ 2 by 
16 . 15 . We derived it at 16.28 for a bivariate normal population. Here we are taking 
the y's as fixed and the distribution within each x-array as normal. 

(b) The ratio of the sum of the first and second terms to the third, divided by their 
ranks, 


«?/(*-!) 

(l-«!)/(»-*) 


is Ft-i,„-t. 


(26.53) 


For both tests, large values of the test statistic lead to the rejection of H 0 . 

The tests based on (26.52) and (26.53) are quite distinct and are both valid 
tests of H 0 , but (26.52) essentially tests p s = 0 while (26.53) tests t]\ = 0. If the alter¬ 
native hypothesis is that the regression of x on y is linear, the test (26.52) will have 
higher power; but if the alternative is that the regression may be of any form other 
than that specified by H 0 , (26.53) is evidently more powerful. It is almost universal 
practice to use (26.52) in the form of a linear regression test (26.20), but there certainly 
are situations to which (26.53) is more appropriate. We discuss the tests further in 
26.24, but first discuss the test of linearity of regression. 


26.24 If the x i} do not all have the same mean, the left-hand side of (26.51) is 
no longer a Xn-i- However, if we take the first term on the right over to the left, 
we get 


= »^(«f-»' 2 ) + nri(l -ef). 


( 26 . 54 ) 
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the sum of squared residuals from the fitted linear regression, we see that on the hypo¬ 
thesis H' 0 that the regression of x on y is exactly linear, and distributions within arrays 
are normal as before, nr?(l — r 2 ) is distributed in the chi-squared form with (« —2) 
degrees of freedom, one degree of freedom being lost for each parameter fitted in the 
regression line (cf. 19.9). The ranks of the quadratic forms on the right of (26.54) 
are (k—2) and (n—k) as before, and they are therefore independently distributed in 
the chi-squared form with those degrees of freedom. Hence their ratio, after division 
by their ranks, 


M-jWr2) . p 

(f-«?)7(»-*) 


(26.55) 


(26.55) may be used to test H' 0 , the hypothesis of linearity of regression, H' 0 being re¬ 
jected for large values of the test statistic. Again, we have made no assumption about 
the x if . 

Thus our intuitive notion that (ef—r 2 ) must afford a test of linearity of regression 
is correct, but (26.55) shows that the test result will be a function of (1 — ef), k and n, 
so that a value of (ef—r 2 ) alone means little. 

All three tests which we have discussed in this and the last section are LR tests of 
linear hypotheses, of the type discussed in the second part of Chapter 24. For example, 
the hypothesis that all the variables x 0 have the same mean may be regarded in two 
ways : we may regard them as lying on a straight line which has two parameters, and 
test the hypothesis that the line has zero slope, which imposes one constraint on the 
two parameters. In the notation of 24.27-8, k = 2 and r = 1, so that we get an F- 
test with (1,»—2) degrees of freedom : this is (26.52). Alternatively, we may consider 
that the k array means are on a ^-parameter curve (a polynomial of degree (k— 1), say), 
and test the hypothesis that all the polynomial’s coefficients except the constant are 
zero, imposing (k — 1) constraints. We then get an F-test with (k— l, n — k) degrees 
of freedom : this is (26.53). Finally, if in this second formulation we test the hypo¬ 
thesis that all the polynomial coefficients except the constant and the linear one are 
zero, so that the array means lie on a straight line, we impose (k—2) constraints and 
get an F-test with (k—2,n—k) degrees of freedom: this is (26.55). 

It follows that for fixed values of y t the results of Chapter 24 concerning the power 
of the LR test, based on the non-central F-distribution, are applicable to these tests, 
which are UMP invariant tests by 24.37. However, the distributions in the bivariate 
normal case, which allow the y t to vary, will not coincide with those derived by holding 
the fixed as above, except when the hypothesis tested is true, when the variation of 
the y'i is irrelevant (as we shall see in 27.29). For example, the distribution of r 2 
obtained from the non-central F-distribution for (26.52) does not coincide with the 
bivariate normal result obtainable from (16.61) or (16.66). The power functions of 
the test of p — 0 are therefore different in the two cases, even though the same test 
is valid in each case. For large n, however, the results do coincide: we discuss this 
more generally in connexion with the multiple correlation coefficient (of which r 2 is 
a special case) in 27.29 and 27.31. 
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Intra-class correlation 

26.25 There sometimes occur, mainly in biological work, cases in which we require 
the correlation between members of one or more families. We might, for example, 
wish to examine the correlation between heights of brothers. The question then 
arises, which is the first variate and which the second ? In the simplest case we might 
have a number of families each containing two brothers. Our correlation table has 
two variates, both height, but in order to complete it we must decide which brother 
is to be related to which variate. One way of doing so would be to take the elder 
brother first, or the taller brother; but this would provide us with the correlation 
between elder and younger brothers, or between taller and shorter brothers, and not 
the correlation between brothers in general, which is what we require. 

The problem is met by entering in the correlation table both possible pairs, i.e. 
those obtained by taking each brother first. If the family, or, more generally, the class, 
contains k members, there will be k(k — l) entries, each member being taken first in 
association with each other member second. If there are p classes with k u k t ,... ,k f 

p 

members there will be 2 k ( (A,— 1) = N entries in the correlation table. 

i-i 

As a simple illustration consider five families of three brothers with heights in 
inches respectively : 69, 70, 72; 70, 71, 72; 71, 72, 72 ; 68, 70, 70 ; 71, 72, 73. 
There will be 30 entries in the table, which will be as follows : 


Table 26.5 

Height (inches) 

68 69 70 71 72 73 Totals 

68 - -2 - - - 2 



1 - 1-2 



8 


1 


4 


1 


6 



2 



73 


2 


Totals 2 2 8 6 10 2 30 


Here, for example, the pair 69,70 in the first family is entered as (69, 70) and (70,69) 
and the pair 72, 72 in the third family twice as (72, 72). 

The table is symmetrical about its leading diagonal, as it evidently must be. We 
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may calculate the product-moment correlation coefficient in the usual way. We find 

e} - of - 1*716, /in = 0*516 and hence p - ~~ = 0*301. 

A correlation coefficient of this kind is called an intra-class correlation coefficient. 
It can be found more directly as follows: 

Suppose there are p classes with variate-values x u . x lki ; x lt ,... .x**,; •••; 

x, lt ..., x 9kp . In the correlation table, each member of the ith class will appear k { —1 
times (once in association with each other member of its class), and thus the mean of 
each variate is given by 

and the variance of each variate by 

The covariance is 

1 P 

Pn ~ jsp £ (*«“ 

1 ( v *« p ** ^ 

- ^{SA?0,- |U )*-SS(*„-/.)*}, 


where pi ( is the mean of the ith class. Thus we have for the correlation coefficient 

S k* (ji t - ft ) 2 -Z S (x„ - //)* 

9 = ’ * (26,56) 
i i 

If k { = k for all i t (26.56) simplifies to 

P = - *f = j——r - A (26.57) 

{k—\)kpa x k— 1 \ a* / v ’ 


where <t*, is the variance of class means, - S (//*—//)*. 

P i=l 

To distinguish the intra-class coefficient from the ordinary product-moment cor¬ 
relation coefficient p, we shall denote it by p t and sample values of it by r 0 


Example 26.10 

Let us use (26.57) to find the intra-class coefficient for the data of Table 26.5. 
With a working mean at 70 inches, the values of the variates are — 1, 0, 2 ; 0, 1, 2 ; 
1. 2, 2; -2, 0, 0; 1, 2, 3. 


P 


13 

15’ 




37 

15’ 


and <r* 


386 

225* 


Hence 
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The means of families, ft it are 

5 15 25 -10 30 
15’ 15’ 15’ 15 ’ 15’ 
and their deviations from n are 

-8 2 12 - 23 17 
15 ’ 15’ 15’ 15 ’ 15* 


Thus 



1030 

1125* 


Hence, from (26.57), 


1/3.1030.225 _ 1 \ 
pi 2\ 1125.386 J 


0-301, 


a result we have already found directly in 26.25. 


26.26 Caution is necessary in the interpretation of the intra-class correlation 

coefficient. From (26.57) it is seen that p, cannot be less than though it may 

attain +1 when o% t = a a . It is thus a skew coefficient in the sense that a negative 
value has not the same significance (as a departure from independence) as the equivalent 
positive value. 

In point of fact, the intra-class coefficient is, from most points of view, more con¬ 
veniently considered as (a simple linear transform of) a ratio of variances between classes 
and within classes in the Analysis of Variance. Fisher (1921c) derived the distribution 
of intra-class r t from this approach for the case when families are of the same size k. 
When k = 2, he found, as for the product-moment coefficient r, that the transformation 

z = artanhr* 

gives a statistic (a) very nearly normally distributed with mean C = ar tanh p, and 
variance independent of p ( . For k > 2, a more complicated transformation is neces¬ 
sary. His results are given in Exercise 26.14. 

Tetrachoric correlation 

26.27 We now discuss the estimation of p in a bivariate normal population when 
the data are not given in full detail. We take first of all an extreme case exemplified 
by Table 26.6. This is based on the distribution of cows according to age and milk- 
yield given in Table 1.24, Exercise 1.4. Suppose that, instead of being given that 
table we had only 

Table 26.6—Cows by age and milk-yield 

Age 3-5 Age 6 

years and over 

Yield 19 galls, and over 881 1546 

Yield 8-18 galls. 1407 1078 

2288 2624 4912 


Total 

2427 

2485 


Total 
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This is a highly condensed version of the original. Suppose we assume that the under¬ 
lying distribution is bivariate normal. How can we estimate p from this table ? In 
general, for a table of this “2x2 ” type with frequencies 


a b a+b 

c d c+d 


a+c b+d a+b+c+d = n 


(26.58) 


we require to estimate p. In (26.58) we shall always take d to be a frequency such that 
neither of its marginal frequencies contain the median value of the variate. 

If this table is derived by a double dichotomy of the bivariate normal distribution 


f(x,y) oc* 0 exp 
we can find h' such that 


{ 2(i -,*)C; 


0\0t 0 * 2 / J 


(26.59) 


f T fMdxdy = *±Z 

J — 00 J — 00 n 

Putting h = h'/a u we find this is 

f* exp {-lx*)dx = (26.60) 

J -00 n 

and thus h is determinable from tables of the univariate normal distribution function. 
Likewise there is a A such that 


(2*)-lf‘ exp(-j yt)dy-^. (26.61) 

J -00 n 

On our convention as to the arrangement of table (26.58), h and k are never negative. 

Having fitted univariate normal distributions to the marginal frequencies of the 
table in this way, we now require to solve for p the equation 

n = j* j* *° eXP { 2(1~-V ) ( X *~ 2pxy +:v *)}*** dy ' (26.62) 

The integrand in (26.62) is standardized because h and k were standardized deviates. 
We expand the integrand in ascending powers of p. The characteristic function of 
the distribution is 

<f>(t,u) = exp{-J(/*+2p/u + u*)}. 

Thus, using the bivariate form of the Inversion Theorem (4.17), (26.62) becomes 
» = I* 1* {tn* I-*!-oo^^’^ CXp * ’«y)dtidu^dxdy 
“ (26.63) 

The coefficient of (—pY/j\ is the product of two integrals, of which the first is 
I(x,h,t) = J t* exp(— !<*-*/*)dA dx 


(26.64) 
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and the second is I(y, k, u). 
where 


Now from 6.18 the integral in braces in (26.64) is equal to 

(-iy//j(x)x(x) 

x(x) = (2*)-* exp (-$**). 


By (6.21), 


--{»,_,(*).(*)} = «,<*)*(*). 


Hence the double integral in (26.64) is 


- [(-ly-'/'Wj-.WxM]; - (*)*(*). (26.65) 

Substituting from (26.65) for I(x,h,t), I (y, k, u) in (26.63), we have the series 

; = 1 £«,-,(*)//,.,(*)*(*).(*). (26.66) 

n j=0 ji 

In terms of the tetrachoric functions which were defined at (6.44) for the purpose, 

i = S P , r i (h)T i (k). (26.67) 

n j = o 


26.28 Formally, (26.67) provides a soluble equation for p, but in practice the 
solution by successive approximation can be very tedious. (The series (26.67) always 
converges, but may do so slowly.) It is simpler to interpolate in tables which have 
been prepared giving the integral d/n in terms of p for various values of h and k (Tables 
for Statisticians and Biometricians , Vol. 2). 

The estimate of p derived from a sample of n in this way is known as tetrachoric r. 
We shall denote it by r,. 


Example 26.11 

For the data of Table 26.6 we find the normal deviate corresponding to 
2624/4912 = 0*5342 as h = 0*086, and similarlv for 2484/4912 = 0*5059 we find 
k = 0*015. We have also for d/n the value 1078/4912 = 6*2195. 

From the tables, we find for varying values of h, k and p the following values of d : 

h = 0 h = 0*1 h m 0 h m 0*1 

- _0 10* = 0 02341 02142 = -0*15 k = 0 02260 0-2062 
P 1U k = 0*1 0*2142 0*1960 P 5 k = 0*1 0*2062 0*1881 

Linear interpolation gives us for A = 0*086, k = 0*015, the result p = —0*10 
approximately. In rearranging the table, we have inverted the order of rows and 
taking account of this gives us an estimate of p = +0-10. We therefore write 
r, = +0*10. (The product-moment coefficient for Table 1.24 is r = 0*22.) 

26.29 Tetrachoric r, has been used mainly by psychologists, whose material is 
often of the 2 x 2 type. Its sampling distribution, and even its standard error, is not 
know*n in any precise form, but Karl Pearson (1913) gave an asymptotic expression 
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for its standard error. There are, however, simpler methods of calculation based on 
nomograms (Hayes (1946); Hamilton (1948); Jenkins (1955)) and tables for the 
standard error in approximate form (Guilford and Lyons (1942); Hayes (1943); 
Goheen and Kavruck (1948)). It does not seem to be known for what sample size 
such standard errors may safely be used. 

Biserial correlation 

26.30 Suppose now that we have a (2 x ?)-fold table, the dichotomy being according 
to some qualitative factor and the other classification either to a numerical variate or 
to a qualitative one, which may or may not be ordered. 

Table 26.7 will illustrate the type of material under discussion. The data relate 
to 1426 criminals classified according to whether they were alcoholic or not and according 

Table 26.7—Showing 1426 criminals classified according to alcoholism and 

type of crime 

(C. Goring’s data, quoted by K. Pearson, 1909) 



Arson 

| Rape 

l Violence 1 

Stealing 

Coining 

i 

Fraud 

1 Totals 

i 

Alcoholic • 

.; so 

1 

| 88 1 

i 

1 155 

i I 

379 j 

18 ' 

63 

753 

! 

Non-alcoholic 

■ i j 

• 1 43 

i 

i 62 

i__ 1 

! no ; 

300 1 

1 

14 

1 

144 

' 673 

Totals 

i 

. , 93 

i 

150 

i 

265 

679 

32 1 

207 

1 1426 


to the crime for which they were imprisoned. Even though the columns of the table 
are not unambiguously ordered (they are shown arranged in order of an association 
of the crimes with intelligence, but this ordering is somewhat arbitrary), we may still 
derive an estimate of p on the assumption that there is an underlying bivariate normal 
distribution. For in such a distribution, p 2 = rf, the regressions both being linear, 
and we remarked in 26.21 that rf is invariant under permutation of arrays. We there¬ 
fore proceed to estimate ry a ( = p 2 ) as follows. 

Consider each column of Table 26.7 as a y-array, and let n 9 be the number of 
observations in the />th array, n = 2 n p , /i p the mean of y in that array, fx the mean and 
a\ the variance of y, and of the variance of y in the />th array. We suppose all measure¬ 
ments in y to be made from the value k which is the point of dichotomy ; this involves 
no loss of generality, since p 2 and rf are invariant under a change of origin. Then 
the correlation ratio of y on * (cf. (26.40)) is estimated by 


^ i n P nf—fi\ 

Kp= 1 _ 


_ 1 y 

n,tx o* * of 


f4 

< 


But for the bivariate normal distribution if = p 2 and (cf. 16 . 23 ) 

of/d 2 = v&r(y\x)/o* = (!-/>*), 


(26.68) 
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so we replace a],/a) by (1 —p 2 ) in (26.68), obtaining 




_L_ 1 P i y. n pMp 


s * 

P=1 CT ;> 


«5’ 


which we solve for p 2 to obtain the estimator 

1 i J&Y-fcY 

• _ »y.l \ g ®/ \ a v/ 

1 + - S n„ f—V 
w *»=i V 47 ®/ 


(26.69) 


(26.70) 


This estimator is known as biserial tj because of the analogy with the correlation 
ratio. We shall write it as r n when estimating from a sample, to maintain our con¬ 
vention about the use of Roman letters for statistics. 

The use of the expression (26.70) lies in the fact that the quantities in it can be 
estimated from the data. Our assumption that there is an underlying bivariate normal 
distribution implies that the quantity according to which dichotomy has been made 
(in our example, alcoholism) is capable of representation by a variate which is normally 
distributed, and that each y-array is a dichotomy of a univariate normal distribution. 
Thus the ratios (f* v /o p ) and (/i y /a v ) can be estimated from the tables of the normal 
integral. For example, in Table 26.7, the two frequencies “ alcoholic ” and “ non¬ 
alcoholic ” are, for arson, 50 and 43. Thus the proportional frequency in the alcoholic 
group is 50/93 = 0-5376 and the normal deviate corresponding to this frequency is 
seen from the tables to be 0-0944, which is thus an estimate of | fi p /a„ \ for this array. 


Example 26.12 

For the data of Table 26.7, the proportional frequencies, the estimated values of 
\H„/a„\ and \p ¥ /o p \ t and the n v are: 



Arson 

Rape 

Violence 

Stealing 

Coining 

I 

Fraud 

Totals 

Alcoholic . 

\Pp/Op\ 

Tip ... 

0-5376 

0-0944 

93 

0-5867 

0-2190 

150 

1 

0-5849 

0-2144 

265 

0-5582 
01463 
i 679 

0-5625 

0-1573 

32 ; 

i 

0-3043 
0-5119 I 
207 ! 

1 

0-5281 

j 0-0704 = | fly/Oy | 

■ 1426 = ft 


Then from (26.70) we have 

~ (93 (00944)*+ ...}-(00704)' 

r* = — - - -0 05456 

l + j 4S { 93(0 'M44)-+ ...) 


or 


Kl = 0-234, 

which, on our assumptions, may be taken as estimating the supposed product-moment 
correlation coefficient. 
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26.31 As for the tetrachoric r„ the sampling distribution of biserial r n is unknown. 
An asymptotic expression for its sampling variance was derived by K. Pearson (1917), 
but it is not known how large n must be for this to be valid. 

Neither r t nor r v can be expected to estimate p very efficiently, since they are based 
on so little information about the variables, and it should be (though it has not always 
been) remembered that the assumption of underlying bivariate normality is crucial 
to both methods. In the absence of the normality assumption, we do not know what 
r t and r n are estimating in general. 


26.32 If in the (2 x ^)-fold table the j-fold classification, instead of being defined 
by an unordered classification as in Table 26.7, is actually given by variate-value, we 
may proceed directly to estimate p instead of rj. For we may now use the extra infor¬ 
mation to estimate the variance o% of this measured variate and its means, fi lt ft t , in 
the two halves of the dichotomy according to y. Since the regression of x on y is 
linear we have (cf. (26.12)) 

*(*!>)-«. - f (26-71) 

<r„ 

We can, as in 26 . 27 , find k such that 


1—F(*)=(2*)-‘ J“ exp (-*«*)</« = (26.72) 


where n 1 is the total number of individuals bearing one attribute of they-class (“ higher ” 
values of y) and n, is the number bearing the other, k is the point of dichotomy of 
the normal distribution of y. 

From (26.71), the means (y h //,), (i — 1,2) of each part of the dichotomy will be 
on the regression line (26.71). Thus, for the part of the dichotomy with the “ higher ” 
value of y, say y lt 


- F'lM/ff) 


Thus we may estimate p by 




(26.73) 


where x u x are the means of x in the “ high-y " observations and the whole table 
respectively, while i? is the observed variance of x in the whole table. The denominator 
of (26.73) is given by 


a. 


= (2rc)~* j* u exp ( — Jm 2 ) du j (2^) - * J exp (— \u 2 ) du 


(26.74) 


by (26.72). 

If, then, we denote the ordinate of the normal distribution at k by z k , we have the 
estimator of p 

/x,—x 


rt, 1 
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We write the estimator based on this equation as r b> the suffix denoting “ biserial ” : 
r b is called “ biserial r.” 

The equation is usually put in a more symmetrical form. Since 

X = (»!*! + »**,)/(«!+ »*), 

Xj—x is equal to »i(xi —x»)/(«i + «i). Writing p for the proportion rii/(n 1 + n i ) and 
q = 1 —p, we have the alternative expression for (26.74) 


r _ *i -*tpq 

’b • 

s z z k 


(26.75) 


Example 26.13 (from K. Pearson, 1909) 

Table 26.8 shows the returns for 6156 candidates for the London University Matricu¬ 
lation Examination for 1908/9. The average ages for the two higher age-groups have 
been estimated. 


Table 26.8 


Age of candidate 

Passed 

Failed 

Totals 

16 

583 

563 

1146 

17 

666 

980 

1646 

18 

525 

868 

1393 

19-21 

383 

814 

1197 

22-30 
(mean 25) 

214 

439 

653 

over 30 
(mean 33) 

40 

81 

121 

Totals 

2411 

3745 

6156 


Taking the suffix “ 1 ” as relating to successful candidates, we have 

x x = 18-4280. 

For all candidates together 

x = 18-7685, rf = (3*2850)*. 

The value of p is 2411/6156 = 0-3917. 

(26.72) gives 1 — F(k) = 0-3917, and we find k = 0-275 and z k = 0-384. Hence, 
from (26.74), 

0-3405 0-3917 _ ft11 
f6 3-2850' 0-384 

The estimated correlation between age and success is small. 


26.33 As for r, and r n , the assumption of underlying normality is crucial to r b . 
The distribution of biserial r b is not known, but Soper (1914) derived the expression 
for its standard error in normal samples 


varr 6 


1 

n 


l z k z k 



(26.76) 
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and showed that (26.76) is generally well approximated by 

More recently r b has been extensively studied by Maritz (1953) and by Tate (1955), 
who showed that in normal samples it is asymptotically normally distributed with 
mean p and variance (26.76), and considered the Maximum Likelihood estimation of p 
in biserial data. It appears, as might be expected, that the variance of r b is least, for 
fixed p, when the dichotomy is at the middle of the dichotomized variate’s range (y = 0). 
When p = 0, r b is an efficient estimator of />, but when p* —► 1 the efficiency of r b tends 
to zero. Tate also tables Soper’s formula (26.76) for var r 6 . Cf. Exercises 26.10-12. 


Point-biserlal correlation 


26.34 This is a convenient place at which to mention another coefficient, the point- 
biserial correlation, which we shall denote by p#, and by r# for a sample. Suppose 
that the dichotomy according to y is regarded, not as a section of a normal distribution, 
but as defined by a variable taking two values only. So far as correlations are con¬ 
cerned, we can take these values to be 1 and 0. For example, in Table 26.8 it is not 
implausible to suppose that success in the examination is a dichotomy of a normal 
distribution of ability to pass it. But if the y-dichotomy were according, say, to sex, 
this is no longer a reasonable assumption and a different approach is necessary. 

Such a situation is, in fact, fundamentally different from the one we have so far 
considered, for we are now no longer estimating p in a bivariate normal population: 
we consider instead the product-moment of a 0—1 variable y and the variable x. If 
P is the true proportion of values of y with y = 1, Q = 1— P, we have from binomial 
distribution theory 

E(y) = P, 4 = PQ 

and thus, by definition, 

E(xy)-PE(x) 

* °,(PQY ' 


We estimate E(xy) by « u 
obtaining 


1 "* 

—— S x„ E(x) by x, o x by s x , and P by p = 

«jt"* <-i 


n i + *t 


s*(pqV 

= (*i-**)(P# 
Sx 


(26.77) 


26.35 r# in (26.77) may be compared with the biserial r b defined at (26.75). We 
have 


(26.78) 


r& = z k 
rt (p#‘ 

It has been shown by Tate (1953) by a consideration of Mills’ ratio (cf. 5.22) that the 
x 
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expression on the right of (26.78) is < (2/>r)* and the values of the coefficients will 
thus, in general, be appreciably different. 

Tate (1954) shows that is asymptotically normally distributed with mean p# 
and variance 

™"*~ ^ («- j*+ 4 s) < 26 - 79 > 

which is a minimum when p *■ q » J. 

Apart from the measurement of correlation, it is clear from (26.77) that, in effect, 
for a point-biserial situation, we are simply comparing the means of two samples of 
a variate x, the y-classification being no more than a labelling of the samples. In fact 




(*,_*,) «S«L. 


1 -t%, 2(*„-* 1 )»+S(*«-*,)* » 1 +n l -2’ (26 ' 80) 

where t is the usual “ Student’s ” f-test used for comparing the means of two normal 
populations with equal variance (cf. Example 23.8). Thus if the distribution of * is 
normal for y = 0, 1, the point-biserial coefficient is a simple transformation of the t* 
statistic, which may be used to test it. 


26.36 The above account does not exhaust the possible estimators of bivariate 
normal p from data which are classified in a two-way table. In Chapter 33 we shall 
discuss some estimators based on rank-order statistics. 


EXERCISES 


26.1 Show that the correlation coefficient for the data of Table 26.2 is +0‘07. 
Calculate the regression lines in Fig. 26.2. 

26.2 Writing the bivariate frequency function in the form 

f(*,y) -f(x)g(y I*). 

so that the jth moment about the origin of the y-array for given x is 


ri(y\*) - [ y*g(y\x)dy, 

J — CO 


-] -I” 

J«-0 J — c 


e l *f(x)p' ) (y\x)dx 


show that 

r#Ht,ur 

L dll' 

(where <f> is the characteristic function of the distribution), so that 

Use this to verify that the bivariate normal distribution has linear regressions and is 
homos cedastic. 


(Wicksell, 1934) 
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26.3 A bivariate normal distribution is dichotomized at some value of y. The 
variance of x for the whole distribution is known to be of and that for one part of the 
dichotomy is ej. The correlation between x and y for the latter is c. Show that the 
correlation of x and y in the whole distribution may be estimated by r, where 

r* = l-^(l-c*). 

26.4 In the previous exercise, if oj is the variance of y in the whole distribution and 
o} i* its variance in the part of the dichotomy, show that p for the whole distribution 
may be estimated by 

. e*oJ 
" <+<■((£-4)' 


26.5 Show that whereas tetrachoric r t , biserial nj, and point-biaerial can never 
exceed unity in absolute value, biserial r» may do so. 

26.6 Prove that the tetrachoric series (26.67) always converges for |p| < 1. 


26.7 A set of variables x lt x t . x n are distributed so that the product-moment 

correlation of x< and xj is pi). They all have the same variance. Show that the average 
value of pn defined by 


P 


1 * 
n(n-l)<?i 


S p«, 
i-1 


must be not less than — l/(n — 1). 


♦ a • 

* 


26.8 In the previous exercise show that | pi/1, the determinant of the array of correla¬ 
tion coefficients, is non-negative. Hence show that 

Pu+Pii + Pa* < 1+2pjaPi # pij. 


26.9 Show from (16.86) that in samples from a bivariate normal population the 
sampling distribution of b t9 the regression coefficient of y on x t has variance 

v “** 

exactly, and that its skewness and kurtosis coefficients are 

y 1 = 0 , 

6 


26.10 Let y>{(x—fi)/o 9 y } denote the bivariate normal frequency with means of x 
and y equal to p and 0 respectively, variances equal to o % and 1 respectively, and correla¬ 
tion p. Define 

r ao r» 

f(*. «) - Vdy, V (x, *>) = ydy. 

J at J —oo 


If zi is a random variable taking the values 0, 1 according as y < <o or y ^ ca, show that 
in a biserial table the Likelihood Function may be written 


L(x,y\<o, p,ft, a) 




®W- 


/ 
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If 3* represents a partial differential of the second order with respect to any pair of para¬ 
meters, show that 

F(3*logL) = n {1 —p (*) } E 0 (3*log »,) + «*(*)£,(3*log*) 

where 

p(x) - J"(2*)-l exp (-it*)*, 

and E 0t E l are conditional expectations with respect to x for y < a>, y > a> respectively. 
Hence derive the inverse of the dispersion matrix for the Maximum Likelihood estimators 
of the four parameters (the order of rows and columns being the same as the order of 
the parameters in the LF): 


h 


V-t = 

(1-p*) 


V 


pwa n — a l pa * P£i 

1 —p* a a 

a t — 2pa>a l +p , (o t a 0 p'aia*- pa t p t a)ai—pa t 

o(f—P*j 

1 —p*+p*a« p*fli 
<7* 


\ 


2(1 —p*)+p*a* J 

a* / 


where 


and 


x*g(x, «>. p)dx, 


g (.,», p) . (2»)-i exp (- M i 

4> (*) = (2*)-» exp (- i**)/{l -p(x )}. 


By inverting this matrix, derive the asymptotic variance of the Maximum Likelihood 
estimator fo in the form 


var pt = 


(1 -/>*)* 


r 


gdx 




p*(i_pi> 


(Tate, 1955) 


26.11 In Exercise 26.10, show that when p = 0, 

* 2jtp(w){l-p(w)} 

var pb *-/“ Lix 

n exp (— k % ) 

By comparing this with the large-sample formula (26.76), show that when p = 0, is a 
fully efficient estimator. 

(Tate, 1955) 

26.12 In Exercise 26.10, show that nvarp* tends to zero as |p| tends to unity, and 
from (26.76) that n varr* does not, and hence that r* is of zero efficiency near |p | = 1. 

(Tate, 1955) 


26.13 Establish equations (26.19) and (26.20). 
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26.14 Writing l for the sample intraclass coefficient and A for die parent value, show 
that the exact distribution of / is given by 

dF or A 1 +(k-±)l)«P-»dl t 

{l-A+A(*-i)(l-Q }«**-» 

where / is calculated from p families of k members each, reducing in the case k * 2 to 

** * r3)(2s)»^'‘ ( *' ftexp{ - i( *- f) } 
where l = tanh ar, A = tanh £. Hence show that, for k = 2, ar— £ is nearly normal with 

mean zero and variance — 

n- 3/2 

(Fisher, 1921c) 


26.15 Show that for testing p — p t in a bivariate normal population, die Likelihood 
Ratio statistic is given by 

,i/h = <l-r«)»(l-/>J)» 

(1 —r P») ' 

so that / ,/w = (1 —r*)l when p 0 * 0, and when p 0 # 0 we have 
(1-p?)-*/ 1 /" « l+rp,+r*(p’-*)+ ... 


26.16 Show that the effect of applying Sheppard's corrections to the moments is 
always to increase the value of the correlation coefficient. 


26.17 Show that if x and y are respectively subject to errors of observation t«, v, 
where u and v are uncorrelated with x, y and each other, the correlation coefficient is 
reduced (“ attenuated ”) by a factor 



26.18 If x l9 x l9 X| are mutually uncorrelated with positive means and small coefficients 
of variation V<(i»l, 2, 3), show that the correlation between x x /x % and x t /x % is 
approximately 

yj 

p = {(v?+vj)(v|+v5)}» > °* 

(This is sometimes called a “ spurious ” correlation, the reason being that the original 
variables were uncorrelated, but it is not a well-chosen term.) 


26.19 If two bivariate normal populations have Pi « p, = p, the other parameters 
being unspecified, show that the Maximum Likelihood estimator of p is 

- = »(1 + r x r t )- (n*(1 -r } r l ) , -4fi 1 n 1 (r t -r,)*)» 

2(« 1 r 1 +«*ri) 

where m, n are the sample sizes and correlation coefficients (i = I, 2) and n = n, + n,. 
If «!*«» = in, show that if z u z t are defined by (26.25), and 

then 


exacdy. 


£ (*!+*«) 
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26.20 Using the result of the last exercise, show that the Likelihood Ratio test of 
Pi = p a when n x = n t uses the statistic 

l l/n = sechft (*!-*,) }, 

so that it is a one-to-one function of arj—ar„ the statistic suggested in 26.19. 

(Brandner, 1933) 

26.21 In Exercise 26.19, show that if ni ¥* «*, we have approximately for the ML 
estimator of C 

£ = ;(«i*i+«s*i)i 
ft 

and hence that the LR test of p x = p t uses the statistic 

l = ^ 8ech |~( ar i“ ar «)j , J ’ j«ch |^(* 1 -ar l )|J * 

approximately, again a one-to-one function of (*i —*a). 

(Brandner, 1933) 

26.22 To estimate a common value of p for two bivariate normal populations, show 
that 

c # = («i~ 3) *! + (»«,-3)*, 

«i+«»—6 

is the linear combination of sr x and x t with minimum variance as an estimator of but 
that when n x ¥= n t this does not give the Maximum Likelihood estimator of p given in 
Exercise 26.19. 


26.23 Show that the correlation coefficient between x and y, p w satisfies 
, _ yar(« 1 +/l 1 *) . E{[y-(« l +/?,*)]*} 

p «-- <4 - 1 <4-- 

and hence establish (26.18). 


26.24 Writing z = E{x\y) t show that 

Pi = Vi 

and that 

Pm - &,b Ji- 

Hence show that (26.18) implies (26.46) and establish the conditions under which the 
various equalities in (26.46) hold. 

(M. Fr6chet published these relations in 1933-1935 ; see Kruskal (1958)) 



CHAPTER 27 


PARTIAL AND MULTIPLE CORRELATION 

27.1 In normal or nearly-normal variation, the correlation parameter p between 
two variables can, as we saw in 26.10, be used as a measure of interdependence. When 
we come to interpret “ interdependence ” in practice, however, we often meet diffi¬ 
culties of the kind discussed in 26.4: if a variable is correlated with a second variable, 
this may be merely incidental to the fact that both are correlated with another variable 
or set of variables. This consideration leads us to examine the correlations between 
variables when other variables are held constant, i.e. conditionally upon those other 
variables taking certain fixed values. These are the so-called partial correlations. 

If we find that holding another variable fixed reduces the correlation between two 
variables, we infer that their interdependence arises in part through the agency of that 
other variable; and, if the partial correlation is zero or very small, we infer that their 
interdependence is entirely attributable to that agency. Conversely, if the partial 
correlation is larger than die original correlation between the variables we infer that 
the other variable was obscuring the stronger connection or, as we may say, “ masking ” 
the correlation. But it must be remembered that even in the latter case we still have 
no warrant to presume a causal connection: by the argument of 26.4, some quite 
different variable, overlooked in our analysis, may be at work to produce the correlation. 
As with ordinary product-moment correlations, so with partial correlations : the pre¬ 
sumption of causality must always be extra-statistical. 

27.2 In this branch of the subject, it is difficult at times to arrive at a 
notation which is unambiguous and flexible without being impossibly cumbrous. 
Basing ourselves on Yule’s (1907) system of notation, we shall do our best to steer a 
middle course, but we shall at times have to make considerable demands on the reader’s 
tolerance of suffixes. 

As in Chapter 26, we shall discuss linear regression incidentally, but we leave over 
the main discussion of regression problems to Chapter 28. 

Partial correlation 

27.3 Consider three multinormally distributed variables. We exclude the singular 
case (cf. 15.2), and lose no generality, so far as correlations are concerned, if we standard¬ 
ize the variables. Their dispersion matrix then becomes the matrix of their correla¬ 
tions, which we shall call the correlation matrix and denote by C. Thus if the correla¬ 
tion between x ( and x t is p iit the frequency function becomes, from (15.19), 

/(x„ X.. X,) = p^-MICI-texp/-^ I C„x,x\, (27.1) 
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where C if is the cofactor of the (s,j)th element in the symmetric correlation determinant 

1 Pis Pis 

|C|= 1 Pt9 . (27.2) 

1 

Cut | C | = C w is the element of the reciprocal of C. We shall sometimes write the 
determinant or matrix of correlations in this way, leaving the entries below the leading 
diagonal to be filled in by symmetry. 

The c.f. of the distribution is, by (15.20), 


tu tv t a ) = exp j-J 


(27.3) 


27.4 Consider the correlation between and x t for a fixed value of x a . The 
conditional distribution of x t and x t , given x a> is 

*(*i,*.|* 8 ) oc exp{—J(C 11 xf+2C 11 *| +2C ia x t x a + 2C** x t x a )} 

00 exp {—J [C 11 (*i—f i)*+2C 11 (*i—f i) (x,—f *) + C* 2 (x,—£*)*]}, (27.4) 

where 

C^j+CV,- ~C"x a , 

= —C a x a . 

From (27.4) we see that, given x 3 , x a and x t are bivariate-normally distributed, with 
correlation coefficient which we write 

0 » 

PiS.S (C^C* 2 )*’ 

Clearly, /> 13 . 3 does not depend on the actual value at which x a is fixed. Furthermore, 
cancelling the factor in | C |, we have 

_ ^i» 1 


P ii.s — — 


(CiiC„)* 


(27.5) 


_ PlI Pll P|3 

{(i-A)(i-A)P > 

from (27.2). p ira is called the partial correlation coefficient of x a and x t with x 3 
fixed. It is symmetric in its primary subscripts 1,2. Its secondary subscript , 3, refers 
to the variable held fixed. 

Although (27.5) has been derived under the assumption of normality, we now 
define the partial correlation coefficient by (27.5) for any parent distribution. 


27.5 Similarly, if we have a p-v ariate non-singular multinormal distribution and 
fix (p—2) of the variates, the resulting partial correlation of the other two (say x lt x t ) is 

Pi*.34...„ = (£1 (27.6) 

where C if is the cofactor of p i} in 
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|C| = 


1 Pis Pis 
1 Pts 
1 


(27.7) 


Like (27.5), (27.6) is to be regarded as a general definition of the partial correlation 
coefficient between x 1 and x t with .. . fixed. 

27.6 It is instructive to consider the same problem from another angle. 
Write /(*!, ..., Xk|Xfc+i» • • •» *») for the conditional joint frequency function of 
x u when Xt+i> .. •, x 9 are fixed, and f (x k+1 , ...,*,) for the marginal joint 

distribution of x k+1 , ..., x k . 

The joint c.f. of the p variables is 

4>[txt • • •, tp) 

= | ... J/(*!, . .., x k \** +1 ,.... x„)g(x, t+i,.... *„)exp ^ Z itjxfjdxx . . . dx, 

= | ■ ■ • J ^*(tj,.. •, | Xjt+j,. •., *»)/(*w-ii • • • * *»)^ 21 ^ttjXj^ dxh+i ... dxp, 

where <f> k (t x .**+i, ...,*,) is the conditional joint c.f. of x u ..., x k . It follows 

from the multivariate Inversion Theorem (4.17) that 

<f> k g — ^2jj)i>— tj" • • • j" ^(^i* • • •» | ^ ^**1 *" * (27.8) 

If we put tx = t t — ... = t k = 0 in (27.8), we obtain, since <f> k then becomes equal 
to unity, 

g = J • •. J*(0,.. .,0,1m.! .f p )exp(- Z+ itjXijdtk+x ... dt v . (27.9) 

Hence, dividing (27.8) by (27.9), 

I ... I • • • > Qcxp l — L itjXjjdtk+i . . . dt p 

<t» = f f - - - V ,- 7 l / v • (27.10) 

J • • • J *(0, ••• i 0, /jfc+i, • - • > tp)exp ^—2 it j Xjjdt k+1 ... dt„ 

This is a general result, suggested by a theorem of Bartlett (1938). 

If we now assume that the p variables are multinormal, the integrand of the 
numerator in (27.10) becomes, using the c.f. (15.20), 

exp( —| 2 p u t t t { - 2 itjXj\ 

\ i,j~ i i-*+i / 

= exp(-i 2 exp(-} 2 Pu ht,) exp( - 2 2 exp( - 2 t'f ,xA 

\ l,}~ 1 / \ U-*+l / \ l-lj-k+l / \ J-k+l / 

= exp^ Pw<i<#) ex P(-1 S p u *,*,)exp j-_ 2 ^Z p„f,)j>. (27.11) 


(27.10) 



320 


THE ADVANCED THEORY OF STATISTICS 


Now the integral with respect to , t 9 of the last two factors on the right of 

(27.11) is the inversion of the multinomial c.f. of **+*> • ••>** with x, measured 

from the value * Z p^t m . This change of origins does not affect correlations. If we 

«-l 

write D for the correlation matrix of x k+l . . alone, this gives for the integral 

of (27.11) a constant times 

exp S exp {-$ Z Z p tm t m )(x,-i Z ?,„**))■• 

\ U” 1 / l + l \ m-1 /V m *1 /J 

From (27.10) we then find 


(^i» • • •» | ^Jis+i> • • • f Xp) " | ^ ^ ^ x 

exp/—$ Z + i £ D^x t xX. (27.12) 

l. W-t+i \ «*-i / \ m-l / w-*+i J 


Thus if (Tm denotes the covariance of * u and x v in the conditional distribution of 
x k , and cr*. their covariance unconditionally, we find, on identifying coefficients 
of t u t v in (27.12), 

o uv — <r uv — Z D ®putPiv (27.13) 

This is in terms of standardized initial variables. If we now destandardize, the variance 
of x t being o<, each p is replaced by its corresponding a, D v is replaced by the dispersion 
matrix elements D li /(a t a f ) and we have the more general form of (27.13) 

o'uv - Ouv- S D u a lu (T Sv /{(Ti(T s ). (27.14) 

W-*+i 

(27.14) does not depend on the values at which **+!, ..., x 9 are fixed. 


27.7 In particular, if we fix only one variable, say x 9 , we have D 9V = 1 and the 
conditional covariance (27.14) becomes simply 

Oyg, = o %v o 9U o i m/dp = o u <r v (j> ut p 9 pPvp)t (2/. 15) 

and if u = v we have from (27.15) the conditional variance of u 

= <£(1-/4), 

and the last two formulae give the conditional correlation coefficient 


= Puv PupPvp 

f "’ {(1-AHi-A)} 1 ' 

another form of (27.5). 

If we fix all but two variables, say x x and x t , we have from (27.14) 


P 12.34... J> — 


Pit ~ S DPPnPit 

U-3 


{(l- £ D u P, lPll ) (l - J t £*»,»,) }' 


(27.16) 
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Inspection of (27.7) shows that the minor of p lt , namely, 


Pti 

Pil 


P* 1 


Pti Pu • • • Ptp 
1 Pu • • • Pi» ' 


Pil I Pit • • • p»i 


pu ! 


P»t P» 4 


1 


* i : ! 


\p» i 


may be expanded by its first row and column as 

S PnPitt 
hi —3 

and similarly for the minors of p lu p %% . Thus (27.16) may be written 

C? s 


Pn.at...f 


c„c,; 


which is (27.6) again. 


Linear partial regressions 

27.8 We now consider the extension of the linear regression relations of 26.7 to p 
variates. For p multinormal variates x { with zero means and variances a?, the mean 
of if x . . are fixed is seen from the exponent of the distribution to be 




x v) _ £ C u *» 

“ Ac n a/ 


(27.17) 


We shall denote the regression coefficient of x x on x t with the other (p— 2) variables 
held fixed by or, for brevity, by where q stands for “ the 

other variables than those in the primary subscripts,” and the suffix to q is to distinguish 
different q' s. The are the partial regression coefficients. 

We have, therefore, 


p _ ° i i 

~V f c~ 


ii 


E (xi | Xg, ..., Xp) — . •. 4" Pipi, x v (27.18) 

Comparison of (27.18) with (27.17) gives, in the multinormal case, 

(27.19) 

Similarly, the regression coefficient of x, upon with the other variables fixed is 

(27.20) 

and thus, since C u = C n , (27.6), (27.19) and (27.20) give 


p _ °t Cu 

PiUt ~ — 7=T“» 

°i L a 


Cl 


Pij-h /•> /•> PlfaiPf l-4/» 

t'llWi 


(27.21) 


an obvious generalization of (26.17). (27.19) and (27.20) make it obvious that 
is not symmetric in x t and x h which is what we should expect from a coefficient of 
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dependence. Like (27.5) and (27.6), (27.19) and (27.20) are definitions of the partial 
coefficients in the general case. 

Errors from linear regression 

27.9 We define the error (•) of order (p— 1) 

* 1.2 ...P = *l-£(*l|**> • • •»**)• 

It has zero mean and its variance is 

Ol.S...p = £(*1.2 ... P ) = £[{*i~.E(* X |* t , .. .,*„)}*], 

so that erf 2 ,, is the error variance of x x about the regression. We have at once, 
from (27. i 8), 

0 * 2 ...p = E £^* 1 — ^ J (27.22) 

“ E [* x ^* 1 — 2^ x i^j~ fan *>(*1 ~ Aj*(27.23) 

If we take expectations in two stages, first keeping x .. x p fixed, we find that the 

conditional expectation of the second product in the right of (27.23) is zero by (27.18), 
so that 

01.2 ... P = £ {*i“ ? 

= of- 2 fa^ou. (27.24) 

j-2 

The error variance (27.24) is independent of the values fixed for x z ,..., x v if the fa# 
are independent of these values. The distribution of x x in arrays is then said to be 
homoscedastic (or heteroscedastic in the contrary case). This constancy of error variance 
makes the interpretation of regressions and correlations easier. For example, in the 
normal case, the conditional variances and covariances obtained by fixing a set of variates 
does not depend on the values at which they are fixed (cf. (27.14)). In other cases, 
we must make due allowance for observed heteroscedasticity in our interpretations: 
the partial regression coefficients are then, perhaps, best regarded as average relation¬ 
ships over all possible values of the fixed variates. 

Relations between variances, regressions and correlations of different orders 

27.10 Given p variables, we may examine the correlation between any pair when 
any subset of the others is fixed, and similarly we may be interested in the regression 
of any one upon any subset of the others. The number of possible coefficients becomes 
very large as p increases. When a coefficient contains k secondary subscripts, it is 
said to be of order k. Thus p 1S 31 is of order 2, p ir3 of order 1 and p lt of order zero, 
while /liters is of order 3 and <7f. 2 67g is of order 4. In our present notation, the linear 


(,) This is often called a “ residual ” in the literature, but we shall distinguish between 
errors from population linear regressions and residuals from regressions fitted to sample data. 
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regression coefficients of the last chapter, /3 X and /?„ would be written p lt and p tl 
respectively and are of order zero, as is an ordinary variance a 1 . 

We have already seen in 27.4 and 27.7 how any correlation coefficient of order 1 
can be expressed in terms of those of order zero. We will now obtain more general 
results of this kind for all types of coefficient. 


27.11 From (27.24) and (27.19) we have 




— of + 2 ~n~ a ut 




<jj C 


ii 


whence 


0?.2...p/0i — 1 +tt - ^ CuPu 

C lli -2 

= i+‘ (|c|-c„)-L£!, 

W1 U 11 


or, using the definition of q given in 27.8, 


<T* — <T*L^i 

°i.« — °T 7=, > 


(27.25) 


(27.26) 


and similarly if 1 is replaced by any other suffix. More generally, it may be seen in 
the same way that 


, ^ l C l 

cov(x,. t „ x m . 1m ) = <r,<r m L_l. 


(27.27) 


which reduces to (27.26) when l = m. (27.27) applies to the case where the secondary 
subscripts of each variable include the primary subscript of the other. If, on the 
other hand, both sets of secondary subscripts exclude / and m, we denote a common set 
of secondary subscripts by r. The covariance of two errors x u x m _ r is related to their 
correlation and variances by the natural extension of the definitions (26.10), (26.11) 
and (26.17), namely 


cov(* /r x m . f )/<r*. f = 
co v(x u ,x m . r )/of. r = 

COV (x l r , X ms )/(p lr O m . r ) - p lm , TK 


(27.28) 


agreeing with the relationship (27.21) already found. By adjoining a set of suffixes, r, 
to both variables x h x m we simply do the same to all their coefficients. 


27.12 We may now use (27.26) to obtain the relation between error variances of 
different orders. Writing | D \ for the correlation determinant of all the variables 
except x t , we have, from (27.26), 


of .?-2 



(where the suffix q—2 denotes the set q excluding x t ) and 
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whence 

I C| tyi 29) 

o*u-2~ C n -\D\- ( } 

Now |D| = C,| by definition, and by Jacobi’s generalized theorem on determinants 


£ u c“ =|C| 0 , 

w* '■'II 

since Z) u is the complementary minor of 

Pn Pn 
Pi* Ptt 

in C. Thus, using (27.30), (27.29) becomes 

C n C 1# I 

_ _^i* C** i _ j _ 

®i.»—a CiiCm 


(27.30) 


Cf, 

Cvt Ci 


(27.31) 


or, using (27.6), 

4, = "?.,-2(1-p? 2 .,). (27.32) 

(27.32) is a generalization of the bivariate result given in Exercise 26.23, which in our 
present notation would be written 

°2.i — <*i(l — Pi*)* 

We have also met this result in the special context of the bivariate normal distribution 
at (16.46). 

27.13 (27.32) enables us to express the error variance of order (p—1) in terms of 

the error variance and a correlation coefficient of order (p—2). If we now again use 
(27.32) to express we find in exactly the same way 

<***-2 = °f.j— 2 — 3 ( 1 — Pis.?-*)* 

We may thus apply (27.32) successively to obtain, writing subscripts more fully, 

°l.2...p — (1 — PlJ>)(l — PlO>-l).p)(l ~Pl(p-2).(j>-l)p) • • • (1 — Pl2.3...*)‘ (27.33) 

In (27.33), the order in which the secondary subscripts of 0 * 23 ,.. p are taken is evidently 
immaterial; we may permute them as desired. In particular, we may write for 
simplicity 

- (1 ,)(1 -fU> • • ■ 0 -Am 

- (27.34) 
'■'11 

by (27.26), the subscripts other than 1 in (27.34) being permutable. (27.34) enables 
us to express any error variance of order s in terms of the error variance of zero order 
and s correlation coefficients, one of each order from zero up to (r— 1 ). 

27.14 We now turn to the regression coefficients. (27.15) may be written, for 
the covariance of and x t with x p fixed, 

a iip = °it~ <r ip a pt/ a p> 
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„ _ ^ ^lp.S...<p-l)<^p2.3...(p-l) 

°12.8...J> — ^12.3... (j>-1)-X- 

Vn.l 


(27.35) 

Using the definition (27.28) of a regression coefficient as the ratio of a covariance to 
a variance, i.e. 

Pij.k * a ij.k/OjJn 

we have from (27.35), writing r for the set 3. (p—1 ), 

PlZpr ^2.pr — Pl2.r °2.r ~ Pips Pp2.r <As 
or 


PlZpr — ~4^‘{Plts'~ Pips Ppis)' 

° 2 .pr 

If we put m x t in (27.36), we obtain 

°2.pr — O%s0-— faps Ppis) — °lr(l ~plp.r)> 

another form of (27.32). Thus, from (27.36) and (27.37), 


/w - 

* Ptp.r Pp2.r 


(27.36) 

(27.37) 

(27.38) 


the required formula for expressing a regression coefficient in terms of some of those 
of next lower order. Repeated applications of (27.38) give any regression coefficient 
in terms of those of zero order. 

Finally, using (27.21), we find from (27.38) 


A — (R R U _ Pits ~ Pips Pips 

PlZpr Wl2.prfa.pr) {(1 _^ f )(l-pf,,)}*’ 

which is (27.5) generalized by adjoining the set of suffixes r. 


(27.39) 


Approximate linear partial regressions 

27.15 In our discussion from 27.8 onwards we have taken the regression relation¬ 
ships to be exactly linear, of type (27.18). Just as in 26.8, we now consider the question 
of fitting regression relationships of this type to observed populations, whose regressions 
are almost never exactly linear, and by the same reasoning as there, we are led to the 
Method of Least Squares. We therefore choose the to minimize the sum of 
squared deviations of the n observations from the fitted regression. 

S (* M - i fa. q ,x H )\ (27.40) 

<-l i«=2 

where we measure from the means of the x’s, and assume n > p. The solution is, 
from (19.12), 

p = (X'X) -1 X'Xl (27.41) 

where the matrix X refers to the observations on the (/>—1) variables *„..., x„, 
and x t is the vector of observations on that variable. (27.41) may be written 

p - (»Vjp-i) -1 (n M) - M, 


(27.42) 
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where V p _ l is the dispersion matrix of x„ ..., x p and M is the vector of covariances 
of Xj with x, (j = 2,..., p). Thus 

Am, - rjr-. s (F,.,)»<r u . (27.43) 

Since | V p - X | is the minor V X1 of the dispersion matrix V of all p variables, (V P - X ) {1 is 
the complementary minor of 

i o? j 

I a U a il I 

in V, so that the sum on the right of (27.43) is the cofactor of (— <r u ) in V. Thus (27.43) 
becomes 

A*- (27.44) 

(27.44) is identical with (27.19). Thus, as in 26.8, we reach the conclusion that the 
Least Squares approximation gives us the same regression coefficients as in the case 
of exact linearity of regression. 

It follows that all the results of this chapter are valid when we fit Least Squares 
regressions to observed populations. 

Sample coefficients 

27.16 If we are using a sample of n observations and fit regressions by Least 
Squares, all the relationships we have discussed will hold between the sample coefficients. 
Following our usual convention, we shall use r instead of p, b instead of /?, and i* instead 
of <x* to distinguish the sample coefficients from their population equivalents. The 
V s are determined by minimizing the analogue of (27.40) 

»*?. 23 ...p = 2 (x lt - 2 b ljJb x,i) , (27.45) 

(=i\ 2 / 

and we have as at (27.21) 

^ij.k ~ bjjjgbji'k, 

while the analogues of (27.34), (27.38) and (27.39) also hold. 

If we equate to zero the derivatives of (27.45) with respect to the b u (which is the 
method by which we determine the b u ), we have the (p— 1) equations 

« p 

2 x n (*n — 2 bijjjjXji) = 0, j — 2 ,3,..., p, 

<*.1 j2 

which we may write 

2*i*i.23...|> = 0, j — 2,3,... ,p, (27.46) 

the summation being over the n observations. *i. 2 3 ...p is the residual from the fitted 
regression—cf. 27.9. From (27.46) it follows that 

2*f„ = 2 *,.,(*!-26,,.„*,) = 2(27.47) 

2xi.,x 2 ., = 2x lr xj = 2xjX 2r , 


and similarly 


( 27 . 48 ) 
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where r is any common set of secondary subscripts. Relations like (27.47) and 
(27.48) hold for the population errors as well as the sample residuals, but we shall 
find them of use mainly in sampling problems, which is why we have expressed 
them in terms of residuals. Exercise 27.5 gives the most general rule for the omission 
of common secondary subscripts in summing products of residuals. 

Estimation of population coefficients 

27.17 As for the zero-order correlations and regressions of the previous chapter, 
we may use the sample coefficients as estimators of their population equivalents. If 
the regression concerned is linear, we know from the Least Squares theory in Chapter 19 

that any b is an unbiassed estimator of the corresponding ft and that ^rf .23 ...p 

is an unbiassed estimator of <xf 2 3 ... P . However, no r is an unbiassed estimator of its p : 
we saw in 26.15-17 that even for a zero-order coefficient in the normal case, r is not 
unbiassed for p, but that the modification (26.34) or (26.35) is an unbiassed estimator. 
A result to be obtained in 27.22 will enable us to estimate any partial correlation 
coefficient analogously in the normal case. 

Geometrical interpretation of partial correlation 

27.18 From our results, it is clear that the whole complex of partial regressions, 
correlations and variances or covariances of errors or residuals is completely determined 
by the variances and correlations, or by the variances and regressions, of zero order. 
It is interesting to consider this result from the geometrical point of view. 

Suppose in fact that we have n observations on p (< n) variates 

* 11 > • • • > * 1 » » • • • > » • • • » • • • * *»»■ 

Consider a (Euclidean) sample space of n dimensions. To the observations 
*ik> ..•>*„* on the ftth variate, there will correspond one point in this space, and 
there are p such points, one for each variate. Call these points Q v Q t ,..., Q p . We 
will assume that the x’s are measured about their means, and take the origin to be P. 

The quantity naf may then be interpreted as the square of the length of the vector 
joining the point Q t (with co-ordinates x u ,..., *„,) to P. Similarly p lm may be 
interpreted as the cosine of the angle Q t PQ m , for 

* 

S x it x, m 

_, 

* » \i 

S x$ 2 xf m ) 

which is the formula for the cosine of the angle between PQ t and PQ m . 

Our result may then be expressed by saying that all the relations connecting the 
p points in the n-space are expressible in terms of the lengths of the vectors PQ t and 
of the angles between them; and the theory of partial correlation and regression is 
thus exhibited as formally identical with the trigonometry of an n-dimensional con¬ 
stellation of points. 

Y 
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27.19 The reader who prefers the geometrical way of looking at this branch of 
the subject will have no difficulty in translating the foregoing equations into trigono¬ 
metrical terminology. We will indicate only the more important results required for 
later sampling investigations. 

Note in the first place that thep points Q { and the point P determine (except perhaps 
in degenerate cases) a sub-space of p dimensions in the n-space. Consider the point 
Q 1 . 2 ...P whose co-ordinates are the n residuals * Ui ,.In virtue of (27.46) the vector 
PQi. 2 ... p is orthogonal to each of the vectors PQ t ,..., PQ p and hence to the space 
of (p— 1) dimensions spanned by P, Q t , ..., Q P . 

Consider now the residual vectors Qi.„ Q 2 „ where r represents the secondary 
subscripts 3, 4,..., (p-1). The cosine of the angle between them, say 0, is p l2 , r 
and each is orthogonal to the space spanned by P, Q a , ..., Q( P -\y In Fig. 27.1, let 
M be the foot of the perpendicular from Q ljr on to PQ p and Qi r a point on PQg. r 
such that Qi r Mia also perpendicular to PQ p . Then MQ lr and MQ' it are orthogonal 



to the space spanned by P, Q if ...» Q P , and the cosine of the angle between them, 
say <f>, is pi 2 rp . Thus, to express pi^rp in terms of p 12 . r we have to express <f> in terms 
of 6, or the angle between the vectors PQi. r and PQ' 2 . T in terms of that between their 
projections on the hyperplane perpendicular to PQ„. We now drop the prime in 
Qi r for convenience. By Pythagoras’ theorem, 


Further, 


{.Q 1 .rQ 2 .ry - PQ*i, + P&,~2PQi ,• PQ 2 , cos 6 

= MQft'f + MQlr—2MQ }r - MQ 2 _ T cos <f>. 

P&, - PM* + MQ^ 


and 


PQI. r = PM*+MQh, 



PARTIAL AND MULTIPLE CORRELATION 


329 


and hence we find 


or 


MQi_ t MQi_ r cos<f> = PQi. r PQir cos Q—PM* 

mi ^!cosi = COS0- ™ ™ 

PQlr'PQzr * PQu'PQz.; 


(27.49) 


Now and 

PQir PQi, 


are the sine and cosine of the angle between PQ 9 and PQ\. r > 


Since PQ t r is orthogonal to the space spanned by P, Q„ ..., Q p -u its angle with 
PQ, is unchanged if the latter is projected orthogonally to that space, i.e. if we replace 
PQ p by PQ p The cosine of the angle between PQ\ , and PQ p r is p lp „ and hence 
PM _ MQ l r _ 2 

Pfr, - PlP ” PQTr ~ 1 °’“ 


(1— pip.,) 1 . The same result holds with the suffix 2 replacing 


1. Thus, substituting in (27.49), 


Pl2.rp 


Pl2.f Plp.r Plp.r 


(27.50) 


which is (27.39) again. We thus see that the expression of a partial correlation in 
terms of that of next lower order may be represented as the projection of an angle in 
the sample space on to a subspace orthogonal to the variable held fixed in the higher- 
order coefficient alone. 


Computation of coefficients 

27.20 Where there are only 3 or 4 variates, we may proceed to calculate the partial 
correlations and regressions directly from the zero-order coefficients, using the appro¬ 
priate one of the formulae we have derived. When larger numbers of variables are 
involved, it is as well to systematize the arithmetic in determinantal form. In effect, 
we need to evaluate all the minors of C, the correlation matrix, and then formulae 
(27.6), (27.19) and (27.26) applied to them give us the correlation and regression 
coefficients and residual (or error) variances of all orders. Now that electronic com¬ 
puting facilities are becoming widely available, the tedium of manual calculation can 
be avoided. 

For p small, tables of quantities such as 1 —/>*, (1 — p*) 1 and {(1 — p?)(l —pi)} -1 
are useful. Trigonometrical tables are also useful; for instance, given p we can find 
6 = arc cosp and hence sin0 = (1—/>*)*, cosec 6 = (1— p 2 ) -1 , and so on. 

The Kelley Statistical Tables (Harvard U.P., 1948) give (l-p*)‘ for 

P = 0 0001 (0-0001) 0-9999. 

The two examples which follow are of interpretational, as well as computational, 
interest. 


Example 27.1 

In an investigation into the relationship between weather and crops, Hooker (1907) 
found the following means, standard deviations and correlations between the yields 



330 


THE ADVANCED THEORY OF STATISTICS 


of “ seeds’ hay ” (x x ) in cwt per acre, the spring rainfall (*,) in inches, and the accumu¬ 
lated temperature above 42° F in the spring (x 3 ) for an English area over 20 years:— 


Hi = 28-02, 

o, = 4-42, 

pit = 

+0-80, 

f*t = 4*91, 

a t = M0, 

pit = 

-0-40, 

= 594, 

II 

OO 

Cn 

ptt = 

-0-56. 


The question of primary interest here is the influence of weather on crop yields, 
and we consider only the regression of x x on the other two variates. From the correla¬ 
tions of zero order, it appears that yield and rainfall are positively correlated but that 
yield and accumulated spring temperature are negatively correlated. The question is, 
what interpretation is to be placed on this latter result ? Does high temperature 
adversely affect yields or may the negative correlation be due to the fact that high 
temperature involves less rain, so that the beneficial effect of warmth is more than offset 
by the harmful effect of drought ? 

To throw some light on this question, let us calculate the partial correlations. 
From (27.5) we have 


Similarly 


Pl2.3 ~ 


{(i-p£)(i-pU}‘ 

_ 0-80-(-0-40)(-0-56) 
{(1-0-40*) (1-0-56*)}* 
= 0-759. 


Pis .2 — 0-097, Pi3.i — —0-436. 


We next require the regressions and the error variances. We have 


B „ = cov (*»-ai *2 3) 

123 var x *.3 


= Pi 2-3 


°i.3 

< 72.3 


This, however, involves the calculation of <r 13 and <r 2 . 3 . which are not in themselves 
of interest. We can avoid these calculations by noting from (27.33) that 


so that 


°i.23 = <7l.3(l — Pl2.3)*» 
<72.18 = <72.8 (1 ~ Pl2.3)*» 


(27.51) 


P 12.9 = P12.S ~ 

<72.13 


(27.52) 


The standard deviations oj 03 and (r«.i 3 are of some interest and may be calculated 
from (27.33). We have 

°i.23 = °i {( 1 —P12) ( 1 — P13.2) }* 

= <71{(1-P?,)(l-Pf2.3)} } , 
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the two forms offering a check on each other. From the first we have 

*1.23 - 4-42 {(1— 0-8*) (1-0-097*)}* 

= 264. 


Similarly 

Thus 


and we also find 


* 2.13 — 0-594, *s.i 2 — 70*1. 


Au - 0759- 3-37. 
/?i3.2 = 0-00364. 


The regression equation of Xj on x, and x 3 is then 

x 1 -28-02 = 3-37 (x, - 4-91)+0-00364 (x,—594). 

This equation shows that for increasing rainfall the yield increases, and that for 
increasing temperature the yield also increases, other things being equal. It enables us 
to isolate the effects of rainfall from those of temperature and to study each separately. 
The fact that 0 132 is positive means that there is a positive relation between yield and 
temperature when the effect of rainfall is eliminated. The partial correlations tell the 
same story. Although p 19 is negative, p 132 is positive (though small), indicating that 
the negative value of p 19 is due to complications introduced by the rainfall factor. 

The foregoing procedure avoids the use of determinantal arithmetic, but the latter 
may be used if preferred. (27.2) is 



1 

0-80 

-0-40 


|C| = 

0-80 

1 

-0-56 

= 0-2448, 


-0-40 

-0-56 

1 


Cn = 

1 

-0-56 

-0-56 

1 

= 0-6864, 


from which, for example, by (27.34), 


*1.23 — *1 



* 2-64, as before. 


Example 27.2 

In some investigations into the variation of crime in 16 large cities in the U.S.A., 
Ogbum (1935) found a correlation of -0-14 between crime rate (x 3 ) as measured by 
the number of known offences per thousand inhabitants and church membership (x,) 
as measured by the number of church members of 13 years of age or over per 100 of 
total population of 13 years of age or over. The obvious inference is that religious 
belief acts as a deterrent to crime. Let us consider this more closely. 

If x, = percentage of male inhabitants, 

x s — percentage of total inhabitants who are foreign-born males, and 

x 4 = number of children under 5 years old per 1000 married women between 
15 and 44 years old, 
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Ogbum finds the values 

Pit — +0-44, p% 4 = —0*19, 

Pit “ -0*34, p u = -0*35, 

Pit ~ — 0*31, Pu ~ +0-44, 

Pit = -0-14, pa - +0*33, 

Pa * +0-25, pu = +0*85. 

From these and other data given in his paper it may be shown that we have, for the 
regression of x x on the other four variates, 

- 19-9 - 4-51 (*,— 49-2) - 0*88 (* 3 - 30-2) - 0*072 (* 4 - 4814) + 0*63 (x s - 41 *6), 
and for certain partial correlations 

Pi 5.3 = —0*03, 

Pit.t — +0*25, 

Pi 5.3* = +0*23. 

Now we note from the regression equation that when the other factors are constant 
x t and * 6 are positively related, i.e. church membership appears to be positively 
associated with crime. How does this effect come to be masked so as to give a negative 
correlation in the coefficient of zero order p u ? 

We note in the first place that the correlation between crime and church membership 
when the effect of x 3 , the percentage of foreigners, is eliminated, is near zero. The 
correlation when x t , the number of young children, is eliminated, is positive; and 
the correlation when both x z and * 4 are eliminated is again positive. It appears, in 
fact, from the regression equation that a high percentage of foreigners and a high 
proportion of children are negatively associated with the crime-rate. Now both these 
factors are positively correlated with church membership (foreign immigrants being 
mainly Catholic and more fecund). These correlations submerge the positive associa¬ 
tion with crime of church membership among other members of the population. The 
apparently negative association of church membership with crime appears to be due 
to the more law-abiding spirit of the foreign immigrants and the fact that they are also 
more zealous churchmen. 

The reader may care to refer to Ogbum’s paper for a more complete discussion. 


Sampling distributions of partial correlation and regression coefficients in the 
normal case 

27.21 We now consider the sampling distributions of the partial correlation and 
regression coefficients in the normal case. 

For large samples, the standard errors appropriate to zero-order coefficients 
(cf. 26.13) may be used with obvious adjustments. Writing m for a set of secondary 
subscripts, we have, from (26.24), 

varr 12 „ = -(l-/,f 2w )*, (27.53) 

ft 


and from (26.30) 


vari 12m = 1^(1-^) 

ft m 


1 <7?.2m 

^ 02.MI 


(27.54) 
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by (27.32). The proof of (27.53) and (27.54) by the direct methods of Chapter 10 is 
very tedious. They follow directly, however, from noting that the joint distribution 
of any two errors *i. m and * 2 .m is bivariate normal with correlation coefficient 
It follows, as Yule (1907) pointed out, that the sample correlation and regressions 
between the corresponding residuals have at least the large-sample distribution of a 
zero-order coefficient. We shall see in 27.22 that in a sample of size n, the exact 
distribution of r 12 m is that of a zero-order correlation based on (n—d) observations, 
where d is the number of secondary subscripts in m. However, since (27.53) and 
(27.54) are correct only to order n~\ we need not adjust them by this small factor. 

27.22 Consider now the geometrical representation of 27.18-19. Suppose that 
we have three vectors PQ lt PQ a , PQ a , representing n observations on x u x tt x a . As 
we saw in 27.19, the partial correlation r 12 . 8 is the cosine of the angle between PQ t 
and PQ t projected on to the subspace orthogonal to PQ a , which is of dimension (n— 1). 
If we make an orthogonal transformation (i.e. a rotation of the co-ordinate axes), the 
correlations, being cosines of angles, are unaffected ; moreover, if the n original observa¬ 
tions on the three variables are independent of each other, the n observations on the 
orthogonally transformed variables will also be. (This is a generalization of the result 
of Examples 11.2 and 11.3 and of 15.27 for independent x lt x t , x a , and its proof is left 
for the reader as Exercise 27.7 ; it is geometrically obvious from the radial symmetry 
of the standardized multinormal distribution.) If PQ a is taken as one of the new 
co-ordinate axes in the orthogonal transformation, the distribution of r l2 S is at once 
seen to be the same as that of a zero-order coefficient based on (»— 1) independent 
observations. By repeated application of this argument, it follows that the distribution 
of a correlation coefficient of order d based on n observations is that of a zero-order 
coefficient based on (n—d) observations: each secondary subscript involves a projec¬ 
tion in the sample space orthogonal to that variable and a loss of one degree of freedom. 
The result is due to Fisher (1924a). 

The results of the previous chapter are thus immediately applicable to partial 
correlations, with this adjustment. If d is small compared with n, the distribution 
of partial correlations as n increases is effectively the same as that of zero-order 
coefficients, confirming the approximation (27.53) to the standard error. 

It also follows for partial regression coefficients that the zero-order coefficient 
distribution (16.86) persists when the set m of secondary subscripts is adjoined through¬ 
out, with n replaced by (n—d). In particular, the “ Student’s ” distribution of (26.38) 
becomes, for the regression of x t on x t , that of 

I = (»*.-/>.«..) (27.55) 

with (n—d—2) degrees of freedom. If the set m consists of all (p—2) other variates, 
there are (n—p) degrees of freedom. Since the regression coefficients are functions of 
distances (variances) as well as angles in the sample space, the distribution of b lt itself, 
unlike that of r, is not directly preserved under projection with only degrees of freedom 
being reduced; the statistics r?. m , 4m in (27.55) make the necessary “ distance ” 
adjustments for the projections. 
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The multiple correlation coefficient 

27.23 The variance in the population of x t about its regression on the other variates 
(27.18) is <t? 2j) , defined in 27.9. We now define the multiple correlation coefficient <*) 
Rut.,. P ) between x x and x t ,... ,x p by 

-<*«...,/<* (27.56) 

From (27.56) and (27.34), 

0 < IP < 1. 


We shall define R as the positive square root of IP: it is always non-negative. R is 
evidently not symmetric in its subscripts, and it is, indeed, a measure of the dependence 
of x t upon x„ ..., x p . 

To justify its name, we have to show that it is in fact a correlation coefficient. We 
have, from 27.9, 

<rf. 2 ... P - £(*?.*...„), (27.57) 

and by the population analogue of (27.47), 

E(*!.,... P ) = £(*i*i. 2 ... p ). (27.58) 

(27.57) and (27.58) give, since E(x 12 __ p ) = 0, 

.. P = var(x 12 ... p ) = cov(x lf x 12 ...p). (27.59) 

If we now consider the correlation between x x and its conditional expectation 

£(*il**. *p) = 

we find that this is 


COv( *l, *1 —*1.2 ...p) _ 

(var var (*! - x 1£ ... p )}* 


var Xi — cov (x t , x 1-2 , p ) 


M(2...p)> 


(27.60) 


[var Xi (var x x + var x 1-2 ... p - 2 cov (x 2 , , 2 ... p ) }] 1 ’ 

and using (27.59) this is 

gf—g?.2... P _ = fgi-gf. 2... y y = 

{gf(gf-^.2... P )}* i gf ; 
by (27.56). Thus a 1(2 ...p) is the ordinary product-moment correlation coefficient 

between x t and the conditional expectation E (x x |x.. x p ). Since the sum of squared 

errors (and therefore their mean af. 2 ... p ) is minimized in finding the Least Squares 
regression, which is identical with £(*i|*t> • • •» x p) (cf. 27.15), it follows from (27.60) 
that Rui... p) is the correlation between x, and the “ best-fitting ” linear combination 


of x 2 ,.. 
withx!. 




No other linear function of x. 


x p will have greater correlation 


27.24 From (27.56) and (27.34), we have 

l-^(2...p) = = (1 “P?2>0 “Pl3. 2 ) • • • (1 “”P?j>.28...(p—1))» (27.61) 

^11 


We use a bold-face R for the population coefficient, and will later use an ordinary capital 
R for the corresponding sample coefficient: we are reluctant to use the Greek capital for the 
population coefficient, in accordance with our usual convention, because it resembles a capital 
P f which might be confusing. 
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expressing the multiple correlation coefficient in terms of the correlation determinant 
or of the partial correlations. Since permutation of the subscripts other than 1 is 
allowed in (27.34), it follows at once from (27.61) that, since each factor on the right 
is in the interval (0, 1), 

I - ■Rl(2...j>) ^ 1 “ Pi}'.# 

where /» y ., is any partial or zero-order coefficient having 1 as a primary subscript. 
Thus 

^1(2. ..p) ^ I Pi;.. I ; (27.62) 

the multiple correlation coefficient is no less in value than the absolute value of any 
correlation coefficient with a common primary subscript. It follows that if P x ... P ) =0, 
all the corresponding p xiJt = 0 also, so that x x is completely uncorrelated with all the 
other variables. On the other hand, if H 1( 2 ... P > = 1, at least one p^ must be 1 also 
to make the right-hand side of (27.61) equal to zero. In this case, (27.56) shows that 
of ., p = 0, so that all points in the distribution of * x lie on the regression line, and 
.v x is a strict linear function of x .. x p . 

Thus Ri ( 2 ...p) is a measure of the linear dependence of .r x upon .r 2 , 

27.25 So far, we have considered the multiple correlation coefficient between * x 
and all the other variates, but we may evidently also consider the multiple correlation 
of .r x and any subset. Thus we define 

*(,.,= 1-^ (27.63) 

for any set of subscripts s. It now follows immediately from (27.34) that 

o*i, < oi, , (27.64) 

where r is any subset of s: the error variance cannot be increased by the addition 
of a further variate. We thus have, from (27.63) and (27.64), relations of the type 

P?(2) ^ P? (23) ^ P?(23«) ^ ^ R*(2...p)t (27.65) 

expressing the fact that the multiple correlation coefficient can never be reduced by 
adding to the set of variables upon which the dependence of x x is to be measured. 

In the particular case p = 2, we have from (27.61) 

*? ( 2> = p\ 2, (27.66) 

so that * x(2) is the absolute value of the ordinary correlation coefficient between * x 
and x t . 

Geometrical interpretation of multiple correlation 

27.26 We may interpret jR x(2 ... P ) in the geometrical terms of 27.18-19. Consider 
first the interpretation of the Least Squares regression (27.18): by 27.23, it is that 
linear function of the variables x t ,... ,Xj, which minimizes the sum of squares (27.40). 
Thus we choose the vector PV in the (p — l)-dimensional sub-space spanned by P, 

which minimizes the distance 0 1 V, i.e. which minimizes the angle between 
PQi and PV. By (27.60), P X(2 ... P ) is the cosine of this minimized angle. But this 
means that Pi (2 .., p) is the cosine of the angle between PQ t and the (p— l)-dimensional 
subspace itself, for otherwise the angle would not be minimized. 
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If ^ 1 ( 2 ...J>) * 0 , PQi is orthogonal to the (p— l)-subspace so that x t is uncorrelated 
with *„..., x 9 and with any linear function of them. If, on the other hand, 
jR 1(S ...,) = 1 , PQi lies in the (p— l)-subspace, so that x x is a strict linear function of 
x t . x„. These are the results we obtained in 27.24. 

We shall find this geometrical interpretation helpful in deriving the distribution of 
the sample coefficient i? 1(2 ... P ) in the normal case. It is a direct generalization of the 
representation used in 16.24 to obtain the distribution of the ordinary product-moment 
correlation coefficient r which, as we observed at (27.66), is essentially the signed value 
°f i?i( 2 ). 


The screening of variables in investigatory work 

27.27 In new fields of research, a preliminary investigation of the relations between 
variables often begins with the calculation of the zero-order correlations between all 
possible pairs of variables, giving the correlation matrix C. If we are only interested 
in “ predicting ” the value of one variable, x u from the others, it is tempting first to 
calculate only the correlations of x x with the others, and to discard those variables with 
which it has zero or very small correlations : this would perhaps be done as a means of 
reducing the number of variables to a manageable figure. The next stage would be to 
calculate the correlation matrix of the retained variables and the multiple correlations 
of x t on combinations of the remaining variables. 

Unfortunately, this procedure may be seriously misleading. Whilst it is perfectly 
true that the whole set of zero-order correlations completely determine the whole com¬ 
plex of partial correlations, it is not true that small zero-order coefficients of x, with 
other variables guarantee small higher-order coefficients, and this is so even if we ignore 
sampling considerations. Since by (27.62) the multiple correlation must be as great 
as the largest correlation of any order, we may be throwing away valuable information 
by the “ screening ” procedure described above. 

Consider (27.5) again: 


« — Pit— PuPn 


(27.67) 


If pn and pit or />|, are zero, so is pn .3 ! if Pit — pt 3 — 0, pit .3 — Piv But pn and 
Pit can both be very small tohile p 12 . s is very large. In fact, suppose that p 13 = 0. Then 
(27.67) becomes 

P 12.3 = Px*/(1 —pis)** P 13 — 0. (27.68) 

If pi t is very small and pfj is very large, (27.68) can be large, too. To consider a 
specific example, let 

Pis = 0 , 

Pit = cos 0, 

p M = cos(i7r— 0) = sin 6 .J 

Then (27.68) becomes 

P 12 .S = 1* 

A similar result occurs if we put 

Pts = cos(|?r+ 0 ), 

for then p * 3 is unchanged. 
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Now we may make cos© (or cos($7r+0)) as small as we like, say e. Thus we have 


Pi* — 1 

Pi* = e > r 


(27.69) 


Pl2.Z — J 

Since the multiple correlation H 1(23) > I P 12 . 3 1 by (27.62), we have in this case 

*i ( 23)= I- (27.70) 

By (27.70), x 3 is a perfect linear function of x t and x 3i despite the values of the zero- 
order coefficients in (27.69). We should clearly have been unwise to discard x t and x 3 
as predictors of x 3 on the evidence of the zero-order correlations alone. 

It is easy to see what has happened here in geometrical terms. The vector PQ 3 
is orthogonal to PQ 3 and almost orthogonal (making an angle 0 near {n) to PQ t , but 
all three vectors lie in the same plane, in which PQ t and PQ 3 are either at an angle 
(Lt — 0) to each other (when cos (|tt- 0) is very near 1) or at an angle (Jjt+ 0) to each 
other (when cos(£r+0) is very near —1). 

We have been considering a simple example, but the same argument applies a fortiori 
with more variables, where there is more room for relationships of this kind to appear. 
The value of R depends on all the partial correlations. 

Fortunately for human impatience, life has a habit of being less complicated than 
it need be, and we usually escape the worse possible consequences of simplifying 
procedures for the selection of “ predictor ” variables ; we usually have enough back¬ 
ground knowledge, even in new fields, to help us to avoid the more egregious oversights, 
but the logical difficulty remains. 


The sample multiple correlation coefficient and its conditional distribution 
27.28 We now define the sample analogue of flf( 2 ... P ) by 

= (27.71) 

and all the relations of 27.23-6 hold with the appropriate substitutions of r for p, and 
s for o. We proceed to discuss the sampling distribution of R* in detail. Since, by 
27.23, it is a correlation coefficient, whose value is independent of location and scale, 
its distribution will be free of location and scale parameters. 

First, consider the conditional distribution of R 2 when the values of x 2 ,..., x„ are 
fixed. As at (26.50) we write the identity 

m? s «i?/?? ( 2... P ) + njf(l-*i(2... P )), 

= *(*f-*?.2... P )+**?.2... P , (27.72) 

by (27.71). If the observations on are independent standardized normal variates, 
so that *x ( 2 ... P ) = 0, the left-hand side of (27.72) is distributed in the chi-squared form 
with (ft— 1) degrees of freedom, and the quadratic forms in x x on the right of (27.72) 
may be shown to have ranks (p — 1) and (n—p) respectively. It follows by Cochran’s 
theorem (15.16) that they are independently distributed in the chi-squared form with 
these degrees of freedom and that the ratio 

P_ R\n...,,)/(p — 1) 

(1 — Rip...p))/(n— p) 


(27.73) 
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has the F distribution with (p — 1, tt—p) degrees of freedom, a result first given by 
Fisher (1924b). (26.52) is the special case of (27.73) for p = 2, when Rf r) = rj* 

(cf. (27.66)). 

This is another example of a LR test of a linear hypothesis. We postulate that 
the mean of the observations of Xj is a linear function of (p— 1) other variables, with 
(p— 1) coefficients and a constant term, p parameters in all. We test the hypothesis 
that all (p— 1) coefficients are zero, i.e. H 0 :R 2 = 0. In the notation of 24.27-8, 
we have k — p, r = p —Iso that the F-test (27.73) has (/>— 1, n—p) degrees of freedom, 
as we have seen. It follows immediately from 24.32-3 that when H 0 is not true, 
F at (27.73) has a non-central F-distribution with degrees of freedom p— 1 and n-p, 
and non-central parameter X = nR 2 , and the power properties of the LR test, given 
in Chapter 24, apply here. In particular, the test is UMP invariant by 24.36-7. 

The multinormal (unconditional) case 

27.29 If we now allow the values of x 2 ,..., x„ to vary also, and suppose that we 
are sampling from a multinormal population, we find that the distribution of R 2 is 
unchanged if R 2 = 0, but quite different otherwise from that of R 2 with x 2 ,..., -v p 
fixed. Thus the power function of the test of R 2 = 0 is different in the two cases, 
although the same test is valid in each case. As n —> oo, however, the results are 
identical in both situations. 

We derive the multinormal result for R 2 = 0 geometrically, and proceed to gener¬ 
alize it in 27.30. 

Consider the geometrical representation of 27.26. R is the cosine of the angle, 
say 0, between PQ X (the Xj-vector) and the vector PV, in the (/>— l)-dimensional space 
Sp_i of the other variables, which makes the minimum angle with PQ X . If the parent 
R = 0, Xj is, since the population is multinormal, independent of x 2 ,..., x p , and the 
vector PQi will then, because of the radial symmetry of the normal distribution, be 
randomly directed with respect to S v _ x , which we may therefore regard as fixed in the 
subsequent argument. (We therefore see how it is that the conditional and uncon¬ 
ditional results coincide when R 2 = 0.) 

We have to consider the relative probabilities with which different values of 0 
may arise. For fixed variance sf, the probability density of the sample of n observa¬ 
tions is constant upon the (n—2)-dimensional surface of an (n —l)-dimensional 
hypersphere. If 0 and PV are fixed, PQ X is constrained to lie upon a hypersphere of 
(n—2) — (p— 1) = (n—p— 1) dimensions, whose content is proportional to (sin0)" -p_1 
(cf. 16.24). Now consider what happens when PV varies. PV is free to vary within 
S v ~ lt where by radial symmetry it will be equiprobable on the (/>—2)-dimensional surface 
of a (p— l)-sphere. This surface has content proportional to (cos0) p-2 . For fixed 0 , 
therefore, we have the probability element (sin 0) n_p_1 (cos 0) p_2 dd. Putting R = cos0, 
and dd = d{R 2 )/ {F(l — F 2 )*}, we find for the distribution of R 2 the Beta distribution 

dF oc fF 2 )i <p ! «(l-F 2 )*<"-^- 2 )d(F 2 ), 0<F 2 < 1. (27.74) 

The constant of integration is easily seen to be -- ,- T — The trans- 

formation (27.73) applied to (27.74) then gives us exactly the same F-distribution as 
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that derived for x it ..., x p fixed in 27.28. When p = 2, (27.74) reduces to (16.62), 
which is expressed in terms of dR rather than d(R*). 


27.30 We now turn to the case when R ^ 0. The distribution of R in this case 
was first given by Fisher (1928a) by a considerable development of the geometrical 
argument of 27.29. We give a much simpler derivation due to Moran (1950). 

We may write (27.61) for the sample coefficient as 

1-^(2...,) = (1 -r? 2 )(l - T*), (27.75) 

say, where T is the multiple correlation coefficient between x 1<2 and # 3 . 2 , x i 2 ,..., x p2 . 
Now Rnt...p) and the distribution of /? 1(2 ... P ) are unaffected if we make an orthogonal 

transformation of x 2f ..., x v so that x t itself is the linear function of . .. x 9 which 

has maximum correlation with x t in the population, i.e. p 1% — fJ 1(2 .,. p) . It then follows 
from (27.61) that 

Pl3.2 — />14.23 — • • • = Plp.23...(p-1) — 0, (27.76) 

and since subscripts other than 1 may be permuted in (27.61), it follows that all partial 
coefficients of form pi )3t = 0. Thus * L2 is uncorrelated with (and since the variation 

is normal, independent of) * 32 , . . .* p-2 , and T in (27.75) is distributed as a 

multiple correlation coefficient, based on (»— 1) observations (since we lose one dimen¬ 
sion by projection for the residuals), between one variate and (/>—2) others, with the 
parent R = 0. Moreover, T is distributed independently of r lt , for all the variates 
Xj o are orthogonal to x t by (27.46). Thus the two factors on the right of (27.75) are 
independently distributed. The distribution of r 13 , say f x (r), is (16.60) with 
p = Hi (2 ...p), integrated for /3 over its range, while that of 7'*, say / 3 (f? 2 ), is (27.74) 
with » and p each reduced by 1. We therefore have from (27.75) the distribution 
of rt* 


which, dropping all suffixes for convenience, is 

= £Lz2)(1 _**)!<»-dJ* (l_ r *)i<»-4)J 


(27.77) 


_ # .. 

o (cosh/l— Rr)"- 1 


U-W (1 - r*)/ 

(27.78) 

If in (27.78) we put r = R cos rp and write the integral with respect to from — oo to oo, 
dividing by 2 to compensate for this, we obtain Fisher’s form of the distribution, 

dF = _- (/?2)Hp-3) (1 _ Rt\\(n-p-2) d(R*\ 

nT{\(p-2)}T{Mn-p)} K } U { > 




dp 


(cosh (i—RR cos ip)' 


V')"- 1 } 


dip. (27.79) 
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27.31 The distribution (27.79) may be expressed as a hypergeometric function. 
Expanding the integrand in a uniformly convergent series of powers of cos ip, it becomes, 
since odd powers of cosy* will vanish on integration from 0 to n. 


and since 


and 


» /»+2/-2\sin*’- s ycos l V 
i-A 2/ ) {cab flT***'*** 

J”cos*y*sin’-V V = B{\(p-2), i(2; + l)} 


n. 






, (cosh 

the integral in (27.79) becomes 

I (” + |" 2 )b{J(#- 2). i(2; + l)}B{i, i(”+2;-l)}(BB)“, 

and on writing this out in terms of Gamma functions and simplifying, it becomes 
- ~r{fl.fF( i(p-l”» ~- 1). i (»-*). Hf-l), ****}• (27.80) 


Substituting (27.80) for the integrand in (27.79), we obtain 

B{H/>-i),i(»-/>)} } {U h 


i(»-!)* 1(^-1). ****}• (27.81) 


This unconditional distribution should be compared with the conditional distribution 
of R 2 , easily obtained from the non-central F distribution in 27.28, given in Exercise 
27.13. Exercise 27.14 shows that as n —► oo, both yield a non-central r* distribution 
for nRK 

The first factor on the right of (27.81) is the distribution (27.74) when R = 0, the 
second factor then being unity. When p = 2, (27.81) is not so rapidly convergent a 
series for r* as (16.66) is for r, and generally it converges slowly, for the first two argu¬ 
ments in the hypergeometric function are $(n— 1). In the search for a more rapidly 
convergent expression, we are tempted to substitute for the integral with respect to 
p in (27.78) the expression (16.65), which is 

lo (cosh^T— = id + *')}> 


and since F(a, b, c, x) = (1 —x) e ~ a ~ b F(c—a, c—b, c, x) this is 

= f {» -1, » -1,» - i, } (* + «') }■ (27.82) 


But when we substitute (27.82) into (27.78), the integration with respect to r does 
not seem to lead to any more tractable result than (27.81). 
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The moments and limiting distributions of R 1 

27.32 It may be shown (cf. Wishart (1931)) that the mean value of R* in the 
multinormal case is 


(27.83) 


(27.84) 


(27.85) 


E{R>). !-1^(1-«■)/•{!, 1 , J(b+1), **}, 

In particular, when R 1 = 0, (27.83) reduces to 

£(S*|U*-OJ-tfi. 

also obtainable directly from (27.74). 

Similarly, the variance may be shown to be 

var (/?*) - -RyF(2, 2, j(a+3), «•)- {£(«»)-1 }■ 

- K‘> * 

(27.86) 

(27.86) may be written 

var(«.) - c /l\ 

( ) (s*-1)(b+3) UV’ 

so that if R* # 0 

var (/?*) ~ 4Jl*(l — !?*)*/». 

But if R* bs 0, (27.87) is of no use, and we return to (27.86), finding 

var(/?*) = -(”~T^)(^~_1) „ 2(o- l)/n*, 

' } (»>-l)(»-l) KP )r * 

the exact result in (27.89) being obtainable from (27.74). 


(27.87) 

(27.88) 

(27.89) 


27.33 The different orders of magnitude of the asymptotic variances (27.88) and 
(27.89) when R ^ 0 and R — 0 reflect the fundamentally different behaviour of the 
distribution of R * in the two circumstances. Although (27.84) shows that R* is a 
biassed estimator of R*, it is clearly consistent; for large n, E(R t ) —> R* and 
var (R a ) —► 0. When R the distribution of R * is asymptotically normal with mean 
R* and variance given by (27.88) (cf. Exercise 27.15). When R = 0, however, R, 
which is confined to the interval (0,1), is converging to the value 0 at the lower extreme 
of its range, and this alone is enough to show that its distribution is not normal in 
this case (cf. Exercises 27.14-15). It is no surprise in these circumstances that its 
variance is of order n -> : the situation is analogous to the estimation of a terminal of a 
distribution with finite range, where we saw in Exercises 14.8,14.13,14.16 that variances 
of order n ~ 1 occur. 
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The distribution of R behaves similarly in respect of its limiting normality to that 
of R *, though we shall see that its variance is always of order 1 /«. 

One direct consequence of the singularity in the distribution of R at R 2 = 0 should 
be mentioned. It follows from (27.88) that 

vari? ~ (1-*»)»/», (27.90) 

which is the same as the asymptotic expression for the variance of the product-moment 
correlation coefficient (cf. (26.24)) 

varr ~ (1 — p 2 ) 2 /n. 

It is natural to apply the variance-stabilizing z-transformation of 16.33 (cf. also Exercise 
16.18) to R also, obtaining a transformed variable z = ar tanh R with variance close 
to 1 /n, independent of the value of R . But this will not do near R — 0, as Hotelling 
(1953) pointed out, since (27.90) breaks down there; its asymptotic variance then 
will be given by (27.84) as 

var R - E(R 2 ) - {E(R) }* ~ (p- 1)/», (27.91) 

as against the value l/n obtained from (27.90). For p = 2 (when R = |r|), all is 
well. Otherwise, we may only use the z-transformation of R for values of R bounded 
away from zero. 

Unbiassed estimation of R * in the multinormal case 

27.34 Since, by (27.83), R 2 is a biassed estimator of R 2 , we may wish to adjust it 
for the bias. Olkin and Pratt (1958) show that an unbiassed estimator of Rip...,) is 

' = >■ i (»->+ 2 ). 1 (27.92) 

rt-p 

where n > p > 3. t is the unique unbiassed function of R 2 since it is a function of 
the complete sufficient statistics. (27.92) may be expanded into series as 

' = - fi,)1+0 (^)}' (2M3) 
whence it follows that t ^ R 2 . If R 2 = 1, / = 1 also. When R 2 is zero or small, on 
the other hand, t is negative, as we might expect. We cannot find an unbiassed 
estimator of R 2 (i.e. an estimator whose expectation is R 2 whatever the true value of R 2 ) 
which takes only non-negative values, even though we know that R 2 is non-negative. 
We may remove the absurdity of negative estimates by using as our estimator 

t' = max(/, 0) (27.94) 

but (27.94) is no longer unbiassed. 

27.35 Lehmann (1959) shows that for testing R 2 in the multinomial case, tests 
based on R 2 are UMP among test statistics which are invariant under location and scale 
changes. 
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EXERCISES 


27.1 Show that 


018.84...(p-1) 


and that 


#>18.84...(p-1) 


012.84...J> + 01p.23...(p-l) 0p2.13...(p-l) j 

1 -01p.8S...(p-l) 0pl.2S...(p—1) 


#> 12.84 .. .p + #>lp .23...( p-1) P2p.l3 p J -l)_ < 

{ (1 “ Plp.28... (p-1)) (1 -/>lp.l3... (p -1))} * 

(Yule, 1907) 


27.2 Show that for p variates there are (j) correlation coefficients of order zero 
and ~ ( 2 ) of order ». Show further that there are ( 2 )^*“* correlation co¬ 

efficients altogether and (£)2 ,_1 regression coefficients. 


27.3 If the correlations of zero order among a set of variables are all equal to p, 

0 

show that every partial correlation of the rth order is equal to + sp y 

27 A Prove equation (27.27), and show that it implies that the coefficient of xix m in 
the exponent of the multinormal distribution of x l9 x %9 ... 9 x 9 is l/cov(jq. tfl , **.*,,). 

27.5 Show from (27.46) that in summing the product of two residuals, any or all 
of the secondary subscripts may be omitted from a residual all of whose secondary sub¬ 
scripts are included among those of the other residual, i.e. that 

S*l.rfu*2..« = 2 X\jt u * 2 ., = 2 * 1 .*,** 

but that 

where x, f, u are sets of subscripts. 

(Chandler, 1950) 


27.6 By the transformation 

yi » *a 


y% = *2.i * 

ya = *3.21, 

etc., 

show that the multivariate normal distribution may be written 


dF = - -j n - — exp 

\2nyp a x Oo i O312 . . . 


{ 


2 \ o+ -• + 






*3.12 

^tlS 




so that the residuals x u * 2 . 1 , . * . are independent of each other. Hence show that any 
two residuals xj. r and xt. r (where r is a set of common subscripts) are distributed in the 
bivariate normal form with correlation p# T . 


27.7 Show that if an orthogonal transformation is applied to a set of n independent 
observations on p multinormal variates, the transformed set of n observations will also be 
independent. 

Z 
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27.8 For the data of Tables 26.1 and 26.2, we saw in Example 26.6 and Exercise 26.1 
that 

r »» — 0*34, rjj = 0*07, 

where subscripts 1, 2, 3 refer to Stature, Weight and Bust Girth respectively. Given 
also that 

Tjj = 0*86 

show that 

= 0*80, 

indicating that Bust Girth is fairly well determined by a linear function of Stature and 
Weight. 


27.9 Show directly that no linear function of *„ .... x P has a higher correlation 
with *, than the Least Squares estimate of x,. 

27.10 Establish (27.83), the expression for E(R *). 

(Wishart, 1931) 

27.11 Establish (27.85), the expression for var (/?*). 

(Wishart, 1931) 

27.12 Verify that (27.92) is an unbiassed estimator of R *. 

27.13 Show from the non-central F-distribution of F at (27.73) when R* 0, that 

the distribution of R * in this case, when x v are fixed, is 

y S r{i(n-l+2j)}r{i(p-l)}{i(«-p)R*F«}* 
j »r{i(n-i)}r{i(p-i+ 2 j)> j\ 

(Fisher, 1928a) 


dF = 


27.14 Show from (27.81) that for n- 
(£*)}< p-8> 


oo, p fixed, the distribution of nR * = B* is 


2i^-»r (i(p-i)} 


exp(-} P-IB*) 


Ji + -P*L 

\ ip-1)- 


(PB*)* 


D-2 (p-l)(p + l).2.4 


} 


+ ...w, 


where fP = nR 9 > and hence that nR 1 is a non-central variate of form (24.18) with 
v = /> — 1, ). = nR 9 . Show that the same result holds for the conditional distribution of 
nR \ from Exercise 27.13. 

(Fisher, 1928a) 


27.15 In Exercise 27.14, use the c.f. of a non-central x 1 variate given in Exercise 24.1 
to show that as n —> oo for fixed p, R 9 is asymptotically normally distributed when 
R ^ 0, but not when R = 0. Extend the result to R. 


27.16 Show that the distribution function of R 9 in multinormal samples may be 
written, if n—p is even, in the form 

a ~ 2> r + 2 j> > v-ny. 

U ; jto r (HP-1) } (l — R*R*) i(n 

X F{ - i (n-p), J (p - 1 ),****}. 


(Fisher, 1928a) 
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27.17 Show that in a sample (x,. x n ) of one observation from an fl-variate multi* 

normal population with all means ft, all variances a* and all correlations equal to p, the 
statistic 

_. f l-j>_ A 

S (xi-x)»/{n(«-l)} 

1*1 

has a “ Student’s ” ^•distribution with (n—1) degrees of freedom. When p — 0, this 
reduces to the ordinary test of a mean of n independent normal variates. 

(Walsh, 1947) 


27.18 If x 0 , x u • • •» x„ are normal variates with common variance a*, x t . x n 

being independent of each other and x„ having zero mean and correlation A with each 
of the others, show that the n variates 


yt — oXf, t — 1, 2, .«., it, 
are multinormally distributed with all correlations equal to 

P = (a*—2oA)/(l + a*—2aA) 


and all variances equal to 


®* — a */(l —p)‘ 


(Stuart, 1958) 


27.19 Use the result of Exercise 27.18 to establish that of Exercise 27.17. 

(Stuart, 1958) 



CHAPTER 28 


THE GENERAL THEORY OF REGRESSION 


28.1 In the last two chapters we have developed the theory of linear regression 
of one variable upon one or more others, but our main preoccupation there was with 
the theory of correlation. We now, so to speak, bring the theory of regression to the 
centre of the stage. In this chapter we shall generalize and draw together the results 
of Chapters 26 and 27, and we shall also make use of the theory of Least Squares 
developed in Chapter 19. 

When discussing the regression of y upon one or more variables x, it has been 
customary to call y a “ dependent ” variable and x the “ independent ” variables. 
This usage, taken over from ordinary algebra, is a bad one, for the ^-variables are not 
in general independent of each other in the probability sense; indeed, we shall see 
that they need not be random variables at all. Further, since the whole purpose of a 
regression analysis is to investigate the dependence of y upon x, it is particularly con¬ 
fusing to call the ^-variables “ independent.” Notwithstanding common usage, 
therefore, we shall follow some more recent writers, e.g. Hannan (1956), and call x the 
regressor variables (or regressors , for short). 

We first consider the extension of the analytical theory of regression from the linear 
situations discussed in Chapters 26 and 27. The distinguishing feature of the analytical 
theory is that knowledge of the joint distribution of the variables, or equivalently of 
their joint characteristic function, is assumed. 

The analytical theory of regression 

28.2 Let f(x,y) be the joint frequency function of the variables x, y. Then, for 
any fixed value of x, say X, the mean value of y is defined by 

«Cv|X) = jf(X,y)iy / \~ J(X,y)dy. (28.1) 

(28.1) is the regression {curve) discussed in 26.5; it gives the relation between X and 
the mean value of y for that value of X , which is a mathematical relationship, not a 
probabilistic one. 

We may also consider the more general regression (curve) of order r, defined by 

Hrx = B(y \X) = r y'f(X t y)dy /f * f(X,y)dy, (28.2) 

J — CO / J — 00 

which expresses the dependence of the rth moment of y, for fixed X, upon X. Similarly 
- E{{y-E(y\X))'\X] 

= \" ^y-E<,y\X)mX,y)iy / ^_J(X,y)dy 

gives the dependence of the central moments of y, for fixed X, upon X. 
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If r — 2 in (28.3), it is called the scedastic curve, giving the dependence of the 
variance of y for fixed X upon X. If r — 3, we have the clitic curve and if r = 4 the 
kurtic curve/*) These are not, in fact, in common use. The regression curve of out¬ 
standing importance is that for r = 1, which is (28.1); so much so, that whenever 
“ regression ” is mentioned without qualification, the regression of the mean, (28.1), 
is to be understood. 

As we saw in 26.5, we are sometimes interested in the regression of x upon y as 
well as that of y upon x. We then have the obvious analogues of (28.2) and (28.3), 
and in particular that of (28.1). 

fa - E(x\Y)= P xf(x,Y)dx / P f(x,Y)dx. (28.4) 

J —CO / J —co 

28.3 Just as we can obtain the moments from a c.f. without explicitly evaluating 
the frequency function, so we can find the regression of any order from die joint c.f. 
of x and y without explicitly determining their joint f.f., f(x, y). Write 

f( x >y) - £(*)A(>0, (28.5) 

where g(x) is the marginal distribution of x and h x (y) the conditional distribution of 
y for given x.(t) The joint c.f. of x and y is 

^(<i.<i)=f f exp(*ti*+itty)g(x)h x (y)dxdy (28.6) 

J — CO J — 00 

= f exp (i ti x)g (x) <f> x (t t ) dx t (28.7) 

J — 00 

where 

Mt) = f exp (it t y)h x (y)dy 

J — CO 

is the conditional c.f. of y for given x. If the rth moment of y for given x is fa as 
in 28.2, we have 

■>;, - [!«'■>],&■*) 

and hence, from (28.7) and (28.8), 

o = ( 28 * 9 ) 
Hence, by the Inversion Theorem (4.3), 

g(x)ri* - (28-10) 

(28.10) is the required expression, from which the regression of any order may be 
written down. 


( *> Although, so far as we know, such a thing has never been done, it might be more advan¬ 
tageous to plot the cumulants of y, rather than its moments, against X. 

W We now no longer use X for the fixed value of x. 
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From (28.10) with r = 1, we have 

*(*m*=^ l_ oe exp ^ _,<1 ^ [^M,> ^ 28,11) 

28.4 If all cumulants exist, we have the definition of bivariate cumulants at (3.74) 
where *oo is defined to be equal to zero. Hence 


- /#(<„0) S 

r «=0 • • 


(28.12) 


In virtue of (28.12), (28.11) becomes 

g(*)h\, = *)«<..<>) (28.13) 

and if the interchange of integration and summation operations is permissible, (28.13) 
becomes 

*(*Mx - * J". <I«p(-rti*)#(«i.0)*i. (28.14) 

Since, by the Inversion Theorem, 

g{x) = ~j "txQ(-it x x)4>(t u Q)dt u 
we have, subject to existence conditions, 

(-2>y« (*) = (-iy^W = | t J^<iexp(-i( 1 *)#((„0)A 1 . (28.15) 

Using (28.15), (28.14) becomes 

J(*K = £ ^(-DYg(x). (28.16) 

Thus, for the regression of the mean of y on jc, we have 

_ v K n (~^) ?(*) /^Q ir\ 

a result due to Wicksell (1934). (28.17) is valid if cumulants of all orders exist and if 
the interchange of integration and summation in (28.13) is legitimate ; this will be 
so, in particular, if g(x) and all its derivatives are continuous within the range of x and 
zero at its extremes. 

If g(x) is normal and standardized, we have the particular case of (28.17) 


Mu = S -7//,(*), 

r—0 • ‘ 


(28.18) 

where H,(x) is the Tchebycheff-Hermite polynomial of order r, defined at (6.21). 
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Example 28.1 

For the bivariate normal distribution 






the joint c.f. of —-^ 1 and -— /U * is (cf. Example 15.1) 
a x a t 

<f>(t lt t t ) = exp{-|(<i+*!+2pM,)}, 

whence 

*oi = 0, 

*ri m 0, T ^ 1| 

so that 


*n =■ P 

is the only non-zero cumulant in (28.17). The marginal distribution g(x) is standard 
normal, so that (28.17) becomes (28.18) and we have, using (6.23), 

Mix — *n^fi { x ) — px. 

This is the regression of (y—/t t )/o , on {x~m x )/o x . If we now de-standardize, we 
find for the regression of y on x. 


E(y\x)-p t = ^(x-/n), 

a more general form of the first equation in (16.46), which has x and y interchanged 
and Mi — M*~ 


Example 28.2 

In a sample of n observations from the bivariate normal distribution of the previous 
example, consider the joint distribution of 

« = J S (x t -Mi)W and v « £ £ O'*-/**)*/*;• 

i-i t~i 

The joint c.f. of u and v is easily found from Example 26.1 to be 

WutJ = (28.19) 

where 0 X = it x , Q t = if,. The joint f.f. of u and v cannot be expressed in a simple 
form, but we may determine the regressions without it. From (28.19), 

L «<£ I-.- , W,.o- , « ,,+r *' ■ (28 ' 2#) 

Thus, from (28.10) and (28.20), 

giv)M'r, - (Iw+r-lJW^j jxp(-0 x u) 


(28.21) 
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Now, from the inversion of the c.f. in Example 4.4, 

1 f” «p hM* _ 

(1-9,)* 1 r(*) ' 

while the marginal distribution g{u) is (cf. (11.8)) 


g(u) = 


r (in) 


* -1 . 


Substituting into (28.21), we find, putting rs 1,2 successively, 

thr = ^ n { /> **(^ + ( 1_/> *)} " P*®+i«(l-P*) 


and 


A. ~ i" (1"+1) { • (! „ )( f„ +1} + 2 9' (1 - />■) (P)+(1 - f’)’} 


so that 


(28.22) 


/*,«. = /4-(/<;„)* = (1 — P I ){2p*®+i«(l -p 2 ) 2 }- (28.23) 

(28.22) and (28.23) indicate that the regressions upon v of both the mean and variance 
of u are linear. 


Criteria for linearity of regression 

28.5 Let /,) = log^/j,/,) be the joint c.g.f. of .v and y. We now prove: 
if the regression of y upon at is linear, so that 


then 


Viz = E(y\*) - Po+PiX, 


(28.24) 



ip 0 + Pi 


0 ). 


(28.25) 


and conversely, if the marginal distribution g(x) is complete, (28.25) is sufficient as 
well as necessary for (28.24). 

From (28.9) with r = 1, we have, using (28.24), 


I. = ‘I-« 6X13 V * 1 *^ g ^ + ^ 

- *Po ( f>( t i*0)+Pi^<f>(t i,0). 


(28.26) 

(28.27) 


Putting y> — log <f> in (28.27), and dividing through by <f>(t u 0), we obtain (28.25). 
Conversely, if (28.25) holds, we rewrite it, using (28.9), in the form 


i f exp(i* 1 at)(/3 0 + piX-n\ x )g{x)dx = 0. (28.28) 

J — 00 

We now see that (28.28) implies 

exp (i ti at) + pi x-ft[ x ) = 0 (28.29) 

identically in at if g(x) is complete, and hence (28.24) follows. 
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28.6 If all cumulants exist, (28.25) gives, on using (28.12) 

"TP - P 0+* r0 (28.30) 

Identifying coefficients of t r in (28.30) gives 

(r = 0) k 01 = Po+Pi*n), (28.31) 

as is obvious from (28.24); 

(r > 1) *n - 0i*,+i, 0 ' (28.32) 

The condition (28.32) for linearity of regression is also due to Wicksell. (28.31) and 
(28.32) together are sufficient, as well as necessary, for (28.25) and thence (given the 
completeness of g(x), as before) for the linearity condition (28.24). 

If we express (28.25) in terms of the c.f. <f>, instead of its logarithm y>, as in (28.27), 
and carry through the process leading to (28.32), we find the analogue of (28.32) for 
the central moments, 


fi,i — 0ifi r +i t 0. (28.33) 

If the regression of * on y is also linear, of form 

x = 0o+0[ y, 

we shall also have 

Kir = 0[*o,r+i, r ^ 1. (28.34) 

When r = 1, (28.32) and (28.34) give 

*11 = 01*29 = ^l*0t* 

whence 

0i0'i = *?i/(*to *ot) = p\ (28.35) 

which is (26.17) again, p being the correlation coefficient between x and y. 


28.7 We now impose a further restriction on our variables: we suppose that the 
conditional distribution of y about its mean value (which, as before, is a function of 
the fixed value of x) is the same for any x, i.e. that only the mean of y changes with x. 
We shall refer to this restriction by saying that y “ has identical errors.” There is 
thus a variate e such that 

y = (28.36) 

In particular, if the regression is linear (28.36) is 

y = 0o+0 1 x+e. (28.37) 

If y has identical errors, (28.5) becomes 

/(*.>) = *00 * 00 (28.38) 

where h is now the conditional distribution of e. Conversely, (28.38) implies identical 

errors for y. 

The corresponding result for c.f.s is not quite so obvious: if the regression of 
y on x is linear with identical errors, then the joint c.f. of jc and y factorizes into 

Wuh) = Mi+t t 0i)M t )ex9 (it t 0 o ), (28.39) 
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the suffixes to <f> denoting the corresponding f.f.s. To prove (28.39), we note that 
•W i»<i) = JJ exp (it l x+it t y)f(x,y)dxdy 

- JJexp{i/ 1 x+t/ a (^ 0 +^ 1 x+fi)}^(x)A(e)d*<fe 

= J exp{t(<i + <i£i)*}£(*)</x Jexp(i< 2 e)A(e)de.exp(i/ 2 £ 0 ) (28.40) 

and (28.39) is simply (28.40) rewritten. Note that if p = 0, (28.39) shows that x and 
y are independent : linearity of regression, identical errors and a zero regression coeffi¬ 
cient imply independence, as is intuitively obvious. 

A characterization of the bivariate normal distribution 

28.8 We may now prove a remarkable result: if the regressions of y on x and of 
x on y are both linear with identical errors, then x and y are distributed in the bivariate 
normal form unless (a) they are independent of each other, or (b) they are functionally 
related. 

Given the assumptions of the theorem, we have at once, taking logarithms in (28.39), 

i>*i) = w(*i + *i/?i) + V’a(**)+ , *i/^o» (28.41) 

and similarly, from the regression of x on y, 

vitutt) = W (* i+*i Pi) + W (* i) + ** i Pw (28.42) 

where primes are used to distinguish the coefficients and distributions from those in 
(28.41). Equating (28.41) and (28.42), and considering successive powers of and 
we find, denoting the rth cumulant of g by k^, that of g' by « 0r , that of h by A*, and 
that of h' by A or : 

First power: 

*10* (*i + **/?i)+ ^io**i+ ***/?<> = *01*(<2 + *1 A) + ^O1**1 + **10O> 
or, equating coefficients of t x and of / 2 , 

*io = *oi ^oi 4* (28.43) 

*io/*i + ^io+/7o = *oi* (28.44) 

In point of fact, we may quite generally assume that the errors have zero means, for, 
if not, the means could be absorbed into /9 0 or p 0 . If we also measure x and y from 
their means, (28.43) and (28.44) give 

Po = Po - 0, (28.45) 

as is obvious from general considerations. 

Second power : 

*io (^i 4* t 2 ^i)^ 4* A 2 o t\ = *ot(<i+<ift)*+*ot<r. 
which, on equating coefficients of t \, t l t i and t\ gives 

**o = *0* (&)* + ^02» 

K toPl = K 0tP> 

*,o/3? + A„ = *02* 


(28.46) 

(28.47) 

(28.48) 
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(28.46-8) give relations between g, h, g' and h '; in particular, (28.47) gives the ratio 
Pi/P\ as equal to * 0 */*io» the ratio of parent variances. 

Third power: 

*3o{*(fi + **0i)} i +^3o( I *s) 3 — *o3{*(*3 + *i0i)} 3 + ^o3(**i) 9 * 

The terms in t\t t and t x tl give us 

*so0i = ^oa (>9i) a , (28.49) 

*30 0? = *os 01* (28.50) 

Leaving aside temporarily the possibilities that 0i,0i = 0 or 0 1 0' 1 = 1, we see that 
otherwise (28.49) and (28.50) imply /c #0 = *os — 0* Similarly, if we take the fourth 
and higher powers, we find that all the higher cumulants #c r0 , * or must vanish. Then 
it follows from equations such as those obtained from the terms in *?, *f in the third- 
power equation, namely 

*80 = *O3(0l)* + ^O8» 

*30 01 + ^30 = *03> 

that the cumulants after the second of h, h' also must vanish. Thus all the distributions 
g, h, g\ h' are normal and from (28.41) or (28.42) it follows that y>(/i, <,) is a quadratic 
in t lt /„ and hence that x,y are bivariate normally distributed. 

In the exceptional cases we have neglected, this is no longer true. If = 1, 
the correlation between x and y is ± 1 by (28.35) and x is a strict linear function of y 
(cf. 26.9): if, on the other hand, fix or = 0, the variables x, y are independent, as 
remarked at the end of 28.7. This completes the proof of the theorem.!*) 

Multivariate generalizations 

28.9 We now briefly indicate the extension of our results to the case of p regressors 
x lt x 2 ,..., x p . The linear regression is then 

E(y\x v ...,x p ) = 00+01*!+ • • • +0,*,- (28.51) 

Writing the joint f.f. 

f(y>* i. • • • >*,) = gWWy) 

as at (28.5), where g(x) is the p-v ariate marginal distribution of x u ... ,.v„, wc find as 
at (28.6) 

<f>(u,t u ... ,* p ) = | ... |exp (iuy+i JL tjx}jg{jL)h x (y)dxdy 

= J ... |exp6 i t l x^g(x)4> x (u)dx, (28.52) 

as at (28.7). Just as at (28.8), 



and as at (28.9) 

The first result of this kind appears to be due to Bernstein (1928). For a proof under 
general conditions see F6ron and Fourgeaud (1952). 
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exp (t 2 tf x,)g (x) ^ dx, 

(28.53) 

giving the generalization of (28.10) 



g(*)Prx = | exp( —1‘2 tjXj) 


(28.54) 


28.10 The reader should have no difficulty in extending the criterion of 28.5 for 
linearity of regression: if (28.51) is to hold, we must have 

.ta*) 

generalizing (28.25). Similarly, the extension of the criterion of (28.32) is 

K l,r u = Pi *0, r,+l, r . r,+ Pt *0, r„ r,+1, . .r»+ • • • + Pv *0, r,_„ r,+l (28.56) 

The condition (28.38) for identical errors generalizes to 

f(y>* i, •••>*») = £(*)*(*) 

and (28.39) generalizes to 

<f> («, <!,...,/„) = <f>, (ti + « /?i, t 2 + u P . t 9 +u p p ) <f>\ ( u ) exp (t u p 0 ). (28.57) 

Finally, generalizing 28.8, if each of the linear regressions of a set of p variables has 
identical errors, the variables are multinormally distributed unless they are mutually 
completely independent or they are functionally related. 

28.11 If the regression of y on x is a polynomial, of type 

E (y | x) = Pix+PiX *+.. .+P p 3c p f (28.58) 

we may obtain similar results. However, as we shall see later in this chapter, this is 
best treated as a particular case of the ^-regressor situation where the regressors are 
functionally related, so that any results we require for the polynomial regression situa¬ 
tion may be obtained by specializing the results of 28.9-10. For example, a condition 
that (28.58) holds is 

\dy>{u, *)"] _ . f B o dy(Q,t) o 3hp(0,t) . 3^(0,/)! 

which reduces to (28.25) (in a slightly different notation) when p = 1, and is easily 
obtained as a special case of (28.55) by noting that the c.f. of x? is £{exp (t t * r )}, whose 
derivative with respect to t is 

£{.Vexp(./* r )} . i!;£{«*('■»*)}• 


The general linear regression model 

28.12 The analytical theory of regression, which we have so far discussed, is of 
interest in statistical theory but not in the practice of experimental statistics, precisely 
because it requires a detailed knowledge of the form of the underlying distribution. 
We now turn to the discussion of the general linear regression model, which is exten- 
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sively used in practice because of the simplified (but nevertheless reasonably realistic) 
assumptions which it embodies. This is, in fact, simply the general linear model of 
19.4, with the parameters $ as regression coefficients. (19.8) is thus rewritten 


y *= X(J + e, (28.59) 

where p is a (k x 1) vector of regression coefficients, X is an (»x k) matrix of known 
coefficients (not random variables), and c an (n x 1) vector of “.error ” random variables 
(not necessarily normally distributed) with means and dispersion matrix 


*(«) = 0 , 'l 
F(t) = <r*I.J 


(28.60) 


We assume n > k and |X'X| 0. 

All the results of Chapter 19 now apply. From (19.12), 

0 = (X'X) _1 X'y (28.61) 

is the vector of LS estimators of p; from (19.16), its dispersion matrix is 

V(£) = ^(X'X)- 1 (28.62) 

and from 19.6 it is the MV unbiassed linear estimator of (3. Finally, from (19.41), an 

unbiassed estimator of o* is s a , where 

(n-ky = (y-X&'(y-X&) s y'y-&'X'y. (28.63) 

s 1 is the sum of squared residuals divided by the number of observations minus the 
number of parameters estimated. 

We have already applied this model to regression situations in 26.8 and 27.15. 


The meaning of “ linear ” 

28.13 Before proceeding further, it is as well to emphasize the meaning of the 
adjective “ linear ” in the general regression model (28.59): it is linear in the para¬ 
meters fit, not necessarily in the x’s. In fact, as we have remarked, the elements of X 
can be any set of known constants, related to each other in any desired manner. Up to 
28 . 11 , on the other hand, we understood by “ linear regression ” that the conditional 
mean value of y is a linear function of the regressors x t ,..x 9 . From the point of 
view of our present (Least Squares) analysis, the latter (perhaps more “ natural ”) 
definition of linearity is irrelevant; it is linearity in the parameters which is essential. 
Thus the linear regression model includes all manner of “ polynomial ” or “ curvi¬ 
linear ” forms of dependence of y upon . . x 9 . For example, the straightforward 

polynomial relationship 

yI = 00+01 *u+pa*i}+ ••• +0**&+«i, j = 1,2,...,n (28.64) 

is linear in the 0’s, and thus is a special case of (28.59) (cf. the remarks in 28.11). Simi¬ 
larly, the “multiple curvilinear” case 

y, = 0o+0i*u+0**ii+08*«+04*ii+0**i/*w+ £ i» j - 1,2.», (28.65) 

is a linear regression model. However, 

yi *= 0o+0i*i/+0**w+0i*w+ e #> j = 1»2. n 

is not, since 0 X and 0f both appear. 
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Other functions than polynomials may also appear in a linear model. Thus 

yj = 0 o +01 + 0 * + 03 sin cos + e t 

is a linear model. 

28.14 With this understanding, we see that any linear regression analysis reduces 
to the mathematical problem of inverting the matrix of sums of squares and products 
of the regressors, X'X. The inverse is required both for estimation in (28.61) and 
for estimating the dispersion matrix of the estimators from (28.62) and (28.63). No 
new point of statistical interest arises. 

Orthogonal regression analyses 

28.15 It is evidently a convenience in carrying out a regression analysis if the 
estimators 0, are uncorrelated: in fact, if the e s are normally distributed, so will the 
0, be, since they are linear functions of y, and lack of correlation will then imply inde¬ 
pendence. A regression analysis with uncorrelated estimators is called orthogonal 
Since the regressors are not now random variables, but constants which are at choice 
in experimental work, we may now ask a new type of question : how should the ele¬ 
ments of X be chosen so that the estimators 0,- are uncorrelated ? 

This is a question arising in the theory of experimental design, and we defer a 
detailed discussion of design problems to Volume 3. However, we observe from 
(28.62) that if, and only if, (X'X) -1 is diagonal, the analysis is orthogonal; and (X'X)' 1 
is diagonal only if X' X is. Thus, to obtain an orthogonal analysis, we must choose 
the elements of X so that X'X is diagonal. It follows at once that we must have 

2 x if x M = 0, i j= h. (28.66) 

The diagonal elements of X'X are, of course, simply 

(X'X),, = 24 , 

whence the corresponding inverse element is 

[(X'X) -1 ]„ = 1 / 2 . 4 , (28.67) 

/ j-i 

(28.61) and (28.62) are then particularly simple. 

Polynomial regression: orthogonal polynomials 

28.16 For a polynomial dependence of y upon x, as in (28.64), X' X cannot be 
diagonal, since the off-diagonal elements will be sums of powers of a single variable x. 
However, we can choose polynomials of degree 1 in x, say <f>i(x), (i = 0,1, 2,..., ft), 
which are mutually orthogonal. Then (28.64) is replaced by 

y } = « 0 ^ 0 (x,) + a 1 ^ 1 (x,)+ ... + a,. <f> k {Xj) + e h j = 1 , 2 ,...,«, (28.68) 

which we may write in matrix form 

y = 4>a + c. 
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The a*s are a new set of parameters (functions of the original /?’s), in terms of which 
it is more convenient to work, for we now have, from (28.67), 

[(*'*)- 1 ]« = 1 /£#(*,), (28.69) 

which we may use in (28.62). Furthermore, (28.61) becomes, using (28.69), 

i, = [(*'*)-■]„(*», - (28.70) 

Thus each estimator a f depends only on the corresponding polynomial. This is 
extremely convenient in “ fitting ” a polynomial regression whose degree is not deter¬ 
mined in advance: we increase the value of k t step by step, until a sufficiently good 
“ fit ” is obtained. If we had used the non-orthogonal regression model (28.64), the 

whole set of estimators /5 0 , ./f t _i would have had to be recalculated when a 

further term, in **, was added to raise the degree of the polynomial. Of course, if 

t * . 

we reassemble the estimated regression y — 2 & ( <f> { {x) as y — 2 p,x*, the p t are 

i=0 i=0 

precisely those we should have obtained directly, though less conveniently, from (28.64). 
This follows from the fact that both methods minimize the same sum of squared 
residuals. 

Using (28.70), (28.63) becomes in the orthogonal case 
(»— k)s* = y'y—at'&'y 

= [{ iy,4, (*,)}’/ S«(*,)] (28.71) 

= S yf- £ i} X «*,). (28.72) 

i=1 i=l )=1 

These very simple expressions for the sum of squared residuals from the fitted regres¬ 
sion permit the rapid calculation of the additional reduction in residual variance brought 
about by increasing the degree k of the fitted polynomial. 

28.17 We now have to see how the orthogonal polynomials are to be evalu¬ 
ated. We require 

2 = 0 , i t h = 0 ,1,2 ,..., k\ t ^ A, (28.73) 

j=i 

where 

<f>,(x) = 2 c ir xT. (28.74) 

r=0 

There are (» + l) coefficients c ir in (28.74), and hence in all the polynomials <f> t there 
* 

are 2 (*+1) = \ (k+ 1)(&+2) coefficients to be determined. On these, (28.73) 

i*0 

imposes only \k(k+ 1) constraints. We determine the excess (&+1) constants by 
requiring, as is convenient, that c i( = 1, all *. We then have at once from (28.74) 

<f> 0 (x) = c 00 ^l (28.75) 
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identically in x. (28.73) is now just sufficient to determine the c t „ apart from an 
arbitrary constant multiplier, say A*,, for each <f>^x), i > 0. (28.73) and (28.74) give, 
with h =» k, 

2 2 c tr tf, 2 c^xj — 0, * # k, 

j -x r -0 #—0 

or 

2 Cf r 2 Ci, Mr+$ ■ 0 , t ^ k, ( 28 . 76 ) 

r -0 «-0 

where /*, is the pth moment of the set of x's. Since (28.76) holds for all i =* 0,1,2, 
..., k— 1, we must have 

2 c*./ 4 +. = 0 , r = 0 ,l.*- 1 . ( 28 . 77 ) 

t-0 

Writing the determinant 


•I ““ 

0, 

}) 

o 

• m » f k 

Mo 

Mi 

. •. /4-i 

Pt 

Mi 

i 

te % 

... /it 
t 

i 

Pi+i 

i 

i 

i 

k 

i 

i 

• • • pi *-« 

i 

i 

Pit— i 

Mk 

Mk+i 

• • • Pn-\ 

Mtk 


and | for the minor of the element in the uth row and vth column of j M t |, the 
solution of (28.77) is (remembering that c kk = 1) 

r~0,l,2. *-l. (28.78) 

Thus, from (28.74) and (28.78), 


M*) - 


I M*_, 


Mo /*!••• Mk 
Mi /**••• Mk+i 


Mk-l Mk • • • Mn-l 

1 X . . . ** 


(28.79) 


(28.79) is used to evaluate the polynomial for any k. Of course, Mo b 1 , and we 
simplify by measuring from the mean of the x’s, so that ywj » 0 and we may drop 
the primes. It will be observed that the determinant in the denominator of (28.79) 
is simply that in the numerator with its last row and column deleted. 

We find, for example, 

II 01 


M*) - 


(28.80) 


1 0 Mt 
0 M» Ms 

... 1 x x* * Ms 

*.M= Tr 


(28.81) 
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and so on. A simpler recursive method of obtaining the polynomials is given in 
Exercise 28.23. 

The case of equally-spaced ^-values 

28.18 The most important applications of orthogonal polynomials in regression 
analysis are to situations where the regressor variable, x, takes values at equal intervals. 
This is often the case with observations taken at successive times, and with data grouped 
into classes of equal width. If we have n such equally-spaced values of x, we measure 
from their mean and take the natural interval as unit, thus obtaining as working values 
ofx: — |(n—1), — i( n “3), — $(»—5),..., $(n—3), £(n— 1). For this simple case, 
the values of the moments in (28.79) can be explicitly calculated : in fact, apart from 
the mean which has been taken as origin, these are the moments of the first n natural 
numbers, obtainable from the cumulants given in Exercise 3.23. The odd moments 
are zero by symmetry; the even moments are 

Mi - (»*-l)/12, 

Mi = ^ a (3»*-7)/20, 

Mi — /i*(3n 4 —18n* + 31)/112, 

and so on. Substituting these and higher moments into (28.79), we obtain for the 
first six polynomials 

<f> 0 (x) - 1 , 

M*) = *i« x > 

*,(*) = A*, {* 2 -tV(« 2 -1)}, 

= *3n{**--in>(3n 2 -7)*}, 

M*) - * 4 » * (3 » 2 -13) ** + * (n* - 1 ) (n 2 - 9)}, 

<f>i(x) = ^ 6 n — ts (” 2 — 7) x 3 +-psVs (15« 4 - 230n*+407) x }, 

<f> t (x) = {x • — 46 * (3n* - 31) x 4 +rly (5n 4 — 11 On*+329) x* 

— ttItt ( n * — 1) ( n * “ 9) (n* — 25) }. 

Allan (1930) also gives <f> { (x) for i = 7, 8 , 9, 10. Following Fisher (1921b), the arbi¬ 
trary constants k {n in (28.82), referred to below (28.75), are determined conveniently 
so that <f>i(Xj) is an integer for all j = 1,2,..., n. It will be observed that 

<f>u(*) = M-x) and ^«-i(*) = -<f>u-i(-x ); 
even-degree polynomials are even functions and odd-degree polynomials odd functions. 

Tables of orthogonal polynomials 

28.19 The Biometrika Tables give <£,(*,) for all j, n = 3(1)52 and * = 1 ( 1 ) 

91 

min ( 6 ,n— 1 ), together with the values of X in and Z <f>i(xA. 

J=1 

Fisher and Yates’ Tables give ^,(x>) (their £<), X in and E $ (*y) for ally, rt = 3(1)75 
and 1 = 1 (l)min(5,n— 1). 

AA 
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The Biometrika Tables give references to more extensive tabulations, ranging to 
j = 9, n = 52, by van der Reyden, and to i = 5, n - 104, by Anderson and Houseman. 

28.20 There is a large literature on orthogonal polynomials. For theoretical 
details, the reader should refer to the paper by Fisher (1921b) which first applied them 
to polynomial regression, to a paper by Allan (1930), and three papers by Aitken (1933). 
More recently, Rushton (1951) discussed the case of unequally-spaced x-values, and 
C. P. Cox (1958) gave a concise determinantal derivation of general orthogonal poly¬ 
nomials, while Guest (1954, 1956) has considered grouping problems. 

We shall content ourselves here with a single example of fitting orthogonal poly¬ 
nomials in the equally-spaced case. The use of orthogonal polynomials in Analysis 
of Variance problems will be discussed in Volume 3. 

Example 28.3 

The first two columns of Table 28.1 show the human population of England and 
Wales at the decennial Censuses from 1811 to 1931. These observations are clearly 
not uncorrelated, so that the regression model (28.64) is not strictly appropriate, but 
we carry through the fitting process for purely illustrative purposes. 


Table 28.1 


Year 

ft v^uiauwu 

(millions) 

V 

Year-1871 M 
10 

= <M*) 

4«(*) 

4i(*) 


1811 

10-16 


-6 

22 

-11 

99 

1821 

12-00 


-5 

11 

0 

-66 

1831 

13-90 


-4 

2 

6 

-96 

1841 

15-91 


-3 

-5 

8 

-54 

1851 

17-93 


-2 

-10 

7 

11 

1861 

20-07 


-1 

-13 

4 

64 

1871 

22-71 


0 

-14 

0 

84 

1881 

25-97 


1 

-13 

-4 

64 

1891 

29 00 


2 

-10 

-7 

11 

1901 

32-53 


3 

-5 

-8 

-54 

1911 

36-07 


4 

2 

-6 

-96 

1921 

37-89 


5 

11 

0 

-66 

1931 

39-95 


6 

22 

11 

99 

Z y : 

314-09 

13 • 

1 

1 

“ 1 /6 

7/12 



13 







2 4t(xj) : 

182 

2002 

572 

68,068 




Here n = 13, and from the Biometrika Tables , Table 47, we read off the values in 
the last four columns of Table 28.1. From that Table, we have 

Zygote) = Zy, = 31409, 

Zy,M*i) = 474-77, 

Zy,M*,) = 123-19, 

Z yitifa) = -39-38, 

Zy,^ 4 (*i)= -374-30. 
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Hence, using (28.70), 

& 0 = 31409/13 = 24-160,8, 

= 474-77/182 = 2-608,63, 
a, = 123-19/2,002 = 0-061,533,5, 
a, = -39-38/572 = -0-068,846,2, 

& 4 = -374-30/68,068 = -0-005,498,91. 

For the estimated fourth-degree orthogonal polynomial regression of y on x, we then 
have, using (28.68) and (28.82), 

y = 24-1608 + 2-608,63 at+0-061,533,5 (x* -14) 

- 0-068,846,2 {£(**-25 *)}-0-005,498,91 { T V (x* - **+144)}. 

If we collected the terms on the right so that we had 

y — ^o+&*+^i* i +/^a**+^4* 4 » 

the coefficients would be exactly those we should have obtained if we had used 
(28.64) instead of the orthogonal form (28.68). The advantage of the latter, apart 
from its computational simplicity, is that we can simply examine the improvement in 
“ fit ” of the regression equation as its degree increases. We require only the calcula¬ 
tion of 

Zjyj = 8,839-939, 

and we may substitute the quantities already calculated into (28.72) for this purpose. 
Thus we have: 

Total sum of squares 8,839-939 

Reduction due to a 0 = = (24-160,8)*. 13 = 7,588-656 

Residual: 1,251-283 

„ „ „ = afS^f = (2-608,63)*. 182 = 1^2318*497 

Residual: 12-786 

„ „ „ A, = dt|S^| = (0-061,533,5)*.2,002 =_7-580 

Residual: 5-206 

„ „ „ « 3 = «*Z$ = (0-068,846,2)*.572 - 2-711 

Residual: 2-495 

„ „ „ * 4 = a*Z# = (0-005,498,91)*. 68,068 = 2-058 

Residual: 0-437 

Evidently, the cubic and quartic expressions are good “ fits ” : they are displayed 
in Fig. 28.1. 

The reader should not need to be warned against the dangers of extrapolating 
from a fitted regression, however close, which has no theoretical basis. In this case, 
for example, he can satisfy himself visually that the value “ predicted ” by the quartic 
regression for 1951 (x = 8) is a good deal less than the Census population of 43-7 
millions actually found in that year. 
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Fig. 28.1—Cubic (full line) and quartic (broken line) polynomials fitted to the data 

of Table 28.1 

Confidence intervals and tests for the parameters of the linear model 

28.21 In 28.12 we discussed the point estimation of the parameters p, a* cf the 
general linear regression model (28.59). If we now assume c to be a vector of normal 
error variables, as we shall do for the remainder of this chapter, we may set confidence 
intervals for (and correspondingly test hypotheses concerning) any component of the 
parameter vector p. These are all linear hypotheses in the sense of Chapter 24 and 
the tests are all LR tests. 

Any estimator is a linear function of the y, and is therefore normally distributed 
with mean and variance, from (28.62), 

var (/$<) = a»[(X'X)-i]„. (28.83) 

(If the analysis is orthogonal, (28.67) is used in (28.83).) From 19.11, r 2 , the esti¬ 
mator of o 2 defined at (28.63), is distributed independently of P (and hence of any com¬ 
ponent of P), the distribution of ( n—k)s 2 /o 2 being of the x* form with v = (n — k) 
degrees of freedom. It follows immediately that the statistic 

t = (A-/*)/{* 2 [(X'X)-‘]„}», (28.84) 

being the ratio of a standardized normal variate to the square root of an independent 
X 2 /v variate, has a “ Student’s” /-distribution with v = {n—k) degrees of freedom. 
This enables us to set confidence intervals for f} { or to test hypotheses concerning its 
value. The central confidence interval with coefficient (1—a) is simply 

A±*i- la {*‘[(X'X)-i]„P (28.85) 

where /j .j„ is the value of “ Student’s ” / for v degrees of freedom for which its distri¬ 
bution function 


F{t i-i«) = 1-Aa. 
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Since we are here testing a linear hypothesis, the test based on (28.84) is a special 
case of the general variance-ratio F -test for the linear hypothesis given in 24.28 : here 
we have only one constraint, and the F-test reduces to a t 2 test, corresponding to the 
central confidence interval (28.85). 

Confidence intervals for an expected value of y 

28.22 Suppose that, having fitted a linear regression model to n observations, 
we wish to estimate the expected value of y corresponding to a given value for each of 
the k regressors x lt ..., x k . If we write these given values as a (1 x k) vector x°, we 
have at once from 19.6 that the minimum variance unbiassed estimator of the expected 
value of y for given x° is 

y = (*°)'fr (28.86) 

and that its variance is, by 19.6 and (28.62), 

var $ = (x 0 )' V (£) x° = a 2 (x®)' (X' X)- 1 x°. (28.87) 

Just as in 28.21, we estimate the sampling variance (28.87) by inserting s 2 for a 2 , 
and set confidence limits from “ Student’s ” /-distribution, which here applies to the 
statistic 

/= {j5-F(y|x»)}/{^(x«y(X'X)-ix«}> (28.88) 

with v = (n—k) as before. 

Confidence intervals for the expectation of a further value of y: prediction intervals 

28.23 The results of 28.22 may be applied to obtain a confidence interval for 
the expectation of a further ( (n +l)th) value of y, y n+ 1 , not taken into account in fitting 
the regression model. If x° represents the given values of the regressors for which 
y n+1 is to be observed, (28.86) gives us the unbiassed estimator 

*.-» = M'f (28.89) 

just as before, but the fact that y„+i will have variance a 2 about its expectation increases 
its sampling variance over (28.87) by that amount, giving us 

varj>„ +1 = <r l {(x o y(X'X) -1 x 0 + l} (28.90) 

which we estimate, putting s 2 for a 2 as before, to obtain the “ Student’s ” variate 
<= {y. +1 -£(y. + ,|x«)}/[ J »{(x»)'(X'X)-> I «+l}]t (28.91) 

again with v = (n—k), from which to set our confidence intervals. 

Similarly, if a set of N further observations are to be made on y at the same x<„ 
(28.89)-(28.91) hold for the estimation of the mean y N to be observed, with the obvious 
adjustment that the unit in the braces in (28.90) and (28.91) is replaced by 1 /N, the 
additional variance now being a 2 /N. 

Confidence intervals for further values, such as those discussed in this section, 
are sometimes called prediction intervals ; it must always be borne in mind that these 
“ predictions ” are conditional upon the assumption that the linear model fitted to 
the previous n observations is valid for the further observations too, i.e. that there is 
no structural change in the model. 
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Example 28.4 

In the simple case 

y* = Pi+Pt x f+e>* j = h 2,..., h, (28.92) 

we have seen in Examples 19.3, 19.6, that 

$» = s (yj ~y) (*;-*)/£ (x, - x)*, 

i i 

$i - y-$ t x, 

and 


< x ' x >-‘- 7 )- 

Here x® is the two-component vector ^ Jo ^ we P roce€ d to set confidence 


intervals for E(y |x®) and E(y n ~ t | x°), using (28.84), (28.88) and (28.91); in 

each case we have a “Student’s" variate with («—2) degrees of freedom. 

(a) It will be noticed that the analysis is orthogonal if and only if x = 0, so that 
in this case we need only make a change of origin in x to obtain orthogonality. Also, 
the variances of the estimators (the diagonal elements of their dispersion matrix) are 
minimized when x = 0 and Ex* is as large as possible. Both orthogonality and mini¬ 
mized sampling variances are therefore achieved if we choose the Xj so that (assuming 
n to be even) 


*n *n • • •»*|« — 


and a is as large as possible. This corresponds to the intuitively obvious fact that if 
we are certain that the dependence of y upon x is linear with constant variance, we can 
most efficiently locate the line at its end-points. However, if the dependence were 
non-linear, we should be unable to detect this if all our observations had been made 
at two values of x only, and it is therefore usual to spread the x-values more evenly 
over its range ; it is always as well to be able to check the structural assumptions of 
our model in the course of the analysis. 

(b) Our confidence interval in this case for £(y j x®) is, from (28.88) 

- C«D 

If we consider this as a function of the value x®, we see that (28.93) defines the two 
branches of a hyperbola of which the fitted regression + 4**°) is a diameter. The 
confidence interval obviously has minimum length when x° = x, the observed mean, 
and its length increases steadily as |x°—x| increases, confirming the intuitive notion 
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that we can estimate most accurately near the “ centre ” of the observed values of x. 
Fig. 28.2 illustrates the loci of the confidence limits given by (28.93). 



x- x° 
Observed mean 


Values of x 

Fig. 28.2—Hyperbolic loci of confidence limits (28.93) for an expected value of y in 

simple linear regression 

28.24 The confidence limits for an expected value of y discussed in Example 28.4(b), 
and more generally in 28.22, refer to the value of y corresponding to a particular x°; 
in Fig. 28.2, any particular confidence interval is given by that part of the vertical 
line through x 0 lying between the branches of the hyperbola. Suppose now that we 
require a confidence region for an entire regression line , i.e. a region R in the (x,y) plane 
(or, more generally, in the (x,y) space) such that there is probability 1—a that the 
true regression line y = x|3 is contained in R. This, it will be seen, is a quite distinct 
problem from that just discussed; we are now seeking a confidence region, not an 
interval, and it covers the whole line, not one point on the line. We now consider this 
problem, first solved in the simplest case by Working and Hotelling (1929) in a remark¬ 
able paper; our discussion follows that of Hoel (1951). 

Confidence regions for a regression line 

28.25 We first treat the simple case of Example 28.4 and assume a 2 known, 
restrictions to be relaxed in 28.31-2. For convenience, we measure the Xj from their 
mean, so that x = 0 and, from Example 28.4(a), the analysis is orthogonal. We then 
have, from the dispersion matrix, 

var = o*/n, var /5 2 = o 2 fL **, 

and and are normally and independently distributed. Thus 

“ = » l (fit~ Pa)/°> * = (2 * 2 )* (/?„ - PJ/o, 

are independent standardized normal variates. 


(28.94) 
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Let g(u*,v*) be a single-valued even function of u and v, and let 

g(u 2 ,v a ) = gi. a , 0 < a < 1, (28.95) 

define a family of closed curves in the ( u, v) plane such that (a) whenever gi- a decreases, 
the new curve is contained inside that corresponding to the larger value of 1 — a ; and 
(b) every interior point of a curve lies on some other curve. To the implicit relation 
(28.95) between u and v, we assume that there corresponds an explicit relation 

u* — p (v*) 
or 

u = ±A(t>). (28.96) 

We further assume that h'(v) = dh(v)/dv exists for all v and is a monotone decreasing 
function of v taking all real values. 


28.26 We see from (28.94) that for any given set of observations to which a regres¬ 
sion has been fitted, there will correspond to the true regression line, 

y - /*i + £**, (28.97) 

values of u and v such that 

/>. + M = (28.98) 

Substituting (28.96) into (28.98), we have two families of regression lines, with v as 
parameter, 

(A±j*W)+(A+^|«)». (28.99) 

one family corresponding to each sign in (28.96). We now find the envelopes of these 
families. 

Differentiating (28.99) with respect to v and equating the derivative to zero, we 
obtain 



Substituted into (28.99), (28.100) gives the required envelopes: 


(28.100) 


(fii+fi,x)±£ j {h(v)-vh'(v)}, (28.101) 


where the functions of v are to be substituted for in terms of x from (28.100). The 
restrictions placed on h'(v) below (28.96) ensure that the two envelopes in (28.101) 
exist for all x, are single-valued, and that all members of each family lie on one side 
only of its envelope. In fact, the curve given taking the upper signs in (28.101) always 
lies above the curve obtained by taking the lower signs in (28.101), and all members 
of the two families (28.99) lie between them. 


28.27 Any pair of values (u,v) for which 

*(«»«*)<*,_. (28.102) 
will correspond to a regression line lying between the pair of envelopes (28.101), because 
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for any fixed v, u 2 = (A(w)} a will be reduced, so that the constant term in (28.99) 
will be reduced in magnitude as a function of v, while the coefficient of x is unchanged. 
Thus if u and v satisfy (28.102), the true regression line will lie between the pair of 
envelopes (28.101). Now choose £j_ a so that the continuous random variable g(u 2 , »*) 

P{g(u*,v*) < *!_„} = 1 -«. (28.103) 

Then we have probability 1 — a that (28.102) holds, and the region R between the pair 
of envelopes (28.101) is a confidence region for the true regression line with confidence 
coefficient 1—a. 

28.28 We now have to consider how to choose the function g(u 2 ,v 2 ) so that, for 
fixed 1 — a, the confidence region R is in some sense as small as possible. We cannot 
simply minimize the area of R , since its area is always infinite. We therefore introduce 
a weight function to(x) and choose R to minimize the integral 

f (yt-yi)to(x)dx, (28.104) 

J — 00 

where yi,y t are respectively the lower and upper envelopes (28.101), the boundaries 

r oo 

of R, and I w(x)dx — 1. We may rewrite (28.104) 

/ = E(y t )-E( yi ), (28.105) 

expectations being with respect to u>(x). 

Obviously, the optimum R resulting from the minimization will depend on the 
weight function chosen. Putting S 2 = E x 2 /n, consider the normal weight-function 

»(*) = (2.-rS>)->ecp (28.106) 

which is particularly appropriate if the values of x, here regarded as fixed, are in fact 
sampled from a normal distribution, e.g. if x and y are bivariate normally distributed. 
Putting (28.101) and (28.106) into (28.105), it becomes 

l - (28.107) 

From (28.100) we have, since h'(v) is decreasing, 

dx = — Sh" (w) dv, (28.108) 

so that if we transform the integrals in (28.107) to the variable v, we find 

E{h}= - {In) -* J A A" exp { - £ (A')» } dv, j 

, \ (28.109) 

E{vh’} = -(2*)-M »A'A"exp{-HA') a }<to,J 

the integration in each case being over the whole range of v. Since h(v) is an even 
function, both the integrals need be taken for positive v only, and (28.109) gives, in 
(28.107), 


1 - ~ ( h - v *')exp{-1 (h') 2 } dv. 


(28.110) 
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This is to be minimized, subject to (28.103), which by the independence, normality 
and symmetry of the distributions of u and v is equivalent to the condition that 

(2n)- 1 J mM |J exp(-Jtt*)rfa|exp(- \v*)dv = |(1 -a). (28.111) 

It must also be remembered that we have required h' (©) to be a monotone decreasing 
function of v taking all real values. 


28.29 Before we can proceed effectively to the minimization of /, we must choose 
a general form for g(u 2 ,v 2 ), and here, too, there is a “natural ” choice, the family 
of ellipses, which we write 


A(v) = b(a*-v% (28.112) 

and we now have to minimize (28.110) for variation in a, subject to (28.111). Since 

(28.112) gives 


h'(v) = —b 2 v/h(v), "1 

h"[y) = -6 2 [{A(©)} 2 +6 2 r 2 ]/{A(t>)} 3 ,/ 
we therefore have to minimize (dropping the constant) 

J = J 0 ( 2 ^^ 2 ^ ex Pt “ ^ 1,2 v ! h W }* ] dv 


(28.113) 

(28.114) 


for a choice of a, subject to 

j j exp (— J)a 2 ) du j- exp (— J® 2 ) dv = k. 


(28.115) 


By differentiating (28.114) with respect to a, and replacing db/da in that derivative 
by its value obtained by differentiating (28.115), we find, after some reduction, 


d £ - **exp (J**) 


I 


‘exp {-lb*/(l-t*)}dt 
o (l-< 2 ) 2 


1 exp{—$6*/(l —t 2 )}dt f 1 exp{— J<t 2 (l — 6*)/ 2 }d/' 

o ~ (1~< 2 ) Jo ~ (l-< 2 )* 

f (1 — t 2 ) J exp{— Ja 2 (l — b*)t*}dt 


(28.116) 


and for a minimum, we put ^ = 0 and solve for a, and thence b. 

da 


Hoel (1951) has carried this through for 1 —a = 0-95, and found the ellipse (28.112) 
to have semi-axes of 2-62 and 2-32, not very far from equal. If we specialize the 
ellipse to a circle by putting b = 1 in (28.112), we find the radius a to be 2*45 for 
1 — a = 0*95. Hoel found in this case that the value of J was less than one per cent 
larger than the minimum. 


28.30 The choice of a circle for g(u 2 ,v 2 ) corresponds to the original solution of 
this problem by Working and Hotelling (1929), who derived it simply by observing 
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that, since u and v in (28.94) are independent standardized normal variates, u 2 + © 2 is 
a x 2 variate with 2 degrees of freedom, and a 2 (=£i„, in (28.103)) is simply the 
100 (1 — a) per cent point obtained from the tables of that distribution. The boundaries 
of the confidence region are, putting (28.112) and (28.113) with 6=1 into (28.101), 

{*(»)+£,} 

fl* 

Using (28.100), (28.117) becomes 

the terms in the braces being {var ^ x + var jc 2 }. 

If (28.118) is compared with the confidence limits (28.93) for £(yjz°) derived in 
Example 28.4 (where we now put * = 0, as we have done here), we see that apart 
from the replacement of s 2 by ct 2 , and of the Zi_ Ja multiple by the % multiple (gi-„)K 
the equations are of exactly the same form. Thus the confidence region (28.118) will 
look exactly like the loci of the confidence limits (28.93) plotted in Fig. 28.2, being 
a hyperbola with the fitted line as diameter. As might be expected, for given a the 
branches of the hyperbola (28.118) are farther apart than those of (28.93), for we are 
now setting a region for the whole line where previously we had loci of limits for a single 
value on the line. For example, with a = 0-05, ls (with infinite degrees of freedom, 
corresponding to a 2 known) = 1*96, while gx.-* for a x 2 distribution with two degrees 
of freedom = 5*99, the value 2-45 given for a at the end of 28.29 being the square root 
of this. 

28.31 If a 2 is unknown, only slight modifications of the argument of 28.25-30 
are required. Define the variable 

» 2 = (n—2)r 2 /<j*, (28.119) 

so that to 2 is the ratio of the sum of squared residuals from the fitted regression to the 
true error variance, which (cf. 28.21) has a x 2 distribution with n—2 degrees of freedom. 
From (28.84) and (28.119), we see that the statistics 

u* = (n— 2)*«/w and v* = (n—2) l v/to 

each have a “ Student’s” distribution with « —2 degrees of freedom. If we now 
re-trace the argument of 28.25-30 using u* and v* in place of u and v, we find that 
g(u* 2 , v* 2 ) is distributed independently of the parameters /?i,/S 2) a*. The solution 
of the weighted area minimization problem of 28.28-9 now becomes too difficult in 
practice, and we proceed directly to the classical solution given in 28.30. 

Using Hotelling and Working’s direct argument, we see that since, from 28.21, 
m 2 ,© 2 and w 2 are distributed independently of one another as x 2 with 1,1, and (n—2) 


(28.117) 

(28.118) 
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degrees of freedom respectively, the ratio has a variance-ratio (F) distribu¬ 

tion with 2 and n—2 degrees of freedom. Thus if we replace a by s in 28.30, and make 
the 100(1—a) per cent point of this F-distribution, we obtain the required con¬ 
fidence region from (28.118). As in 28.30, we find that the boundaries of the region 
are always farther apart than the loci of the confidence limits for F(y |x°). 

28.32 Finally, we mention briefly that there is no formal difficulty in extending 
our results to the case of more than one regressor, a sketch of such a generalization 
having been given by Hoel (1951); no use seems to have been made of the method 
in this most general case. 


EXERCISES 


28.1 The bivariate distribution of x and y is uniform over the region in the (x, y) 
plane bounded by the ellipse 

euP+2hxy+by* = c, h & 0 ; h* < ab ; a, b > 0. 

Show that the regression of each variable on the other is linear and that the seed as tic 
curves are quadratic parabolas. 

28.2 The bivariate distribution of x and y is uniform over the parallelogram bounded 
by the lines x = 3(y— 1), x = 3(y+l), x = y + 1, x = y — 1. Show that the regression 
of y on * is linear, but that the regression of x on y consists of sections of three straight 
lines joined together. 


28.3 As in 28.4, show that the regression of the variance of y on jc (the scedastic 
curve) is given by 

.. _ v / & {*(*)} 

i-o j\ g{x) 

D*{g(*)}D'-*fe(x)}1* 

, 1 


where 


SA/tVy! = !)*• 


*(*) g(x) 
(Wicksell, 1934) 


n i 

i 


28.4 From (28.17), show that if the marginal distribution of a bivariate distribution 
is of the Gram-Charlier form 

/= «(*){1 +«,tf 3 + a 4 f/ 4 + 

then the regression of y on x is 

£ 2 a.Hr+.ix) 

, r-o x = 0 r\ 

Mu - - 5 -. 

1+ 2 a r H r (x) 

T = 3 

(Wicksell, 1917) 


28.5 *i, x„ x, are trivariate normally distributed. Use 28.9 to show that the regres 

sion of each variate on the other two is linear. 
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28.6 Verify equation (28.33). 

28.7 If, for each fixed y, the conditional distribution of * is normal, show that their 
bivariate distribution must be of the form 

fix, y) - exp {- (a x **+a,*+a^ ) 

where the at are functions of y. Show that if, in addition, the equiprobable contours of 
/ (x, y) are similar concentric ellipses, / must be bivariate normal. 

(Bhattacharyya, 1943) 

28.8 Show that if the regression of x on y is linear, if the conditional distribution of x 
for each fixed y is normal and homoscedastic and if the marginal distribution of y is normal, 
then / (x, y) must be bivariate normal. 

(Bhattacharyya, 1943) 

28.9 If the conditional distributions of x for each fixed y 9 and of y for each fixed x, 
are normal, and one of these conditional distributions is homoscedastic, show that / (x, y) 
is bivariate normal. 

(Bhattacharyya, 1943) 


28.10 Show that if every non-trivial linear function of x and y is normal, then/ (x, y) 
is bivariate normal. 


(Bhattacharyya, 1943) 


28.11 If the regressions of x on y and of y on x are both linear, and the conditional 
distribution of each for every fixed value of the other is normal, show that / (x, y) is either 
bivariate normal or may (with a suitable choice of origin and scale) be written in the form 

/ = exp{-(x* + tfW + 6») }. 

(Bhattacharyya, 1943) 


28.12 Show that for interval estimation of P in the linear regression model 
yi = + the interval based on the “Student’s” variate 

t = 

is physically shorter for every sample than that based on 

« = (y-fc)/(*V«)*. 


28.13 In setting confidence regions for a regression line in 28.28, show that if the 
weight function used is 

«C*>-( 1+ js) * 

instead of (28.106), the Working-Hotelling solution of 28.30 is strictly optimum (area¬ 
minimizing) in the family of ellipses (28.112). 

(Hoel, 1951) 

28.14 From 20.37-40, show that we can construct tolerance intervals for the distri¬ 
bution of y in 28.22, i.e. we can find a pair of statistics (a, b) such that the probability 
of the interval (a, b) covering at least a fraction P of the true distribution of y is y. 

(Wallis, 1951) 

28.15 Independent samples of sizes m are taken from two regression models 

y = a< + 0<x + f, i m 1 , 2, 

with independently normally distributed errors. The error variance a * is the same in 
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both models. If b u b t are the separate Least Squares estimators of /?„ /?*, show that 
(b l —b 2 ) is normally distributed with mean (Pi—fit) and variance 

w-uw 

and that 

-W)/{-(^+p)}‘ 

has a " Student's ” ^-distribution with n x + jf a —4 degrees of freedom, where 

Ji = (n 1 -2)s? + (» a -2)5? 
n x + n 2 — \ 

and 5|| $1 are the separate estimators of <r* in the two models. Hence show that t may 
be used to test the hypothesis that p x = p t against p x & P v 

(cf. Fisher, 1922b) 


28.16 We are given n observations on the model 

y » Pi*i + PtX%+e 

with error variance a 2 , and, in addition, an extraneous unbiassed estimator b x of /?. 
together with an unbiassed estimator s x of its sampling variance of. To estimate 
consider the regression of (y — b x x x ) on x t . Show that the estimator 

b t = S(y-6 1 * 1 )*,/2*3 

is unbiassed, with variance 

var6 t = (o 2 + 0?r 2 Zx?)/Zjdj, 

where r is the observed correlation between x x and x t . If b x is ignored, show that the 
ordinary Least Squares estimator of p t has variance o*/{S^(l — r 2 ) } and hence that 
the use of the extraneous information about P x increases efficiency in estimating p t if 
and only if 

. _ o* _ 

1 < 2*?(l-r*)’ 

i.e. if the variance of b x is less than that of the ordinary Least Squares estimator of p x . 

(Durbin, 1953) 

28.17 In Exercise 28.16, show that an unbiassed estimator of var b t is given by 

9 = [ Z O'-Mi-6, **)*+*! E*? {(»— l)r* — l }], 

but that if the errors are normally distributed this is not distributed as a multiple of 
a x* variate. 

(Durbin, 1953) 

28.18 In generalization of the situation of Exercise 28.16, let bx be a vector of un¬ 
biassed estimators of the h parameters (P l9 p t9 ... , p h ) 9 with dispersion matrix V x ; and 
let b s be an independently distributed vector of unbiassed estimators of the k( > h) 
parameters (p u P t9 ..., p h% p h + j, ..., p k ) 9 with dispersion matrix V t . Using Aitkens 
generalization of Gauss’s Least Squares Theorem (19.17), show that the minimum 
variance unbiassed estimators of (P l9 .. . , 0*) which are linear in the elements of bx and 
b 2 are the components of the vector 

b m {(vrv+vfM^io^^br+v^btK 

with dispersion matrix 

vw - {(Vx-y+vj- 1 . 
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where an asterisk denotes the conversion of an (Ax 1) vector into a (Ax 1) vector or an 
(A x A) matrix into a (A x A) matrix by putting it into the leading position and augmenting 
it with zeros. 

Show that V(b) reduces, in the particular case A=l, to 


V(b) = a* 




2*i** 

2*!*, 

2*| 

2*,** 


2*,*jt 

2*| , 


differing only in its leading term from the usual Least Squares dispersion matrix 

^(XTC)- 1 . 

(Durbin, 1953) 


28.19 A simple graphical procedure may be used to fit an ordinary Least Squares 
regression of y on x without computations when the x-values are equally spaced, say at 
intervals of s . Let the n observed points on the scatter diagram of (y, x) be P u P 2 , ..., P n 
in increasing order of x> Find the point P 2 on P l P a with ^-coordinate f j above that 
of P x ; find Q 3 on Q t P a with x-coordinate f s above that of Q t ; and so on by equal steps, 
joining each Q-point to the next P-point and finding the next P-point |s above, until 
finally Qn-iPn gives the last point, p n . Carry out the same procedure backwards, starting 
from P n Pn- 1 and determining Q' 2f say, fr below P n in x-coordinate, and so on until 
On on Pi -1 P t is reached, f s below Pi- 1 . Then Q n Pi is the Least Squares line. Prove 
this. 

(Askovitz, 1957) 


28.20 A matrix of sums of squares and cross-products of n observations on p vari¬ 
ables is inverted, the result being the matrix A. A vector x containing one further 
observation on each variable becomes available, making (n+l) observations in all. Show 
that the inverse of X'X is now 

B = A-(Axx'A)/(l+x'Ax). 

(Bartlett, 1951) 

28.21 In the regression model 

yi = a + 0*i + *<, f = 1, 2,. . . 
suppose that the observed mean x = 0 and let x Q satisfy 

a + 0x o = 0. 

Use the random variable d + fix Q to set up a confidence statement for a quadratic function, 
of form 

P{Q(x J>0}- l-o. 

Hence derive a confidence statement for x 0 itself, and show that, depending on the coeffi¬ 
cients in the quadratic function, this may place x 0 : 

(i) in a finite interval; 

(ii) outside a finite interval; 

(iii) in the infinite interval consisting of the whole real line. 

(cf. Lehmann, 1959) 
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28.22 To determine which of the model* 

y * /£ , +#*s+* , \ 

is more effective in predicting y, consider the model 

yt “ + » *= 1. 2. . 

with independent normal errors of variance c*, estimated by s* with (»—2) degrees of 
freedom. Show that the statistics 

*. - 2(y,-5>) (**-*,)/{2 (*„-*.)■>*, * - 1,2, 

i < 

have 

var«i * vara| = c*, cov(*!,«,) * <r*ru, 

where r lt is the observed correlation between and x t . Hence show that (* 1 —*,) is 
exactly normally distributed with mean #{2(x M —2(**—*,)*}* and variance 

< i 

2<r*(l— rji). Using the fact that 2 (y< —y)‘— (p') % 2 (x rt —£,)* is the sum of squares of 

deviations from the regression of y on x, alone, show that the hypothesis of equality of these 
two sums of squares may be tested by the statistic 

. »!-«» 

{2r»(l-r ll )}*’ 

distributed in " Student’s ” form with (ft — 3) degrees of freedom. 

(Hotelling (1940) ; Healy (1955). 
The test is generalized to the 
comparison of more than two 
predictors of y by E. J. Williams 
(1959).) 


28.23 By consideration of the case when 

)) = i = 1. 2.ft, 

exactly, show that if the orthogonal polynomials defined at (28.73) and (28.74) are 
a 

orthonormal (i.e. 2 4>1 (*/) — 1, all i) then they satisfy the recurrence relation 
i-i 

**(*/) = r-f*}— S 4>t(*j) 2 *}Mx>)\, 

Ok ^ <-0 J 

where the normalizing constant bk is defined by 

n f k -1 n 

6* = 2 -J*?- 2 M*i) 2 $<h(xj)\.. 

j-l ^ *“0 j-t J 

Hence verify (28.80) and (28.81), with appropriate adjustments. 


(Robson, 1959) 



CHAPTER 29 


FUNCTIONAL AND STRUCTURAL RELATIONSHIP 

Functional relations between mathematical variables 

29.1 It is common in the natural sciences, and to some extent in the social sciences, 
to set up a model of a system in which certain mathematical (not random) variables 
are functionally related. A well-known example is Boyle’s law, which states that, at 
constant temperature, the pressure (P) and the volume (V) of a given quantity of gas 
are related by the equation 

PV = constant. (29.1) 

(29.1) may not hold near the liquefaction point of the gas, or possibly in other parts 
of the range of P and V. If we wish to discuss the pressure-volume relationship in 
the so-called adiabatic expansion, when internal heat does not have time to adjust itself 
to surrounding conditions, we may have to modify (29.1) to 

PV X = constant, (29.2) 

where y is an additional constant which may have to be estimated. Moreover, at some 
stage we may wish to take temperature (T) into account and extend (29.1) to the form 

PVT -1 = constant. 

In general, we have a set of variables X u ..., X k related in p functional forms 
fi(X. . Xk ; a lt ..., a t ) = 0, j = 1, 2,... ,p, (29.3) 

depending on / parameters a r , r = 1,2,...,/. Our object is usually to estimate 
the a r from a set of observations, and possibly also to determine the actual functional 
forms especially in cases where neither theoretical considerations nor previous 
experience provide a complete specification of these forms. If we were able to observe 
values of X without error, there would be no statistical problem here at all: we should 
simply have a set of values satisfying (29.3) and the problem would be merely the 
mathematical one of solving the set of equations. However, experimental or observa¬ 
tional error usually affects our measurements. What we then observe is not a “ true ” 
value X , but X together with some random element. We thus have to estimate the 
parameters <x r (and possibly the forms’/,) from data which are, to some extent at least, 
composed of samples from frequency distributions of error. Our problem then 
immediately becomes statistical. 

29.2 In our view, it is particularly important in this subject, which has suffered 
from confusion in the past, to use a clear terminology and notation. In this chapter, 
we shall denote mathematical variables by capital Roman letters (actually italic). As 
usual, we denote parameters by small Greek letters (here we shall particularly use a 
and ft) and random variables generally by a small Roman letter or, in the case of 
Maximum Likelihood estimators, by the parameter covered by a circumflex, e.g. a. 
Error random variables will be symbolized by other small Greek letters, particularly 

bb 375 
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d and e, and the observed random variables corresponding to unobservable variables 
will be denoted by a “ corresponding ” (*) Greek letter, e.g., f for X. The only possible 
source of confusion in this system of notation is that Greek letters are performing 
three roles (parameters, error variables, observable variables) but distinct groups of 
letters are used throughout, and there is a simple way of expressing our notation which 
may serve as a rescuer: any Greek letter “ corresponding ” to a capital Roman letter 
is the observable random variable emanating from that mathematical variable ; all other 
Greek letters are unobservables, being either parameters or error variables. 


29.3 We begin with the simplest case. Two mathematical variables X and Y 
are known to be linearly related, so that we have 


Y = ao+fltiAT, (29.4) 

and we wish to estimate the parameters a 0 , a x . We are not able to observe X and Y ; 
we observe only the values of two random variables f, r) defined by 


f# — 

Vt = Yi + e it j 


* = 1 , 2 , 


n. 


(29.5) 


The suffixes in (29.5) are important. Observations about any “ true ” value are distri¬ 
buted in a frequency distribution of an “ error ” random variable, and the form of this 
distribution may depend on *. For example, errors may tend to be larger for large 
values of X than for small X, and this might be expressed by an increase in the variance 
of the error variable d. 

In this simplest case, however, we suppose the <5,- to be identically distributed, so 
that d ( has the same mean (taken to be zero without loss of generality) and variance 
for all X t ; and thus also for e and Y. We also suppose the errors <5, e to be uncorrelated 
amongst themselves and with each other. For the present, we do not assume that <5 
and e are normally distributed. Our model is thus (29.4) and (29.5) with 

E(S { ) = E(e { ) = 0, var <5, = erf, vare, = of, all i,'| 


cov (d { , d,) = cov(e„ €j) = 0, i ^ j, 


> (29.6) 


cov (<5„ £j) = 0, all *, j. 


The restrictive assumption on the means of the d ( is only that they are all equal, and 
similarly for the e ( —we may reduce their means m and //, to zero by absorbing them 
into a 0 , since we clearly could not distinguish a 0 from these biases in any case. 

In view of (29.6) we may on occasion unambiguously write the model as 


f = X+d,\ 
V = Y+eJ 


(29.7) 


29.4 At first sight, the estimation of the parameters in (29.4) looks like a problem 
in regression analysis ; and indeed, this resemblance has given rise to much confusion. 
In a regression situation, however, we are concerned with the dependence of the mean 


It will be seen that the Roman-Greek “ correspondence ” is not so much strictly alpha¬ 
betical as aural and visual. In any case, it would be more logical to use the ordinary lower-case 
Roman letter, i.e. the observed x corresponding to the mathematical variable X, but there is 
danger of confusion in suffixes, and besides, we need x for another purpose—cf. 29.6. 
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value of >i (which is Y) upon X, which is not subject to error; the error variable 6 
is identically zero in value, so that ctJ = 0. Thus the regression situation is essentially 
a special case of our present model. In addition (though this is a difference of back¬ 
ground, not of formal analysis), the variation of the dependent variable in a regression 
analysis is not necessarily, or even usually, due to error alone. It may be wholly or 
partly due to the inherent structure of the relationship between the variables. For 
example, body weight varies with height in an intrinsic way, quite unconnected with 
any errors of measurement. 

We may easily convince ourselves that the existence of errors in both X and Y 
poses a problem quite distinct from that of regression. If we substitute for X and Y 
from (29.7) into (29.4), we obtain 

t) = oc 0 +«!$ + (£-0^(5). (29.8) 

This is not a simple regression situation : f is a random variable, and it is correlated 
with the error term (e-a^). For, from (29.6) and (29.7), 

cov(f,e—« 1( 5) = ^{{(e-M)} = £{(*+<5) (s-M)} 

= -«!<*, (29.9) 

which is only zero if of = 0, which is the regression situation, or in the trivial case 

= 0 . 

The equation (29.8) is called a structural relation between the observable random 
variables £, rj. This structural relation is a result of the functional relation between 
the mathematical variables X, Y. 

29.5 In regression analysis, the values of the regressor variable X may be selected 
arbitrarily, e.g. at equal intervals along its effective range. But they may also emerge 
as the result of some random selection, i.e. n pairs of observations may be randomly 
chosen from a bivariate distribution and the regression of one variable upon the other 
examined. (We have already discussed these alternative regression models in 26.24, 
27.29.) In our present model also, the values of X might appear as a result of some 
random process or as a result of deliberate measurement at particular points, but in 
either case X remains unobserved due to the errors of observation. We now discuss 
the situation where X, and hence Y, becomes a random variable, so that the functional 
relation (29.4) itself becomes a structural relation between the unobservables. 

Structural relations between random variables 

29.6 Suppose that X , Y are themselves random variables (in accordance with our 
conventions we shall therefore now write them as x, y) and that (29.4), (29.5) and 
(29.6) hold as before. (29.8) will once more follow, but (29.9) will no longer hold 
without further assumptions, for in it X was treated as a constant. The correct version 
of (29.9) is now 

cov(f, e — oc x 6) = F{(x + 6)(e — a x d)} = E(xe) — a x .E(xd) — a, of, (29.10) 
and we now make the further assumptions (two for x and two for y) 
cov(x,d) = cov (x, e) = cov(y, d) = cov(y, e) = 0. 

(29.11) reduces (29.10) to (29.9) as before. 


(29.11) 
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The present model is therefore 

£< = *<+<5,VI 

Vi = yi+tij 
y t = ao+aiX,, 


(29.12) 

(29.13) 


subject to (29.6) and (29.11), leading to (29.8) as before. We have replaced the func¬ 
tional relation (29.4) between mathematical variables by the structural relation (29.13) 
expressing an exact linear relationship between two unobservable random variables 
x, y. The present model is a generalization of our previous one, which is simply the 
case where x t degenerates to a constant, X t . The relation (29.8) between the observ¬ 
ables £, t) is a structural one, as before, but we also have a structural relation at the 
heart of the situation, so to speak. 

The applications of structural relation models are principally to the social sciences, 
especially econometrics. We shall revert to this subject in connexion with multivariate 
analysis in Volume 3. Here, we may briefly mention by way of illustration that if 
the quantity sold (y) of a commodity and its price (x) are each regarded as random 
variables, the hypothesis that they are linearly related is expressed by (29.13). If both 
price and quantity can only be observed with error, we have (29.12) and are therefore 
in the structural relation situation. The essential point is that there is both inherent 
variability in each fundamental quantity with which we are concerned and observational 
error in determining each. 


29.7 One consequence of the distinctions we have been making has frequently 
puzzled scientists. The investigator who is looking for a unique linear relationship 
between variables cannot accept two different lines, but he was liable in the early days 
of the subject (and perhaps sometimes even today) to be presented with a pair of 
regression lines. Our discussion should have made it clear that a regression line does 
not purport to represent a functional relation between mathematical variables or a 
structural relation between random variables : it either exhibits a property of a bivariate 
distribution or, when the regressor variable is not subject to error, gives the relation 
between the mean of the dependent variable and the value of the regressor variable. 
The methods of this chapter, which our references will show to have been developed 
largely within the last twenty years, permit the mathematical model to be more precisely 
fitted to the needs of the scientific situation. 


29.8 It is interesting to consider how the approach from Least Squares regression 
analysis breaks down when applied to the estimation of a 0 and a x in (29.8). If we 
have n pairs of observed values (f„ /?<), i = 1, 2, ..., n, we find on averaging (29.8) 
over these values 

rj = a 0 + a 1 | + -2(e — o^d). (29.14) 

ft 

The last term on the right of (29.14) has a zero expectation, and we therefore have the 
estimating equation 


rj = a-o + at-x I, 


(29.15) 
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which is unbiassed in the sense that both sides have the same expectation. If we 
measure from the sample means £, rj, we therefore have, as an estimator of a 0 , 

a 0 = 0. (29.16) 

Similarly, multiplying (29.8) by {, we have on averaging 

= £s{>+;Z{ (S-..4), (29.17) 

ft ft n 


where a x is the estimator of a t . The last term on the right of (29.17) does not vanish, 
even as »—► oo, for it tends to cov{f, e—}, a multiple of of by (29.9). It seems, 
then, that we require knowledge of of before we can estimate a!, by this method at 
least. Indeed, we shall find that the error variances play an essential role in the 
estimation of o^. 

ML estimation of structural relationship 

29.9 If we are prepared to make the further assumption that the pairs of observ¬ 
ables i/i are jointly normally and identically distributed, we may use the Maximum 
Likelihood method to estimate the parameters of the structural relationship model 
specified by (29.6) and (29.11)-(29.13). (This joint normality would follow from the 
x, being identically normally distributed, and similarly for the y h d ( and e ( ; if x, y 
degenerate to constants X, Y, univariate normality of d, e would be sufficient for the 
joint normality of £, rj.) We then have, by (29.6) and (29.11)—(29.13), the moments 

E(S) = E(x) = fi, 

E(v) = E(y) = «o+*i/w» 

var£ = varx+of = of+of, ► (29.18) 

viTTj = vary + of = af of+ of, 
cov(f, rj) = cov (x, y) = a l( jf. 

It should be particularly noted that in (29.18) all the structural variables x t have the 
same mean, and hence all the y t have the same mean. This is of importance in the 
ML process, as we shall see, and it also means that the results which we are about to 
obtain for structural relations are only of trivial value in the functional relation case, 
since they will apply only to the case where X t (the constant to which x t degenerates 
when of = 0) takes the same value (jj) for all i. See 29.13 below. 

There are six parameters in (29.18): the structural relationship parameters a 0 and 
a. lt the error variances of and of, and the mean [i and variance of of x. Now we saw at 
(16.47) and in Example 18.14 that the set of sample means, variances and covariance 
constitute a set of five sufficient statistics for the corresponding parameters of a bivariate 
normal distribution, and are also the ML estimators of these parameters. Thus the ML 
estimators here are, from (29.18), 

* t 

M - f > 

*o+*i/* = 

df+df = rf, > (29.19) 

a?df+df - if, 

“ ®{ij*. 

where s z is the sample variance of its suffix, and s (tl is the sample covariance. 
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The first two equations in (29.19) may be solved for ft and a 0 if we can obtain x 1 
from the other three equations, but we clearly cannot do this, for these three equations 
contain four unknown parameters ; we need some knowledge of the other three para¬ 
meters before we can solve for a x at all. 

The reason for this difficulty is not far to seek. Looking back at (29.18), we see 
that a change in the true value of a x need not change the values of the five moments 
given there. For example, suppose ft and a t are positive; then any increase in the 
value of a x may be offset (a) in E(rj) by a reduction in a # , (b) in cov (£, //) by a reduction 
in of, and (c) in var rj by an appropriate adjustment of of. (The reader will, perhaps, 
like to try a numerical example.) What this means is that « t is intrinsically impossible 
to estimate, however large the sample; it is said to be unidentifiable. In fact, ft alone 
of the six parameters is identifiable. We met a simpler example of unidentifiability 
in Example 19.9. 

29.10 We now consider how we may make a x identifiable by further knowledge. 
We do not wish to assume knowledge of a 0 and a x , whose estimation is our primary 
objective, or of of, since x is unobservable, ft is already identifiable, so we cannot 
improve matters there. Clearly, we must make an assumption about the error 
variances. 


Case 1: of known 

The third equation in (29.19) is replaced by 

df+of = 4, (29.20) 

which, with the fifth equation, gives 

«. = (29.21) 

If of = 0, we are back in the regression situation (with the regressor a random variable) 
and (29.21) is the ordinary Least Squares estimator. 


Case 2: of known 

The fourth equation in (29.19) is replaced by 

djffl + of = 4 

which, with the fifth equation, gives 

_ u e 


a, - 


(29.22) 

(29.23) 


If of = 0, (29.22) is the reciprocal of the LS estimator of the regression of f on q (which 
is without error). This, with the specialization of = 0 in Case 1 above, shows that 
when only one variable is in error, the ML estimator of a x is equivalent to fitting a LS 
line, using the error-free variable as regressor. This is intuitively acceptable : since 
there is only one true line of relationship in the present model, we ought to arrive 
at it by applying LS analysis, which requires the regressor variable to be free from 
error. 
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Case 3: d^/ot known 


This is the classical means of resolving the unidentifiability problem, 
we rewrite the fourth equation of (29.19) as 

With < 77 /of = A, 

ifdf+Adf = 4 

(29.24) 

The fifth equation in (29.19) produces, from (29.24), 


= 4 

(29.25) 

while the third and fifth equations in (29.19) give 


a = 4-?*. 

*x 

(29.26) 

(29.25) and (29.26) yield the quadratic in a t 


= o, 

(29.27) 

the roots of which are 


(i?-A4)±{(^-A4)‘+4A4}» 

2 * 

(29.28) 

By the last equation in (29.19), a x must have the same sign as s !r) , and this implies 
that the numerator of (29.28) must always be positive, which will only be so if the 
positive sign is taken. Thus, finally, we have the ML estimator 

*■- --• 

(29.29) 


29.11 A somewhat embarrassing position arises in 


Case 4: erf and erf both known 

We are now left with only two unknowns in the last three equations in (29.19), 
and from them we can deduce both (29.21) and (29.23), which are inconsistent with 
each other. We are now in what is called an overidentified situation, in which we have 
too much knowledge/*) some of which we must absorb in an extra parameter if we wish 
to remove the inconsistency between (29.21) and (29.23). An obvious way of doing 
this is to introduce a non-zero covariance into the model, replacing a zero covariance 
in either (29.6) or (29.11). Perhaps the most natural and useful is cov(£ ( ,e,). If 
we replace the last equation in (29.6) by the more general 


cov(<5„ t.) = po d o„ 
cov (6 1, £j) = 0, i # 


(29.30) 


the last equation in (29.18) is replaced by 


cov(£, r/) = cov (x, y) + cov(<5, e) = a x of + po a o„ 


<*) This way of stating the position obviously needs care in interpretation. In one sense, 
we can never have too much information in an estimation problem, although we may have more 
than is necessary to solve it. What is meant in the text is that the ML method, uncritically 
applied, leads to more equations than unknowns. This may imply that some other method 
should be sought. The subject requires extensive further examination. 
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and the last equation in (29.19) by 

= s (n -po t o t . (29.31) 

(29.21) and (29.23) now have r {(J replaced by the right-hand side of (29.31). There 
is therefore no inconsistency between them, and multiplying them together gives for 
the ML estimator 

(29.32) 

the sign of a x being determined from the other equations. (29.32) may clearly give 
an “ impossible ” result if the observed jjj is smaller than the known of, or rf < 
The risk of this is unavoidable whenever we are estimating from a difference a para¬ 
meter known to be positive. It is always open to us to put &i = 0 in such a case, but 
this states, rather than resolves, the difficulty, which is inescapable. 

Madansky (1959) has shown in an empirical example that (29.32) remains a good 
estimator even in the case p — 0 discussed at the beginning of this section. It is then 
not the ML estimator, but a reasonable compromise between (29.21) and (29.23). 

29.12 To complete our discussion of ML estimation in the structural relationship 
model, we need only add that, once is found, the first two equations of (29.19) at 
once give a 0 , the last gives of, and the third and fourth then give whichever of the error 
variances, if any, is unknown. 

Generalization of the structural relationship model 

29.13 As we remarked below (29.18), the structural relationship model discussed 
in 29.9-12 is a restrictive one because of the condition that all x t have the same mean, 


which implies the same for the y { . We had 

£(£,) = E(x t ) = fi, all i, (29.33) 

E(ru) = E(y { ) - «<>+«,/<, all u (29.34) 

Suppose now that we relax (29.33) and postulate that 

E(£<) = E(x t ) = fi h « - 1,2,...,«. (29.35) 

(29.34) is then replaced by 

E (Vi) = *o + «i /</• (29.36) 

This is a more comprehensive structural relationship model, which may be specialized 
to the functional relationship model without loss of generality by putting <xf = uf = 0, 
so that X { = Hi> Y { = ao + oCi-Y,. 


However, in taking this more general model, we have radically changed the estima¬ 
tion problem. For all the fi t are unknown parameters, and thus instead of six para¬ 
meters to estimate, as in (29.18), we have (n + 5) parameters. The essentially new 
feature is that every new observation brings with it a new parameter to be estimated, 
and it is not surprising that we discover new problems in this case. These parameters, 
specific to individual observations, were called “ incidental ” parameters by Neyman 
and Scott (1948); other parameters, common to sets of observations, were called 
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“ structural.” (*) We have already encountered a problem involving incidental para¬ 
meters in Example 18.16. 

We have now to consider the ML estimation process in the presence of incidental 
parameters, and we shall proceed directly to the case of functional relationship, which 
is what interests us here. 

ML estimation of functional relationship 

29.14 Let us, then, suppose that (29.4), (29.5) and (29.6) hold, and that the <5< 
and e { are independent normal variables. Since the X t are mathematical, not random 
variables, of = 0 and there are (n+4) parameters, namely « 0 , a„ of, of and the n values 
X(. Our Likelihood Function is 

L cc oj n or n exp ^- 2 ^|S(f < -^)*-^S{^-(a 0 +«i^)}*J- 

Differentiating log L with respect to each X ( as well as the other four parameters, we 
find: 


d '°* L = («„+«,*,)) - 0, 1 = 1,2 . n. 

(29.37) 

3 'Z L ~ <!:?{,,-(«.+«,*,)} - o. 

(29.38) 

= 0 , 

(29.39) 

= 0, 

Ot a a i 

(29.40) 

d 'Z L - ~ jr,)}* = 0 . 

(29.41) 


Summing (29.37) over *, we find, using (29.38), 

= 0 . 

t 

Thus, if we measure the £< about their observed mean, we have the ML estimator of 
the sum of the X it 

(£*,) = 2 £ ( = 0. (29.42) 

i i 

Using (29.42), we have from (29.38) 

ILrji = na„, 

i 

and if we measure the also about their observed mean this gives 

dc 0 - 0. (29.43) 


<•> It should be particularly noted that structural parameters may occur in either functional 
or structural relationship models, or elsewhere. Whatever their origins, these two uses of the 
word ** structural ” are distinct. 
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Using (29.43), we find from (29.39) 

dt! = ZXttji/ZXf. (29.44) 

(29.40) gives 

of = h (£,-*,)*, (29.45) 

n i 

while (29.43) in (29.41) gives 

of = ;S(,„-«,*,)*. (29.46) 

But squaring in (29.37), we have, using (29.43), 

(f, "5‘ )2 = (29.47) 

o 6 a, 

and summing (29.47) over i, we find from the ratio of (29.45) and (29.46) that we must 
have 

6? = % 6 f. (29.48) 

Putting (29.48) back into (29.37) to eliminate « 1( we find 



so that the ML estimator of X t satisfies 

* = \ t = 1, 2,..., «. (29.49) 

To evaluate the ML estimators of of and <rf, we need to solve the (n+ 2) equations 
(29.45), (29.46) and (29.49) for the (n + 2) unknowns X ( , of, df. Thence, we evaluate 
&! from (29,48). 

However, it is not worth proceeding with the ML estimation process, for (29.48), 
first deduced by Lindley (1947), shows that the ML method fails us here. We have 
no prior knowledge of the values of the parameters a 1( of, of, and yet (29.48) gives a 
definite relation between the ML estimators, which is not true in the model as specified. 
In fact, (29.48) clearly implies that we cannot be consistently estimating all three of 
the parameters a 1( of, of. The ML solution is therefore unacceptable here. 

29.15 It is, in fact, the general rule that, in the presence of incidental parameters, 
the ML estimators of structural parameters are not necessarily consistent, as Neyman 
and Scott (1948) showed. More recently, Kiefer and Wolfowitz (1956) have shown 
that if the incidental parameters are themselves independent , identically distributed random 
variables , and the structural parameters are identifiable, the ML estimators of struc¬ 
tural parameters are consistent, under regularity conditions. The italicized condition 
evidently takes us back from our present functional relationship model to the structural 
relationship model considered in 29.9-12, where we derived the ML estimators of oc, 
under various assumptions. Neyman (1951) had previously proved the existence of 
consistent estimators of otj in the structural relationship. 
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29.16 It is clear from 29.14 that we cannot obtain an acceptable ML estimator 
of ac 1 in the functional relationship without a further assumption, and indeed this was 
so even in the structural relationship case of 29.9-12, which our results and those quoted 
in 29.15 show to be essentially simpler. This need for a further assumption often 
seems strange to the user of statistical method, who has perhaps too much faith in its 
power to produce a simple and acceptable solution to any problem which can be posed 
simply. A geometrical illustration is therefore possibly useful. 

Consider the points (£ f , q ( ) plotted as in Fig. 29.1. 



Fig. 29.1—Confidence regions per (X<, Fi)—see text 


Any observed point (£ { , rji) has emanated from a “ true ” point (X it Y t ) = (f<—<5<, 
—£,) whose situation is unknown. Since, in our model, <5< and e t are independent 
normal'variates, (£<, Tj ( ) is equiprobable on any ellipse centred at (X it Y<), whose axes 
are parallel to the co-ordinate axes. Conversely, since the frequency function of 
(f „ rji) is symmetric in (£«, tj { ) and (X it Y<), there is an elliptical confidence region for 
(X it Y { ) at any given probability level, centred at (£„ i?,). These are the regions shown 
in Fig. 29.1. Heuristically, our problem of estimating a, may be conceived as that of 
finding a straight line to intersect as many as possible of these confidence regions. The 
difficulty is now plain to see : the problem as specified does not tell us what the lengths 
of the axes of the ellipses should be—these depend on the scale parameters a d , a,. 
It is clear that to make the problem definite we need only know the eccentricity of the 
ellipses, i.e. the ratio a./a 6 . It will be remembered that in the structural relationship 
problem of 29.9-10, we found a knowledge of this ratio sufficient to solve the problem 
of estimating 04 . 


29.17 Let us, then, suppose that of/of = A is known. If we substitute <xf/A for 
of in our ML estimation process in 29.14, we find that the inconsistency produced 
by (29.48) does not occur, since we now require to estimate only one error variance, 
say of. Equations (29.40) and (29.41), which produced (29.48), are replaced by the 
single equation 

9log L -2 11 A _ ___ 1 


da. 


■^2(f,- Xy+P'Zhi-i* o+otiW = 0, 
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which gives, since (29.43) (and (29.44)) remain valid, 


Instead of (29.49), we now have, direct from (29.37), 

A(£<- -£<) + *! (»?<-«< %i) - 0, 


or 




' X+ol* ‘ 


Putting (29.51) into (29.44), we have 

i < i 

which simplifies to 

&? + = 0. 

i i i i 


(29.50) 


(29.51) 


(29.52) 


(29.52) is just (29.27) written in a slightly different notation. Thus the result of 29.10, 
Case 3, holds good: (29.29) is the ML estimator of a t in the general functional 
relationship, as well as in the simple structural relationship considered in 29.9-10. 


29.18 For values of X between its limiting values of 0 and oo (corresponding to the 
two regression situations), the estimated functional line will always lie between the 
two estimated regression lines. This is intuitively obvious in our geometrical illustra¬ 
tion ; analytically, it follows from the fact that 04 defined at (29.29) is a monotone 
function of X (the proof of this is left to the reader as Exercise 29.1). Thus the estimated 
regression lines set mathematical limits to the estimated functional line. However, 
these limits may be too far apart to be of much practical use. In any case, they arc 
not, of course, probabilistic limits of any kind. 


29.19 Knowledge of the ratio of error variances has enabled us in 29.17 to evaluate 
ML estimators of a x and erf, namely (29.29) and (29.50). But our troubles are not 
yet over, for although a x is a consistent estimator of a x , of is not a consistent estimator 
of erf, as Lindley (1947) showed. 

To demonstrate the consistency of a lt we observe from the general results of 
Chapter 10 that the sample variances and covariance in (29.29) converge in probability 
to their expectations. Thus, if we write the variance of the unobservable X { as S\-, 
we have (cf. (29.18) for the structural relationship) 


*! * Sx + of — Sx + ~y 

= «fSi+Aof, \ (29 ' 53) 

s tv a i ‘Si- 

Substituting (29.53) in (29.29), we see that 

«i~ > ({«i*Sl + Aof — A (5J + of)} + [{af S% + X of — /. (S£ + oj) }* + A(ai Sjr)*] 1 )/{2*|5|} 

= « x , (29.54) 
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which establishes consistency. The same argument holds for the structural relation¬ 
ship with of replacing SJt throughout. 

The inconsistency of of in the functional relationship is as simple to demonstrate. 
Substituting (29.51) into (29.50), we have the alternative forms 




(29.55) 


2(A+&?) 

Using (29.53) and (29.54) in (29.55), we have 


(r*-2a 1 jf,+ afif). 


(29.56) 


- V- < 29ji7 > 

This substantial inconsistency in the ML estimator reminds one of the inconsistency 
noticed in Example 18.16; the difficulty there was directly traceable to the use of 
samples of size 2 together with the characteristic bias of order 1/n in ML estimators. 
Here, too, we are essentially estimating of from the pairs (£<, rj { ), as the form (29.55) 
for of makes clear. The inconsistency of the ML estimator is therefore a reflection 
of the small-sample bias of ML estimators in general. This particular inconsistent 
estimator causes no difficulty, a consistent estimator of of being given by replacing the 
number of observations, 2», by the number of degrees of freedom, 2«—(«+2) = n— 2, 


in the divisor of of. 


The consistent estimator is therefore 


2 a 
n—2 


ft 


We have thus seen that in the functional relationship, even knowledge of X — of/of 
is not enough for ML estimators to estimate all structural parameters consistently. 
For some structural relationships, the consistency of the ML estimators of structural 
parameters is guaranteed by the Kiefer-Wolfowitz result stated in 29.15 above. 


Example 29.1 

R. L. Brown (1957) gives 9 pairs of observations 

f: 1-8 41 5-8 7-5 9-3 10-6 13-4 14-7 18-9 

t} : 6-9 12-5 20 0 15-7 24-9 23-4 30-2 35-6 39 1 

which were generated from a true linear functional relationship Y — et 0 +etiX with 
error variances of = of. Thus we have A = 1, n = 9, and we compute 

Sf = 86-1, • 208-3 

f = 9-57, fj - 23-14, 

and, rounding to three figures, 

nsf = 238, nsjj = 906, ns^ = 451. 

Thus (29.29) gives 

. _ (906-238)+ {(906-238)»+4(451)*}» 

-__ i 


668 + 1122 

902 


1-99. 
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If we measure from the observed means, therefore, we have a 0 = 0 by (29.43) and 
the estimated line is 

y-23 14 = 1*99 (Jf—9-57) 
or 

Y = 1-99*+4-01. 

2n 

The consistent estimator of is, by 29.19, j? = - ■ - - of, where of is defined at 

n — 2 

(29.56). We thus have as our estimator in this case 

- 7 (1 +,. 99 . } t 906 -(3-98 x 451)+(1 -99)*238} - 1-53. 

In point of fact, the data were generated by adding to the linear functional relationship 

(Y-fj) = 2(X-I) 

random normal errors d, e with common variance = 1. Thus the estimators, par¬ 
ticularly a x , have performed rather well, even with n as low as 9. 


Confidence interval estimation and tests 

29.20 So far, we have only discussed the point estimation of the parameters. 
We now consider the question of interval estimation, and turn first to the problem of 
finding confidence intervals (and the corresponding tests of hypotheses) for a x alone, 
which has been solved by Creasy (1956) in the case where the ratio of error variances A 
is known. We can always reduce this to the case A = 1 by dividing the observed values 
of rj by A*. Hence we may without loss of generality consider only the case where the 
error variances are known to be equal. In this case, the Likelihood Function is 

L cc <x; 2 "exp{-^Z <5? + S^)J (29.58) 

whether the relationship is structural or functional. Maximizing (29.58) is the same 

» 

as minimizing the term in braces, which may be rewritten as 2 (df +ef). We therefore 

»=i 

see, by Pythagoras’ theorem, that the ML estimation procedure minimizes the sum of 
squares of perpendicular distances from the observed points (£,-, ?/,) to the estimated 
line. This is intuitively obvious from the equality of the error variances. 

We now define 


*i 


= tan 0/1 
= tan#,J 


(29.59) 


and we have at once from (29.29) and the invariance of ML estimators under transforma¬ 
tion that the ML estimator of tan 20 is 


tan 20 = 


2tan0 
1 — tan 2 0 


2a i 2s (n 

iw-isr 


(29.60) 
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the modulus in the denominator on the right of (29.60) ensuring that the sign of 
tan 2d is that of aj and s (T 

If and only if a x = 0, f and >? are uncorrelated, by (29.18), and since they are normal, 
this implies that their observed correlation coefficient 

r = s (r) /(s ( s„) 

will be distributed in the form (16.62), or equivalently, by (16.63), that 

t - {(n-2)rV(l-r*)} i (29.61) 

is distributed in “ Student’s” form with (n-2) degrees of freedom. Since 

sin a 20 = tan 2 25/(1+ tan 2 20), 


(29.61) may be rewritten, using (29.60), as 

r*«- 

L 44 

The statistic (29.61) or (29.62) may be used to test the hypothesis that = 0 = 0. 


w 


(29.62) 



29.21 If we wish to test the hypothesis that a x takes some non-zero value, a diffi¬ 
culty arises, for the correlation between f and i] is seen from (29.18) to be, with of = <tJ, 

. = _ _ «jO* 

P i(«f»l+oS(oj+c?)>' 

a function of the unknown of (for which we understand Sf in the functional case, as 
previously). To remove this difficulty we observe that for any known value oq, and 
therefore of 0, we can transform the observed values (f it jj<) to new values (fj, jj{) by 
the orthogonal transformation 

£' = jjsind+f cosd.'l 
r\ = rjcosd— fsind,J 


which simply rotates the co-ordinate axes through the angle 0. Thus to test that 
takes any specified value, we simply test that a. t — 0 = 0 for the transformed variables 
{£', r/'). Since variances and covariances are invariant under orthogonal transforma¬ 
tion, this means that (29.62) remains our test statistic, except that in it 6 is replaced 
by (0—6). 

There remains the difficulty that to each value of t in (29.62) thus modified, there 
correspond four values of 6, as a result of the periodicity of the sine function. If we 
may take it that the probability that 1 6— 0| exceeds \n is negligible, the problem dis¬ 
appears, and we may use (29.62), with 0 —0) written for 0, to test any value of # x = tan0 
or to set confidence limits for 0 and thence « t . The confidence limits for 0 are, of 
course, simply 




arc sin 


to K»-- 


2) CM-«*+*» 


«}']• 


(29.63) 


where t is the appropriate “ Student’s ” deviate for (n—2) degrees of freedom and the 
confidence coefficient being used. Because of the condition that |5—0| < fa, this is 
essentially a large-sample method. 
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Example 29.2 

For the data of Example 29.1, we find 

B — arc tan 1-99 = 0-35w 

and for 7 degrees of freedom and a central confidence interval with coefficient 0-95, 
we have from a table of “ Student’s ” distribution 

/ = 2-36. 

Thus (29.63) becomes, using the computations for « x , 

x . . [\ , 0 (238x906-451 1 )* - ! 

L Vl x 1122 J 

= 0-35ti± £arcsin(M742 = 0*35w + 0*03 jt. 

The 95 per cent confidence limits for 6 are therefore 0-32 jt and 0*38 ji. Those for a, 
are simply the tangents of these angles, namely 1*58 and 2*53. The ML estimate 1 99 
is not central between these limits precisely because we had to transform to 6 to obtain 
them. The limits are rather wide apart as a result of the few degrees of freedom 
available. 


29.22 As well as setting confidence limits for a! in the manner of the preceding 
section, we may, as R. L. Brown (1957) pointed out, find a confidence region for the 
whole line if the error variances are both knovm. For notwithstanding the fact proved at 
(29.9) that the error term (e—a x d) is correlated with £, we may rewrite (29.8) as 

ij —(ao + c^f) = e—a. 1 d. (29.64) 

The right-hand side of (29.64) is a normally distributed random variable with zero 
mean and variance of+a? of, and the left-hand side of (29.64) contains only the observ¬ 
ables S, r\ and the parameters a„ a x . We thus have the fact that 


^{^-(ao+ajf ,)} 2 


of+afof 


(29.65) 


is distributed in the chi-squared form with n degrees of freedom (*f). If of and o; 
are both known, we may without loss of generality take them both to be equal to unity, 
since we need only divide Si by o a and 77 , by a, to achieve this. (29.65) then becomes 
the variate 

£ {*.-<«•+«•{-)>*. (29.66) 

<-1 1+a* 


We may use (29.66) to find a confidence region for the line. For if we determine 
c Y from tables of x* by 

P{xl > <v} - i-r. 

we have probability y that 

2 {Vi~ (“0 ^ + *i£ .) } 2 < ( 1 + af). 


(29.67) 
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Measuring from the observed means §, r} as before, (29.67) becomes 

r* + a§ + afif-2a 1 f #f , < c y (l+a?) 
or 

*i(4- c y)-2«l^ + «o < Cy-^n' (29.68) 

If we take the equality sign in (29.68), it defines a conic in the (« 0 , « t ) plane. If c Y is 
increased (i.e. y is increased), the new conic lies inside the previous one. The conic 
is a 100(1— y) per cent confidence region for (a 0 , aj. 

This confidence region is bounded if the conic is an ellipse, but unbounded if the 
conic is a hyperbola. There may, in fact, be no real values of (a 0 , a t ) satisfying (29.68). 
We have already discussed this difficulty in another context in Example 20.5. 

We may now, just as in 28.26, treat (29.68) as a constraint which the true line must 
satisfy, and then find the envelope of the family of possible lines, which will again 
be a conic, by differentiation. The result, given by R. L. Brown (1957), is the region 
in the ( X , Y) plane bounded by 

(T- *)“_ («iZ±*) 2 = i + £f (29.69) 

Cy 0J 0 % — Cy 

where a. 1 is defined by (29.29)( # ) and 

= 6, = 4 + « i*tr 

a i 

& 1 is assumed positive, so that b t > b v (29.69) is the required confidence region, 
which is a hyperbola if b x < c v < b it an ellipse if c Y > b t . If c Y < b lt the conic is 
not real. 

29.23 It must be remembered that the confidence region of the last section applies 
only to the over-identified case discussed in 29.11, Case 4, where the ML estimator is 
unknown unless we make some further assumption. It should be particularly noted 
that if the situation is made identifiable by the more general assumption (29.30), the 
confidence region does not apply, since the variance of (e —a x d) now depends on a 
further parameter p. 

Quite apart from this point and the conceptual difficulties arising from elliptical or 
imaginary confidence regions for the line in the cases stated at the end of 29.22, another 
remark is worth making. It is not an efficient procedure to set confidence limits for 
the mean of a normal distribution with known variance by using the z» distribution of 
the sum of squares about that mean—we remarked this in Example 20.5 and again in 
Example 25.3, where we showed that the ARE of the corresponding test procedure is 
zero. We thus should not expect the confidence region (29.69), which is based essen¬ 
tially on this inefficient procedure, to be efficient. It is given here only because better 
results are not available. 


Of course, «, is not the ML estimator in this case—see 29.11, Case 4. (29.69) is simply 

expressed in terms of 
cc 



392 


THE ADVANCED THEORY OF STATISTICS 


L ■ ear functional relationship between several variables 

29.24 We now consider the estimation of a linear relationship in k variables. To 
make the notation more symmetrical, we will consider the variables X lt X t , ..., X k 
and the dummy variable X 0 ( = 1) related by the equation 

2 ^X s = 0. (29.70) 

j-0 

Apart from X Q , the variables are subject to error, so that we observe £, given by 
— Xjt+dji, i = 1,2,..., n ; j = 1,2,..., k. (29.71) 

Of course, f 0< = X oi — 1 for all i. As before, we assume the <5’s normally distributed, 
independently of X and of each other, with zero means ; and we make the situation 
identifiable by postulating knowledge of the ratios of error variances. If we suppose 
that 

vardi _ vard, _ _ vard* /OOTn 

H T t " "XT* ( ) 

where the A’s are known, we may remove them from the analysis at the outset by 
dividing the observed f, by y/Xj. These standardized variables will all have the same 
unknown variance, say of. 

The logarithm of the Likelihood Function of the error variables is then 

logL = constant -nk\ogo 6 -^ 2 2 ^ U -X jt )\ (29.73) 

j-i 

If we regard our data as n points in k dimensions, the problem is to determine the 
hyperplane (29.70). Maximizing the likelihood is equivalent to minimizing the double 
sum in (29.73) and this is the sum of squares of distances from the observed points £ 
to the estimated points X, as in (29.58). This sum is a minimum when the estimated 
X's are the feet of perpendiculars from the £’s on to the hyperplane. Thus the ML 
estimator of the hyperplane is determined so that the sum of squares of perpendiculars 
on to it from the observed set of points is a minimum. 

29.25 This is a problem of familiar type in many mathematical contexts. The 
distance of a point £ u , £ ti , ...,£*< from the hyperplane (29.70) is 

The quantity to be minimized is then 

5= 2 ( 2 «,£„)*/ 2 «*. 

i=t \i~0 / / 0 

It is convenient to regard this as a minimization of 

S ' = (29.74) 

subject to the constraint 

2 a 2 = constant, 
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and we may take the constant to be 1, without loss of generality, by (29.70). We 
have then to minimize unconditionally 

where p is a Lagrange undetermined multiplier. Differentiating with respect to a { , 
wc have 

= /u«„ / = 0,1,.... A. (29.75) 

The first of these equations, with / = 0, (£ 0 < = 1) may be removed if we take an origin 
at the mean of the f’s, i.e. 

- 0 . 

< 

Writing c ti for the covariance of the tth and yth variate, we then have, from (29.75), 

* u 

2 Cy<Xj 3 scj, / — 1,2, ...,k. (29.76) 

i«i ft 

Taking the right-hand terms over to the left and eliminating the a’s between these 
equations, we find 


C "~n 

I n 

c lt 

C 1Z 

" * * ^1* 

J 


i ^ii 

*--5 

C% 3 

• • • C |a 


C IZ 

1 

C tZ 

«--s 

\ 

• 

. . . C 3 * 

! 

; j 

= 0. (29.77) 

i • 

1 * 

1 c u 

C U 


j 

n 1 


If we divide row i by the observed standard deviation of f<, 
and write r it for correlations, (29.77) becomes 

S it and column j by S Jt 

; 

'i* 

r iz 

... r u 


''i* 

i-e t 

r 33 

• • • fit 

l 

i y » 

I * 

| : 

r I3 

l-0 3 


1 

- 0, (29.78) 

: r u 

r u 

r 3* 

... i-e* 



where 0 f = p/(nSj). 

We can solve (29.78) for p and hence find the a’s from (29.76). In actual computa¬ 
tional practice it is customary to follow an iterative process which evaluates the a’s 
simultaneously. These solutions for the a’s are, of course, the ML estimators of the 
true values. 

Note that (29.78) is an equation of degree k in p , with k roots (which, incidentally, 
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are always real since the matrix, of which the left-hand side is the determinant, is non¬ 
negative definite). We require the smallest of these roots, for if we multiply the /th 
equation in (29.75) by a, and add the last k of them, we find that the left-hand side 
sums to (29.74). Hence 

S' = p S of = n (29.79) 

i=i 

is to be minimized. 

29.26 The method of 29.22 for two variables can be extended to give a quadric 

surface as confidence region in k dimensions for <x u a.. a*. Likewise a quadric 

can be found “ within ” which should lie the hyperplane (29.70) representing the 
functional relation. Such regions are, of course, difficult to visualize and impossible 
to draw for k > 3. Reference may be made to R. L. Brown and Fereday (1958) for 
details. (Some of their results are given in Exercises 29.6-8.) The remarks of 29.23 
will apply here also. 

29.27 So far, we have essentially been considering situations in which identifi- 
ability is assured by some knowledge or assumption concerning the error variances. 
The question now arises whether there is any other way of making progress in the 
problem of estimating a linear functional or structural relationship. Different ap¬ 
proaches have been made to this question, which we now consider in turn. 

Geary's method of using product-cumulants 

29.28 The first method we consider was proposed by Geary (1942b, 1943) in the 
structural relationship context, but applies also to the functional relationship situation. 

We write the linear structural relationship in the homogeneous form 

a i*i+ “«*«+ • • • + a fc** = 0. (29.80) 

Each of the x f is subject to an error of observation, 6 h which is a random variable 
independent of x f and the observable is £/ = Xj + d,. The <5, are mutually independent. 
Consider the joint cumulant-generating function of the f,-. It will be the sum of the 
joint e.g.f. of the x, and that of the <5 ; . The product-cumulants of the latter are all 
zero, by Example 12.7. Thus the product-cumulants of the other two sets, the 
and the x„ must be identical. If we write k x for cumulants of the x’s, for cumulants 
of the f’s and write the multiple subscripts as arguments in parentheses we have 

Xz(Pl* Pi* • • • » Pk) = *f(.Pl* P%t • • • > Pk)> (29.SI) 

provided that at least two p ( exceed zero. Thus the product-cumulants of the .v’s 
can be estimated by estimating those of the f’s. 


29.29 The joint c.f. of the x’s, measured from their true means, is 


t k ) = £ jexp^ £ 


(29.82) 
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where 0y — itj. 

using (29.80). 


Differentiation of (29.82) with respect to each 0 , yields 

■E*W, - £{(s«,*,)exp(s0 ( *,)} - 0, 

For the c.g.f. ip = log <f> also, we have from (29.83) 




(29.83) 

(29.84) 


Since, by definition, 

ip = 2 *(/>!,/>*, . 

we have from (29.84) for all p t > 0 
*l*(Pl+hPtt • • ■ ./>*) + *» *(pi, />*+!» • 


. 0?‘0f...0*‘ 

Pk) pilptl - ••/>*! 

Pk)+ • • • • + *p*(.Pl>.P»» • • • i.Pfc+1) = 0* 

(29.85) 


The relations (29.85) will also be true for the product-cumulants of the observed £’s, 
in virtue of (29.81), provided that at least two of the arguments in each cumulant 
exceed zero, i.e. if two or more p t > 0. In the functional relationship situation, the 
same argument holds. The random variable x h on which n observations are made, 
is now replaced by a set of n fixed values X ju ..., X in . If this is regarded as a finite 
population which is exhaustively sampled, our argument remains intact. 


29.30 Unfortunately, the method of estimating the a, from (29.85) (with estimators 
substituted for the product-cumulants) is completely useless if the x’s are jointly 

normally distributed, the most important case in practice. For the total order of each 

* 

product-cumulant in (29.85) is 2 p ( +1 > 3 since two or more p, > 0. All cumulants 

t=l 

of order > 3 are zero in normal systems, as we have seen in 15.3. Thus the equations 

(29.85) are nugatory in this case. This is not at all surprising, for we are dealing here 
with the unidentifiable situation of 29.9, and we have made no further assumption to 
render the situation identifiable. 

Even in non-normal cases, there remains the problem to decide which of the relations 

(29.85) should be used to estimate the k coefficients ay. We need only k equations, but 
(assuming that all cumulants exist) have a choice of an infinite number. The obvious 
course is to use the lowest-order equations, taking the p ( as small as possible, for then 
the estimation of the product-cumulants in (29.85) will be less subject to sampling 
fluctuations (cf. 10.8(e)). However, we must be careful, even in the simplest case, 
which we now discuss. 


29.31 Consider the simplest case, with k = 2, which we specified by (29.13). 
We rewrite this in the form aj.t —y = 0, which is (29.80) with x = x t , y = x t , 
a 2 = —1, a 0 = 0 because we are measuring from the means of x and y. (29.85) 
gives in this case the relations 

*i*(Pi + l>Pt)-K(P»Pi+l) = 0 
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or, if *(/>!+!,/>,) # 0 , 


1 


(29.86) 


This holds for any p u p t > 0, and is therefore, as remarked in 29.30, useless in the 
normal case. Even if the distribution of the observables (£, 77 ) is not normal, its 
marginal distributions may be symmetrical, and if so all odd-order product-moments 
and hence product-cumulants will be zero. Thus even in the absence of normality, 
we must ensure that (pi+pt+ 1 ) is even in order to guard against the danger of sym¬ 
metry. The lowest-order generally useful relations are therefore 

Pi — Pt — 2 : *1 = /£9 

Pi — 2, p% — 1 : «i = 


the cumulants being those of (£, 77 ), which are to be estimated from the observations. 

There remains the question of deciding which of the relations (29.87) to use, or 
more generally, which combination of them to use. Madansky (1959) suggests finding 
a minimum variance linear combination, but the algebra would be formidable and not 
necessarily conclusive in the absence of some assumptions on the parent (£, 77 ) 
distribution. 

Even in the absence of symmetry, we may still be unfortunate enough to be sampling 
a distribution for which the denominator product-cumulant used in (29.87) is equal 
to zero or nearly so ; then we may expect large sampling fluctuations in the estimator. 


Example 29.3 

Let us reconsider the data of Example 29.1 from our present viewpoint. We find, 
with n = 9, 

jji = 2 (f-i) 2 ( 77 -^) = 445-853 = n/u tl , 
s lt = 2(|-Dfo—ij)» = 542-877 = n Mlt , 
s 3 i = Z($-£)*{T)-rj) = 24,635-041 = n/t iU 
s it = 2 ({-!)* (77-17)* = 46,677-679 = np tt . 

Thus (3.81) gives the observed cumulants 


*21 = P 31 = 49-539 ; * 18 = p 12 = 60-320; 

*31 = P>i-3ptoPu = -1232-45 ; 

*22 = Pn~ PtoPot~ tyn = —2493-613. 

Using these values in equation (29.86) we find the estimate of a x : 


•#> 1 J, 1 . *12 60-320 . ryry 

p ‘~ u *'~ l: ^-49-539■ I ' 22 ’ 


(29.88) 


while from the second equation in (29.87), we have the much closer estimate 


Pi = 2, p t = 1 : 


K tt = -2493-613 
* 31 -1232-45 


2 - 02 . 


(29.89) 
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It might be considered preferable to use A-statistics instead of cumulants in these 
equations. From 13.2 we have, since we are using central moments, 


k 


*i — 


nsti 

(n-l)(n- 2 )' 


k 


it — 


(n-l)(n- 2 )’ 


k = "("t 1 “J) i 5 *o 

” (« — 1) (n —2) («—3) " ’ 

, = »(«+l)r >t -2(«-l)rf 1 -(n-l)r t0 r 0t 

33 (n—l)(n—2)(n—3) 

The use of ^-statistics rather than sample cumulants as estimators therefore makes no 
difference to the estimate (29.88). We find 

k 3l - -105719, k ai = -2308-79, 


and the estimate (29.89) is now replaced by —^ 5^9 — 2*18. 


(29.90) 


It will be remembered that these data were actually generated from random normal 
deviates. It is not surprising, therefore, that the estimate (29.88) is so wide of the 
mark. (The ML estimator in Example 29.1 was 1-99.) The remarks in 29.30-1 
would lead us to expect this estimator to behave very wildly in the normal case, since 
it is essentially estimating a ratio of zero quantities. 

It will be noticed that (29.89) is slightly closer to the ML estimator than the appar¬ 
ently more refined (29.90). This “ refinement ” is illusory, for although the ^-statistics 
are unbiassed estimators of the cumulants, we are here estimating a ratio of cumulants. 
Both estimators are biassed; (29.89) is slightly simpler to compute. 

The reader may like to verify that if the first equation in (29.87) is used we find 
ft l3 = 10,003, * 18 = —5131 and thus the estimate k 13 /k s1 — 2 06, very close to (29.89). 

In large samples from a normal system, none of our estimators would be at all 
reliable. 


29.32 We conclude that the product-cumulant method of estimating <x lt while it 
is free from additional assumptions, is vulnerable in a rather unexpected way. It 
always estimates «i by a ratio of cumulants, and if the denominator cumulant is zero, 
or near zero, we must expect sharp fluctuation in the estimator. This is not a 
phenomenon which disappears as sample size increases—indeed it may get worse. 

The use of supplementary information: Instrumental variables 

29.33 Suppose now that, when we observe £ and rj, we also observe a further 
variable £, which is correlated with the unobservable true value x but not with the 
errors of observation. The observations on £ clearly furnish us with supplementary 
information about x which we may turn to good account. £ is called an instrumental 
variable, because it is used merely as an instrument in the estimation of the relationship 
between y and x. We measure £, rj and £ from their observed means. 
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Consider the estimator of a x 


fli = 


which we write in the form 



(29.91) 


II 


a i 2 £<£< = 


n 


S £<*?<> 
1-1 


or, on substitution for t? and f, 


a i 2 £<(*< +3,) = Sf^ao+aj *< + e<). 


(29.92) 


Each of the sample covariances in (29.92) will converge in probability to its expectation. 
Thus, since £ is uncorrelated with <5 and e, we obtain from (29.92) 

«i cov (£, x) —► a x cov (£, *). (29.93) 


If and only if 


lim cov (£, x) 0, 

n->co 


(29.94) 


(29.93) gives 


«!-►«!, (29.95) 

so that a x is a consistent estimator. It will be seen that nothing has been assumed 
about the instrumental variable £ beyond its correlation with x and its lack of correla¬ 
tion with the errors. In particular, it may be a discrete variable. Exercise 29.17 gives 
an indication of the efficiency of a x . 


29.34 Whatever the form of the instrumental variable, it not only enables us to 
estimate a x consistently by (29.91) but also to obtain confidence regions for (a 0 , a,), 
as Durbin (1954) pointed out. 

The random variable (t) — a 0 — a x f) = e — x x d by (29.8). Since £ is uncorrelated 
with d and with e, it is uncorrelated with (rj—v. 0 —a. 1 f). It follows (cf. 26.23(a)) that, 
given a 0 and a„ the observed correlation r between £ and (t) — a 0 —otj £) is distributed 
so that 


/* = (n-2)r 2 /(l-r 2 ) 


(29.96) 


has a “ Student’s” ^-distribution with («—2) degrees of freedom. If we denote by 
t\- y the value of such a variate satisfying 

P{/* < /?_„} = 1-y, 

we have, since r 2 = /*/{/* + («—2)}, a monotone increasing function of f 2 , 


P 


[2£(*?-ao-a,f)] 2 * 

SFS'fo—a,—«i>)*" 1 ~ r . 


1-y 


or 


p/i 2 ^ ) 2 -2a 1 E£//S££ + af(S££) 2 
£ 2 (2 t) 2 -(- n «o — 2a x S r)$ -(- a? 2 f 2 ) 





(29.97) 


It will be seen that (29.97) depends only on a 0 and a lt apart from the observables 
£, r), f. It defines a quadratic confidence region in the (a 0 , a x ) plane, with confidence 
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coefficient 1 — y. If a 0 is known, (29.97) gives a confidence interval for a x , but f* 
now has (n— 1) degrees of freedom, since only one parameter is now involved. We 
shall see later that for particular instrumental variables, confidence intervals for a 1 may 
be obtained even when a 0 is unknown. 

29.35 The general difficulty in using instrumental variables is the practical one 
of finding a random variable known to be correlated with x and known not to be corre¬ 
lated with 6 and with e : we rarely know enough of a system to be sure that these 
conditions are satisfied. However, if we use as instrumental variable a discrete “ group¬ 
ing ” variable (i.e. we classify the observations according to whether they fall into 
certain discrete groups, and treat this classification as a discrete-valued variable) we 
have more hope of satisfying the conditions. For we may know from the nature of 
the situation that the observations come from several distinct groups, which materially 
affect the true values of x ; while the errors of observation have no connexion with this 
classification at all. For example, referring to the pressure-volume relationship dis¬ 
cussed in 29.1, suppose that (29.2) were believed to hold. If we take logarithms, the 
relationship becomes 

log-P - C-ylogF, 

precisely the form we have been discussing, with a 0 = C and a! = y. Suppose now 
that we knew that the determinations of volume had been made sometimes by one 
method, sometimes by another; and suppose it is known that Method 1 tends to 
produce a slightly higher result than Method 2. The Method 1-Method 2 classification 
will then be correlated with the volume determination. The errors in this determina¬ 
tion, and certainly those in the pressure determination (which is supposed to be made 
in the same way for all observations), may be quite uncorrelated with the Method 
classification. Thus we have an instrumental variable of a special kind, essentially a 
grouping into two groups. 

We now discuss instrumental variables of this grouping kind in some detail. 

Two groups of equal size 

29.36 Suppose that n, the number of observations, is even, and that we divide 
them into two equal groups of \n = m observations each. (We shall discuss how the 
allocation to groups is to be made in a moment.) Let f be the mean observed f in 
the first group and that for the second group, and similarly define rj and rj'. Then 
we may estimate otj by 

a, = i’-J (29.98) 

and thence estimate a 0 by 

«o = (fr+*?)-«i(l'+l). (29.99) 

Wald (1940), to whom these estimators are due, showed that a x defined at (29.98) is a 
consistent estimator of a x if the true x-values satisfy 

lim inf|*'—*| > 0, (29.100) 

> 00 

a condition which clearly will not be satisfied if the observations are randomly allocated 
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to the two groups, when lim x| = 0. But if the (unobserved) jc’s in the first 

H—^ 00 

group are all less than those in the second group, the condition will be satisfied. In 
practice, we cannot ensure this, since the *’s are unobserved. What we actually do is to 
allocate the m smallest observed f *s to the first group. This will be satisfactory if the 
errors of observation on x, the <5’s, are not large enough to falsify (29.100). Geometri¬ 
cally, this procedure means that in the (£, rj) plane we divide the points into equal 
groups according to the value of £, and determine the centre of gravity of each group. 
The slope of the true linear relationship is then estimated by that of the join of these 
centres of gravity. 

If we treat the allocation to the two groups as an instrumental variable f, which 
takes the value +1 when the observation is in the upper group and — 1 when in the 
lower group, we have 

cov (£, x) — x'—x, 

and substitution of this into the consistency condition (29.94) yields in this case 

lim | x’ — x | 34 0 

n—> x 

which is (29.100) again. Wald’s condition (29.100) is thus essentially the general 
condition (29.94) applied to this case. 


29.37 We may use the estimator (29.98) to obtain consistent estimators of the 
two error variances. For since, by (29.18), 


at = varf- 


cov (I, lj) 


*1 


(29.101) 

a? = varTj-otjCov^, rj),' 
we need only substitute the consistent estimators sf, s% and s (n for the variances and 


covariances (multiplying each by 


n 


n -1 


to remove bias), and a x for <x lt to obtain the 


consistent estimators 




* - 


(29.102) 


Example 29.4 

Let us apply this method to the data of Example 29.1. There are 9 observations, 
so we omit that with the median value of f. Our groups are then : 

f: 1-8 4*1 5-8 7-5 ; 10-6 13*4 14-7 18-9 

6-9 12-5 20 0 15-7; 23-4 30-2 35-6 39 1. 

We find 

I = 19-2/4 = 4-800; £' = 57-6/4 = 14-400 

rj = 55-1/4 = 13-775 ; rj' = 128-3/4 = 32-075. 
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The estimate is 

32-075-13-775 . Q1 

** = H-400 -4-800 = 1 ' 91 ’ 
reasonably close to the true value 2. 

For these 8 observations, we find 

if = 29-735, i* = 112-709, s f „ = 56-764. 

Substituting in (29.102), we find the estimates 

if = -0-054, 
si = 5-16. 

These are very bad estimates, the true values being unity; si is actually negative and 
therefore “impossible.” 

Inaccurate estimates of the error variances are quite likely to appear with these 
estimators, despite their consistency, as we may easily see. If the true values (x, y) 
are widely spaced relative to the errors of observation, the observed values (£, rj) will 
be highly correlated, their two regression lines will be close to each other, and a x will 
then be close to the regression coefficient of rj on £, and to the reciprocal of the 
regression coefficient of £ on t], s in /s$. Thus, from (29.102), both if and if will be 
near zero, and quite small variations in a x will alter them substantially. In our present 
example, the correlation between £ and r\ is 0-98, and even die small deviation of a x 
from the true value * x is enough to swing if violendy downwards and if violendy 
upwards. 


29.38 A confidence interval for a x was also obtained by Wald (1940). For each 
of the two groups, we compute sums of squares and products about its own means, 
and define the pooled estimators, each therefore based on (m—l)+(m—1) = n—2 
degrees of freedom, 


* -^{£<*-^ 1 : «-«*}• 

■S* - («-««-«}•. 


(29.103) 


These three quantities, in normal variation, are distributed independendy of the 
means £, £', rj, rj', and therefore of the estimator (29.98). In (29.101), we substitute 
(29.103) to obtain the random variables, still functions of a lt 

SiI = Si-S (n /<x x ,\ 

Now consider 


(29.104) 


5* = 5f+«fSf = 5*+«|5f-2a 1 S f , 
n—L Li-i 


(29.105) 
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(n — 2) 5* is seen to be the sum of two sums of squares; each of these is itself the sum 
of squares of m independent normal variables (»/<—ot 0 —*1 f<) about their mean, and 
from (29.8) we see that each of these has variance of+afof. Thus 

(»—2)5* 
oj+afaf 

has a x * distribution with (n—2) degrees of freedom. We also define 

« - nr -!)(«,-«,) - h «'-«)-«> d'-D) 


The two components on the extreme right, being functions of the error means in the 
separate groups, are independently distributed. We thus see that u is normally dis¬ 
tributed with zero mean and variance = ^(of+ajof). Moreover, u is 

in n 

a function only of §\ |, fj' and ??, and is therefore distributed independently of S s . 
Thus 


5 2(5*-2a 1 5 ln +«?5?)l 


(29.106) 


has a “Student’s” distribution with («—2) degrees of freedom. For any given 
confidence coefficient 1— y, we have 

P{f* </?_„}=!-y. (29.107) 


The extreme values of a t for which (29.107) is satisfied are, from (29.106), the roots of 

IK 


or 

+ ^ = o, 

a quadratic equation in at* of which the discriminant is 

- s? S3+^ W Sf - 20, +S*). 


(29.108) 

(29.109) 


The first term in (29.109) is negative, by Cauchy’s inequality, and the second term 
positive, since its factor in brackets is —2 (»;<—«,£,)*. If n is large enough, the 

ft*—** i 

4f* 

positive term, which has a multiplier —- y , will be greater than the negative, with 

IK 

a multiplier *\ . Then the quadratic (29.108) will have two real roots, which 
are the confidence limits for a v 
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29.39 Similarly, we may derive a confidence region for (a,,, a x ). From (29.99), 
we estimate a 0 by a 0 . Consider the variable 

® = «o-«o = (29.110) 

v is normally distributed, with zero mean and variance 

ivarfa —a 0 —axf) = i(<T* + afof), 
n n 


i.e. its variance is the same as that of u in 29.38. v, like u, is easily seen to be distributed 
independently of S *, so that if we substitute v for u in (29.106), we still have a 
“ Student's " t variable with («—2) degrees of freedom. If a x is known, we may use 
this variable to set confidence intervals for a 0 » the process being simple in this case, 
since ot 0 appears only in the numerator of t. However, this is of little practical import¬ 
ance, since we rarely know a x and not a 0 . 

But we may also see that u and v are independently distributed. To establish this 
we have, by the definitions of u and ©, only to show that 

2a = Oj'-fl-Mf-ft 

is independent of 

«o+® = (y'+y)-*i (l' + l). 

These two variables are normally distributed, the first of them with zero mean. Their 
covariance is 

+W - «)+«! £ (ft+ft (ft - ft - 2*. £«' ft. 

Each of the first two expectations is that of a difference between identically distributed 
squares, and is therefore zero. The third expectation is a difference of identically 
distributed products, and is also zero. Thus the covariance is zero, and these variables 
are independent. Hence u and v are independent. 

fl 2 £)2 

It now follows that - - is a %* variate with 2 degrees of freedom and 

-(<r* + afof) 


hence that 


p $ («* + »*) 

S*/n 


(29.111) 


is distributed in the variance-ratio distribution with 2, »—2 degrees of freedom. From 
this, we may obtain a confidence region for a 0 and a 1( which is (cf. Exercise 29.5) an 
ellipse, as we should expect from the independence and normality of u and v, which 
are linear functions respectively of a x and a 0 . 

This confidence region is not equivalent to that obtained by putting the instru¬ 
mental variable £ = ± 1 in (29.97). Our present region is based on the distribution of 

F = + P but the random variable in (29.97) has a numerator depending only 

on u 2 and is not a monotone function of F. Intuitively, the latter seems likely to give 
a better interval, but we know of no result to this effect. 
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Three groups 

29.40 It was pointed out by Nair and Shrivastava (1942) and by Bartlett (1949) 
that the efficiency of the grouping method may be increased by using three groups 
instead of two, and estimating by the slope of the line joining the centres of gravity 
of the two extreme groups. (We have already done this implicitly in Example 29.4, 
where we omitted the central observation in order to carry out a two-group analysis.) 
The three-group method may be formulated as follows. 

We divide the n observations into three groups according to the value of the 
first group (low values of £) containing np x observations, and the third group (high 
values of £) np s observations. p x and p t are proportions, the choice of which is to 
be discussed below. The two-group method is a special case with p t = p t = \ when 

(when the middle group is empty) and p x = p t = —— when n is odd 


n is even 


n 


(as in Example 29.4). The grouping now corresponds to an instrumental variable C 
in (29.91) taking values +1,0 and — 1 for the third, second and first groups respectively. 
The estimator is 


a - !L ZJl 

1 I'-f 


(29.112) 


as before, but the primed symbols now refer to the third group, and the unprimed 
symbols to the first group. The estimator is consistent under the same condition as 
before. 

Nair and Shrivastava (1942) and Bartlett (1949) studied the case pi = p t = $. In 
this case, as in 29.38, we define Sf, S% and S Sf) in (29.103) by pooling the observed 
variances and covariances within the three groups, but now dividing by (n — 3), the 
number of degrees of freedom in the present case. (29.104) then defines Si and 5; 
as before and S 2 = Si+x\ Si. (n — 3) S 2 /(oi + x\ <$) is a variate with (n — 3) degrees 
of freedom. In this case 

(#-/)(«,-«,) (=)‘ 


will be a normal variate distributed independently of S 2 , with zero mean and variance 
o^ + afoi. Thus the analogue of (29.106) is 




(29.113) 


distributed in “ Student’s” distribution with (n — 3) degrees of freedom, and we set 
confidence intervals from (29.113) as before. 

The results of 29.39 extend similarly to the three-group case. 


29.41 The optimum choice of p t and p 2 has been investigated for various distribu¬ 
tions of x, assumed free from error. Bartlett’s (1949) result in the rectangular case 
is given as Exercise 29.11. Other results are given by Theil and van Yzeren (1956) 
and by Gibson and Jowett (1957). Summarized, the results indicate that for a rather 
wide range of symmetrical distributions for x, we should take p t = p t = J approxim- 
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ately, the efficiency achieved compared with the minimum variance LS estimator being 
of the order of 80 or 85 per cent. 

The evidence of the relative efficiency of the two- and three-group methods in the 
presence of errors of observation is limited and indecisive. Nair and Banerjee (1942) 
found the three-group method more efficient in a sampling experiment. An example 
given by Madansky (1959) leads strongly to the opposite conclusion. 


Example 29.5 

Applied to the data of Example 29.1, the method with p t = p t = $ gives 3 observa 
tions in each group. We find 

#' = 15*67, | = 3*90, 

rj' = 34*97, rj = 13*13, 

whence 


= 34-97-13*13 
1 15-67 — 3*90 


1 * 86 , 


close to the value 1*91 obtained by the two-group method in Example 29.4, but actually 
a little further from the true value, 2. 


The use of ranks 

29.42 To conclude our discussion of grouping and instrumental variable methods, 
we discuss the use of ranks. Suppose that we can arrange the individual observations 
in their true order according to the observed value of one of the variables. We now 
suppose, not merely that two or three groups can be so arranged, but that the values 
of x are so far spread out compared with error variances that the series of observed 
£’s is in the same order as the series of unobserved x's. We now take suffixes as re¬ 
ferring to the ordered observations. Again we make the usual assumptions about the 
independence of the errors and consider an even number of values 2m = n. To any 
pair £„ r} t there is a corresponding pair £ m+i) ?; m+i and we can form an estimator of a x 
from each of the m statistics. 


* = 1,2,..., m, (29.114) 

and we may choose either their mean or their median as an estimator of «j. 
Alternatively, we could consider all possible pairs of values 


«(*>;) 


_ Vt-Vi 

ti-e; 


t, J 1, 2, . . . , Wl. 


(29.115) 


There are \n(n— 1) of these values, and again we could estimate a t from their mean 
or median. 

These methods, due to Theil (1950), obviously use more information than the 
grouping methods discussed earlier. The advantage of using the median rather than 
the mean resides in the fact that from median estimators it is fairly easy to construct 
confidence intervals, as we shall see in 29.42. 
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Example 29.6 

Reverting once more to the data of Examples 29.4 with the middle value omitted, 
we find for the four values of a(i) in (29.114), 


23-4-6-9 

10 - 6 - 1-8 


1-875, 


30-2-12-5 _ 
13-4- 4-1 


35-6-20-0 
14-7- 5-8 


1-753, 


3 9-1-15-7 = 1>887 
i8-9- 7-5 1 887 ' 


The median (half-way between the two middle values) is 1-88. The mean is 1*85. 

If we use (29-115), we can use all nine observations. There are 36 values of a (i,j) 
which, in order of magnitude, are -2-529, —1-154, 0-708, 0-833, 0-941, 1-293, 1-342, 

1- 400, 1-458, 1-479, 1-544, 1-618, 1-677, 1-753, 1-797,1-875, 1-883, 1-892, 1-903, 1-981, 

2- 009, 2-053, 2-179, 2-225, 2-385, 2-400, 2-429, 2-435, 2-458, 2-484, 2-764, 2-976, 3-275, 
4-154, 4-412, 5-111. The median value (half-way between the 18th and 19th values) 
is 1-90. The mean is 1-93. 


29.43 We now relax the normality assumptions on the errors and impose a milder 
condition on the term (e< — <Xjd<), namely, that it shall have the same continuous distribu¬ 
tion for all t. In the terminology of 28.7, we have identical errors in 
together with continuity. It then follows that the probability of one value, say 
e t —&id t , exceeding another, e m+i — aid m+i , is $. 

Since from (29.114) 

- Vm+i-Vi _ „ 

a V) — “t-1 - # |1- 1 - t -» 

b»+i Cm+i 

we have 


fm+l“ Si 


The denominator f m +i — is positive, and consequently the probability that 
a(i) — oti > 0 is Thus the probability that exactly j of the («(*)—a x ) ^xceed zero, 

i.e. a x < «(*), is given binomially as so that the probability that the r 

greatest a(i) exceed a x and the r smallest a(i) are less than a x is 

P{a(r) < « t < a(m—r+1)} = 1-2 S (29.116) 

which may be expressed in terms of the Incomplete Beta Function by 5.7 if desired. 
This is a confidence interval for a x . 


29.44 If, in addition, we assume that 6 and e have zero medians, we have 

> *o} = h 

Given any a x we can arrange the quantities a x say s { , in order of magnitude, 
and in the same manner we have 

P{z r < <x 0 < ar m _ r+ j} = 1-2^^?^. 


(29.117) 
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It does not appear possible by this method to give joint confidence intervals for a 4 
and ctx together, except with an upper bound to the confidence coefficient (cf. Exercise 
29.10). 

The use of (29.115), when all pairs are considered, is more complicated, the distribu¬ 
tions no longer being binomial. They are, in fact, those required for the distribution 
of a rank correlation coefficient, f, which we discuss in Chapter 31. Given that distri¬ 
bution, confidence intervals may be set in a similar manner. 


29.45 These methods may be generalized to deal with a linear relation in k vari¬ 
ables. If we can divide the n observations into k groups whose order, according to 
one variable, is the same for the observed as for the unobserved variable, we may find 
the centre of gravity of each group and determine the hyperplane which passes through 
the k points. If, in addition, the order of observed and unobserved variable is the 
same for every point, we may calculate \n/K\ = l relations for the points (£ a , £, + j, 
£a + i, • • •»£«+i), ({*, fi+ 2 > fa+ 2 » •..»f*j+ 2 )» etc., and average them. Theoretically 
the use of (29.115) may also be generalized, but in practice it would probably be too 


tedious to calculate all the 



possible relations. 


29.46 A more thoroughgoing use of ranks is to use the rank values of the £’s, i.e. 
the natural numbers from 1 to n, as an instrumental variable, as suggested by Durbin 
(1954). Little is known of the efficiency of this method, although it ought to be 
superior in efficiency to grouping methods, since it uses more information. We shall 
only illustrate the method by an example. 


Example 29.7 

For the data of Example 29.1, we use the ranks of £ from 1 to 9 as the values of 
the instrumental variables £. Since the {-values are already arranged in order, we 
simply number them from 1 to 9 across the page. Then 

ZCiVi = (lx 6-9) + (2x12-5)+ ... +(9x39*1) = 1267*7, 

S{,£, = (1 x l*8) + (2x4*l)+ ... +(9x18*9) = 549*0. 

I 

From our earlier computations, 

rj = 23*14, 

I = 9*57, 

while Ef, = $n(n+l) = 45, 

i 

so that from the observed means the covariances are 

= 1267*7-23*14x45 = 226*40. 

i i 

S C<{«-|2{< = 549*0-9*57x45 = 118*35. 


Thus from (29.91) we have 


_ 226*40 
a1 118*55 


1-91. 


DD 
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the same value as we obtained for the two-group method in Example 29.4, closer to 
the true value 2 than the three-group method’s estimate of 1*86 in Example 29.5. 

Controlled variables 

29.47 Berkson (1950) (cf. also Lindley (19535)) has adduced an argument to show 
that in certain types of experiment the estimation of a linear relation in two variables 
may be reduced to a regression problem. We recall from 29.4 that the relationship 

y = ao+axf + fc-otxd) 

cannot be regarded as an ordinary regression because £ is correlated with (e —a x 5). 

Suppose now that we are conducting an experiment to determine the relationship 
between ,y and *, in which we can adjust f to a certain series of values, and then measure 
the corresponding values of rj. For example, in determining the relation between the 
extension and the tension in a spring, we might hang weights (£) of 10 grams, 20 grams, 
30 grams,..., 100 grams and measure the extensions (r?) which are regarded as the 
result of a random error e acting on a true value y. However, our weights may also be 
imperfect, and in attaching a nominal weight of £ = 50 grams we may in fact be 
attaching a weight x with error d = 50—*. Under repetitions of such experiments 
with different weights, each purporting to be 50 grams, we are really applying a series 
of true weights *< with errors d t = 50— x t . Thus the real weights applied are the 

values of a random variable *. £ is called a controlled variable, for its values are fixed 

in advance, while the unknown true values * are fluctuating. 

We suppose that the errors d have zero mean. This implies that * has a mean of 
50 = £■ We now have 

= *l + 5(, 

where *, and d t are perfectly negatively correlated. If we suppose, as before, that d* 
has the same distribution for all £ { we may write. 

* - £-d 

and, as before, 

rj = (a 0 +a|*) + e. (29.118) 

Putting the previous equation into (29.118) we find 

rj = « 0 +«i £+(*—0^4), (29.119) 

which is of the same form as (29.8) but is radically different. For £ is not now a random 
variable, and neither e nor d is correlated with it. Thus (29.119) is an ordinary regres¬ 
sion equation, to which the ordinary Least Squares methods may be applied without 
modification, and a 0 and oti may be estimated and tested without difficulty. 

29.48 Even if the values at which £ is controlled are themselves random variables 
(i.e. determined by some process of random selection) the analysis above applies if 
the errors 6 and e are uncorrelated with £. The latter assumption is usually fulfilled, 
but the former may be more difficult. In terms of our previous example, suppose that 
we made a random selection of the weights available, and used these for the experiment. 
The requirement that d be uncorrelated with £ now implies, e.g. that the larger weights 
should not tend to have larger or smaller errors of determination in their nominal 
values than do the smaller weights. Whether this is so is a matter for empirical study. 
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There is no doubt that, in many experimental situations, the preceding analysis is 
valid, f is often an instrumental reading, and the experimenter often tries to hold f 
to certain preassigned values (not chosen at random, but to cover a specified range 
adequately). In doing so, he is well aware that the instrument is subject to error and 
will not read the true values x precisely. It is comforting, after our earlier discussions 
of the difficulties of situations involving errors of measurement, that the standard LS 
analysis may be made in this common experimental situation. This fact illustrates 
the point, which cannot be too heavily stressed, that a thorough analysis of the sources 
of error and of the nature of the observational process is essential to the use of correct 
inferential methods, and may, as in this case, lead to a simple solution of an apparently 
difficult problem. 

29.49 The analysis of situations of a more complex kind, when some variables are 
controlled and some are not, or when replicated observations are obtained for certain 
values of the controlled variables, requires a careful specification of the model under 
discussion. We have not the space to go into the complications here. Reference may 
be made to T. W. Anderson (1955) and to Schefte (1958) for some interesting work 
in this field. 

Curvilinear relations 

29.50 Up to this point we have considered only linear relations between the 
variables. The extension of the methods to curvilinear relationship is not as straight¬ 
forward a matter as it is in the theory of regression ; and indeed some of the problems 
which arise have successfully resisted attack hitherto. We proceed with an account 
of some work, mainly due to Geary (1942b, 1943, 1949, 1953), in what is, as yet, only 
a partially explored field. 

It will illustrate the kind of difficulty with which we have to contend if we consider 
the quadratic functional relationship 

Y = %0+^X+^X 2 . (29.120) 

On the same assumptions concerning errors e in Y and d in X as we made in the linear 
case, and with the further simplification that their variances oj, oj are in a known ratio 
which we take to be 1 without loss of generality, we have, for the Likelihood Function 


when the errors are normal, 

logL = constant — 2nlogcr # — ^ {!!({, — X i ) i + 'L(r) i — a 0 — a, AT, — a,2^) 2 }. (29.121) 

Differentiation of (29.121) gives 

A<+aj Xf— )jf,)(a l + 2a 1 X() = 0, i = 1,2. n, (29.122) 

'L(QL 0 +x 1 X i +x t Xf- Vi ) = 0, (29.123) 

2 (« 0 +« x X t + 9. t Xf—r)i) X t - 0, (29.124) 

< 

2 («,+«, Xi+xtXf-riXf = 0, (29.125) 

-|+i[l({ r ^+sL a r = 0. (29.126) 
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Summing (29.122) over i, and using (29.123) and (29.124) we find, as before at (29.42), 
that if we measure the I’s from their observed mean 

(LA-,) - Zf, = 0. (29.127) 


If we also measure the rf s from their mean, we find, from (29.123)-(29.125), and (29.127), 


sotj +otj£ — 0, 

- 'LriiXi, > 


(29.128) 


(29.128) is of the pattern familiar in regression analysis; but the AT’s here are not 
observed quantities. To obtain the ML estimators we must solve the (»+3) equations 
in (29.122) and (29.128) for the (n+3) unknowns X it a„ a lt a,. The estimator of 
of then follows from (29.126). In practice we should probably solve these equations 
by iterative methods. 

The complication is also obvious from the geometrical viewpoint. We are now, 
from (29.121), seeking to determine a quadratic curve such that the sum of squares of 
perpendicular distances of points from it is a minimum. The joins of the different 
points to the curve are not parallel and may even not be unique. A solution, though 
arithmetically attainable, is clearly not expressible in concise form. 


29.51 The product-cumulant method of estimating the coefficients (cf. 29.28) can 
be extended. Consider the cubic structural relationship 

y = oc 0 +<*!*+a, je*+a 8 je*. (29.129) 

We drop the assumption that the errors are normally distributed. The joint c.f. of 
y and x is 

<Hh> *t) = J exp (6 1 y + 6 t x)dF(x, y). 


where = if*. We then have 

/a a a* a>\, 

= f (y-ct 0 -u 1 x-a f x*-a 3 x*)exp(6 I y+6 t x)dF ” 0 
by (29.129). Putting ip = log<f> and using the relations 


d<f> _ , dip 

do - * W 


ao* *\dd* \dd) y 

d*<t> _ »/3 a v>, 3 ^ 2 v 
W ~ ^\ae» W'do' 



(29.130) 


(29.131) 
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we find, fro& (29.130) 


dip 


00 x 



d*ip dip (dy>y\ 
ddl d6 t \ddj ] 


0 . 


(29.132) 


The equating to zero of coefficients in (29.132) when ip is expressed as a power series 
in cumulants gives us a set of equations for the determination of the a’s. These 
equations are linear in the a’s but not, in general, in the cumulants. By (29.81), the 
product-cumulants of x and y are the same as those of £ and rj. If x and y are normally 
distributed, the method breaks down as in 29.30. 


29.52 This process is not entirely straightforward. We will illustrate the point 
by considering the estimation of a 0 , a t and a, in the quadratic case (a 3 = 0 in (29.129)). 
We have 


Without loss of generality we take * 10 = * 01 = 0. This is equivalent to taking an 
origin at the mean of the x’s, which is estimated by the mean of the £’s. From (29.132) 
we then have 


v v 0I0T 1 f v 

E "" ( r-T) r, r 2 r!^! - r 




-2 


r!(x—2)1 



VI 


0 . 


(29.133) 


Equating coefficients to zero in (29.133), in order, we find 

Constant terms: — a 0 —a 3 K 03 = 0. (29.134) 


This is the only equation involving a 0 . It is useless except for estimating a 0 , which 
means that we must estimate not only a t but * 03 (which depends on the variance of 
the error term). We also have 


Terms in 0 X : 
Terms in 0 t : 
Terms in 0f: 
Terms in 0J0*: 
Terms in 0f: 


*to — ®i *u — ®i *i« = 0* 
*u - «i*oi - *«*o3 = 0* 

#c 30 —aiKu —a 1 (K 11 + 2icf 1 ) = 0. ► 

* 11 — *1 w 1 * ~ *1 (^13 + 2«11 * 0 *) = 0 . 

^ll - *1^03 — *1(^04 + 2 kqj) = 0. 


(29.135) 


The first equation in (29.135) involves * 10) which does not occur again. This equation 
is thus also useless for estimating the a’s. It will be plain from (29.135) that the 
coefficient of any power of 0 lt say 6[, contains « r0) which will not occur in any other 
equation. Such equations are therefore useless for estimating the a’s unless we assume 
that the errors £ are normally distributed (with cumulants above the second equal to 
zero), in which case the cumulants * r0 , as well as the product-cumulants, may be 
estimated from the observables, and equations such as the third in (29.135) are usable. 
We then can eliminate * ot between the second and fourth equation in (29.135). The 
result, in conjunction with the third equation, enables us to solve for ^ and a 3 . 
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If we do not assume the errors to be normal, we require further ecj^ations. We 
have from (29.133) 

Terms in B\B 2 t — *u — ^ 11 ) = 0,' 

Terms in 9j9|! — ~®i(*n 4 *2«qjkjj+4k(|/cjj) — 0, ► (29.136) 

Terms in 0f: *i 9 -oci*o 4 -<x 1 (k 05 + 6 k ( , 1 k 03 ) = 0. 

The first two equations of (29.136) contain, apart from product-cumulants, * ot and k 01 . 
We can eliminate these with the help of the second and fourth equations in (29.135), 
and solve for a 2 and oc 2 . We can thus estimate k 0> and hence, from (29.134), the value 
of oc 0 . Some of the eliminants may be non-linear, in which case we might get more 
than one set of estimators. 

29.53 The two-group estimation method of 29.36 clearly generalizes to poly¬ 
nomials of order k in x if we can divide the observations into (£+1) groups which are 
in the same order by £ as by x ; we then determine the centre of gravity of each group 
and fit the polynomial to the (k+ 1) resulting points. Theil’s method (29.42) also 
generalizes in a fairly obvious way. If we divide the observations into (k+1 ) groups 
and fit [»/(&+1)] parabolas to the points obtained by picking one observation from 
each group, we have only to average the resulting parabolas. This is not as simple 
as it sounds, however. It is not necessarily true that, if we get a set of parabolas 
a 0 + a x x +aj**, the best estimated parabola is a 0 + d t x +djX*. Some heuristic amalgama¬ 
tion of the set seems to be indicated, such as fitting by Least Squares in the direction 
of the y-axis, or drawing the curves and selecting one which seems to represent the 
median position so far as possible along its length. 

29.54 The extension of the analysis of controlled variables to the non-linear case 
involves one or two new points. Although the linear case can be reduced to regression 
analysis, the curvilinear case cannot. Consider the cubic functional relationship 

Y = ao + a! A'+a 3 .X' 2 + a 3 A 3 . 

If we put f = X+d, r\ = 7+5 we find 

V = «o+«i(l-^)+«t(f-«)*+a 3 (f-0)», (29.137) 

where the f’s, the controlled quantities, are fixed. Let us consider repetitions of the 
observations over the same set of £'s and denote by E the expectation in such a reference 
set. Summing (29.137) over the observations, we have 

Hr] = nao+aiE f+a 4 S f 2 +a 2 E0 2 +a 3 E £*+3a 3 E fd 2 +terms of odd order in 8 or f. 
Taking expectations, we then have 

E(Zij) = n(a 0 + a t <^) + (a 1 + 3a 3 of)Ef + a 3 Ef ! + a 3 2f 3 . 

Likewise, multiplying (29.137) by £ and summing, we get equations 

E(H V £) = (a 0 + a 2 <jS)S| + (a 1 + 3a 3 af)Ef* + a 2 Sf« + « 3 Ef*, (29.138) 

and so on. These equations can be solved for the quantities 

(oc 0 + a 2 aS), (a l + 3a 3 of), a 2 , a 3 . 

It is rather remarkable that, although « 2 and a 3 are identifiable, a 0 and a 2 are not so 
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without knowledge, or an estimate, of of. The only way round the difficulty seems to 
be to replicate the experiment with the same set of £’s. The papers by Geary (1953) 
and Scheflfe (1958) should be consulted for further details. 

29.55 We may be able to reduce a non-linear relationship to a linear one by a 
transformation. Consider, for example, a functional relationship of the type 

Y^X* = constant. 

Here the obvious procedure is to take logarithms. In general, if we can transform 
data to linearity before the estimation begins we shall have gained a great deal. The 
theoretical drawback of this procedure is that if errors in Y and X are, say, normal 
and homoscedastic, those of the transforms log Y and log .if will not be. The moral, 
here as elsewhere, is that we should endeavour to obtain as much prior information 
as possible about the nature of the observational errors ; and that, when the errors are 
substantial and of unknown distribution, we should use methods of estimation which 
make as few assumptions about their nature as possible. 

The effect of observational errors on regression analysis 

29.56 It is convenient to conclude this chapter with a brief account of an allied 
but rather different subject, the effect of errors of observation on regression analysis. 
Suppose that x and y, a pair of random variables, are affected by errors of observation 
6 and e, so that we observe 

f « 

V - y+e. 

As before, we suppose the d’s independent, the e’s independent, and <5 and e independent. 
Our question now is: suppose that we determine the regression of one observed 
variable on the other, say r\ on £; what relation does this bear to the regression of 
y on x, which is of primary interest ? 

The argument of 29.28 shows us that the product-cumulants of £ and rj are those 
of x and y. Thus cov (£, rf) — cov(x,y). But regression coefficients also depend on 
variances, which are not unchanged. The linear regression equation 

y =* Pi*, with p x - cov(x,y)/<j* 

is replaced by 

V = P '1 £> with ft - cov (£,»?)/of - cov(*,y)/{oi+oJ), 
and clearly ft < ft. The effect of the errors is thus to diminish the slope of the 
regression lines. It follows that the correlation between £, rj will also be weaker than 
that between x, y. 

29.57 However, this attenuation of the coefficients is not the whole story. Let us 
suppose that the true regression of y on x is exactly linear with identical errors (cf. 28.7). 
Does it follow that the true regression of rj on £ is also exactly linear ? The answer is, 
in general, no ; only under certain quite stringent conditions will linearity be unim¬ 
paired. We will prove a theorem stated in an elegant form by Lindley (1947): a 
necessary and sufficient condition for the regression to continue to be linear is that the 
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c.g.f. of the variable x is a multiple of the c.g.f. of the error 6. More precisely, in terms 
of the c.g.f.s of x and f, we must have 

PiV. = (29.139) 

We have seen in 28.7 that it is necessary and sufficient for the regression of y on * 
to be exactly linear, of the form 

y = 0 o+ 0 i *+e 




(29.142) 

(29.143) 


with identical errors, that the joint f.f. of x and y factorizes into 

fi*>y)= gi*)Ky-P o-0i*). (29.140) 

where g(x) is the marginal distribution of x ; or equivalently that the c.g.f.s satisfy 

V(<i»<i) = VV(<i+*«0i)+V’A (<*)+*<! 0o- (29.141) 

Now we know (28.5) that if £ (t lt t t ) is the joint c.g.f. of f, r) and the regression of 
tj on £ is exactly linear of form r) — 0 £+ 0 ( f+e, then 

.0 0*1 

But if d, e are independent of each other and of x, y we have 

£ (/i,/,) = Y’(*i.*«)+V’i(*i) + V'.(*s)- 
Substituting (29.143) and (29.141) into (29.142) we find 

|>.(*i + <i0i)"| +\^^\ + f0o+M = (29.144) 

L j tf _ 0 L or, Jt,—o L or, j e ,_ 0 or x 

Equating coefficients of t x in (29.144) we have 

O i) = o' 9CUi,0) 

Pl dt x Pl dt x ’ 

Since £(r x , 0) = y , f(r 1 ), (29.145) integrates at once to (29.139). 

The other terms in (29.144) give, writing /j, for means, 

t*h + 00 + = 00 " 

In particular, if d and e have zero means, 

0o — 0o- 

This proves the necessity of (29.139). Its sufficiency follows easily. 


(29.145) 

(29.146) 

(29.147) 


29.58 If we also require identical errors in the regression of rj on f, we obtain a 
much stronger result (Kendall, 1951-2). For then we have (29.141) holding as well 
as (29.143) for the c.g.f. £(/,, r,) of f, rj. Thus, writing primes in (29.141), 

C(* 1 » *i) = w(tut,) + M*i) + vM = wih+UPD+n'itJ+ittPo- (29.148) 
Substituting for y>(t u t t ) from (29.141), (29.148) becomes 

V # (ri+r,0 1 )+y A (r,)+i r,0 o +v’a(r 1 )+y)*(r,) = (29.149) 

Putting r x = 0 in (29.149) and subtracting the resulting equation from (29.149), we find 
V>» (*i + ** 0i) _ % (<«00+Va (*i) = w(*i + **0i) — W (*i0i)* (29.150) 
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Denoting cumulants of x, £ by superfixes (not powers) g and g\ we find from (29.150) 


S ^ (f vt -£ Xf (llM . + (29.151) 

r! r! r! r! rl 


Consider a term of order > 2, say r =* 3. Identifying powers of the third degree we 
have 

«s+«s = «f. 1 

M-M, [ (29.152) 

fl«s = OT'«rJ 

The second and third results are only possible if ^ or if k| and vanish. It 
follows that all third cumulants, and similarly all cumulants higher than the second, 
vanish. The converse again follows. Thus, if and only if x, 6, and £ are all normal 
will the exact linear regression with identical errors, y = Pt+Ptx become the exact 
linear regression with identical errors — Po+P'J. 


29.59 Various other theorems on this subject have been proved. Apparently the 
first was given by Allen (1938), who proved under restrictive conditions that if 


£ - Ix+d, 1 
rj = mx+ej 


l,m 0, 


then the necessary and sufficient condition for the regression of rj on £ to be exactly 
linear for all / in a closed interval is that x and d are normal. Some of her conditions 
have been relaxed by Fix (1949a), who requires only that x, 6 and s have finite means 
and that either x or d has finite variance. Fix’s result has been generalized further 
by Laha (1956) to the case where the error variables 6, e are not independent. 

Lindley (1947) proved a more general result than (29.139)—see Exercise 29.12. 
The result of 29.58 may also be extended to several variables—see Exercise 29.13. 


EXERCISES 

29.1 Show that the ML estimator defined at (29.29) is a monotone function of 2. 

29.2 Referring to the method of 29 . 28 , show that: (a) if the errors & are completely 
independent of the x’s, but (b) if (At — 1) product-cumulants of the d’s can be found which 
vanish, then equations (29.85) can still be used to estimate the a’s. In particular, this is 
so if the <5’s are distributed in the multivariate normal form. 

(Geary, 1942b) 

29.3 Show that equations (29.85) are equally true if there are substituted for the k’s 
the corresponding moments of the x’s, but that it does not then hold for the observed f’s. 

29.4 Show directly that the estimator a t of (29.98) is a consistent estimator of «„ 
and hence that the estimators (29.102) of the error variances are consistent. 

(Wald, 1940) 
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29.5 Referring to equation (29.111), show that the confidence region for a 0 and 
consists of the interior of an ellipse. 


(Wald, 1940) 


*t 


29.6 We have n observations, x u x nt on a vector variate, the components of 

which are distributed independently and normally with unit variances. It is desired 
to test the acceptability of the relationship 

a 0 + a'x«0 (A) 

where a 0 is scalar and a" the transpose of a column vector a. Show that 

= i («0+ «'*,)'(«„ + «'*,) (B) 

j-t a'a 

is distributed as x 2 with n degrees of freedom. If V is the dispersion matrix of the 
observations, show that the envelope of (A) subject to a constraint imposed by putting 
tt<f> at (B) equal to a constant xl is given by 

|V-*I]«0, 

where I is the identity matrix and Vy is the cofactor of the (i, j )th element in | V - ^1 *. 
Show that this may also be written 

l+x'(V-*I)-*x = 0. 

(R. L. Brown and Fereday, 1958) 


29.7 In the previous exercise, if the roots of | V — ^11 =0 are • • • * and A 
is the diagonal matrix with elements ; and if L is the orthogonal ( k x k ) matrix of 
vectors determined by VL = LA, show that by transforming to new variables y = L'x 
the equation of the envelope is 

l+y'(A—#)~ x y = 0 

and hence is 


* 

2 

-i 



= 0 . 


(R. L. Brown and Fereday, 1958) 


29.8 In the previous two exercises, show that if, corresponding to (A) of Exercise 29.6, 
we have in Exercise 29.7 


0o+P'y = o, 


then the joint confidence region for the P's may be written 

S = o, 

i-i 

where is the critical value of ^ at (B) in Exercise 29.6, obtained from the x l tables. 

(R. L. Brown and Fereday, 1958) 


29.9 Show that the statistics a(i) of equation (29.114) can be used to provide a test 
of linearity of relationship (as against a convex or concave relationship), by considering 
the correlation between a(i) and t. 


29.10 A set of variables X$ are connected with Y by the relation 

Y = a0+2 a jX,. 


(Theil, 1950) 
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The errors in the X*s are such that the order of the observed £j (= X$ + dj) is the same 

as that of the corresponding Xj for all/ = 1, 2. k. Show that if the d’s are such that 

P [zt < ar/} = 

* 

where an = cc S ot jdj, then a confidence interval in the manner of 29.43 can be set 
i-i 

up for any oc* if the other ot’s are given. Hence show how to set up a conservative 
confidence region for all a’s by taking the union of the individual intervals. 

(Theil, 1950) 


29.11 «(= 2/+1) observations on ij(= F+«) are made, at equally-spaced unit 

intervals of X, which is not subject to error, so that £ = X. The e f s have variance a*. 
If the parameters in Y = a 0 +ai^f are estimated by Least Squares, giving minimum 
variance unbiassed estimators, show that the estimator of « x has variance 

3o*/{l(l+ 1) (2Z+1) }. 

Show further that if the observations are divided into three groups, consisting of 
nk, n—2nk % nk observations, the estimator a t of (29.112) has maximum efficiency when 
k = and is then > f> while the efficiency when k =* } is only of this. 

(Bartlett, 1949) 


29.12 The regression of y on * lf x %9 ..., is given by 

y = lLfox } , 
i 

and the errors are independent of the Jr’s. If xj is subject to error i /(£/ = xj + dj), and 
y to error e(t/ = y + e), the d*s being independent of each other and of e, show that the 
regression of f] on the £’s is exactly linear of the form 


if and only if 


*> = s /?; (, 


<>Vx, 

dtj 


*({*>-= 


dt, 


where the y>*s are c.g.f.s of their suffix variables. This generalizes 29.57. 

(Lindley, 1947) 


29.13 In Exercise 29.12, show further that the errors in the second regression are 
independent of the i's if and only if the distribution of the x's, £*s and <5*s are all normal. 
This generalizes 29.58. 

(Kendall, 1951-2) 

29.14 In Exercise 29.12 show that 


V a a V* _ v a, 3*V{ 

Hence, if S is the dispersion matrix of the £'s and A (a diagonal matrix) that of the <Vs 

P- (P') = PAS- 1 

where P, (P') are the row vectors of the jJ*s and fi' 9 s respectively. 

(Lindley, 1947) 


29.15 Show that if the unobservables x f y and the instrumental variable ( are normally 
distributed with zero means, and a L is defined by (29.91), the variable 


/ l (*i ^xC-^yc) 1 J 


is distributed as “ Student’s 99 t 1 with (n —1) degree of freedom. 


(Geary, 1949) 
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29.16 From the result of the last exercise, show that approximately 

ff *e(«i a *c -0 Vc) 


2n t vara 1 


_ g «C 

,o|(«jo5-2«i< 


'*» + Oy) — («i 0*C — g rf)* 

_ <“* ~ {«i (<4 g? ~ <4c) + ( g «C ° vi ~ <*** o?) >1 

(of (*? <4 — 2a x Ox* + CT r) — ( a i g *f — Oyf)' }* J 

(Madansky, 1959) 


29.17 Assuming that there are no errors of observation in * or y (i.e. ( x, tj = y), 
show that, for fixed x's and f % the estimating efficiency of the estimator a x of (29.91), 
compared to the LS estimator, is equal to the square of the correlation between x and £. 

(Durbin, 1954) 



CHAPTER 30 


TESTS OF FIT 

30.1 In our discussions of estimation and test procedures from Chapter 17 on¬ 
wards, we have concentrated entirely on problems concerning the parameters of 
distributions of known form. In our classification of hypothesis-testing problems 
in 22.3 we did indeed define a non-parametric hypothesis, but we have not yet investi¬ 
gated non-parametric hypotheses or estimation problems. In the group of four chapters 
of which this is the first, we shall be pursuing these subjects systematically. 

We shall find it convenient to defer a general discussion of non-parametric prob¬ 
lems, and their special features, until Chapter 31. In the present chapter, we confine 
ourselves to a particular class of procedures which stand slightly apart from the others, 
and are of sufficient practical importance to justify this special treatment. 

Tests of fit 

30.2 Let x lf x a ,... ,x n be independent observations on a random variable with 
distribution function F(x) which is unknown. Suppose that we wish to test the 
hypothesis 

H 0 :F(x) = F 0 (x), (30.1) 

where F 0 (x) is some particular d.f., which may be continuous or discrete. The prob¬ 
lem of testing (30.1) is called a goodness-of-fit problem. Any test of (30.1) is called 
a test of fit. 

Hypotheses of fit, like parametric hypotheses, divide naturally into simple and 
composite hypotheses. (30.1) is a simple hypothesis if F 0 (x) is completely specified ; 
e.g. the hypothesis (a) that the n observations have come from a normal distribution 
with specified mean and variance is a simple hypothesis. On the other hand, we may 
wish to test (b) whether the observations have come from a normal distribution whose 
parameters are unspecified, and this would be a composite hypothesis (in this case it 
would often be called a “ test of normality ”). Similarly, if (c) the normal distribution 
has its mean, but not its variance, specified, the hypothesis remains composite. This 
is precisely the distinction we discussed in the parametric case in 22.4. 

30.3 It is clear that (30.1) is no more than a restatement of the general problem of 
testing hypotheses; we have merely expressed the hypothesis in terms of the d.f. 
instead of the frequency function. What is the point of this ? Shall we not merely 
be retracing our previous steps ? 

The reasons for the new formulation are several. The parametric hypothesis¬ 
testing methods developed earlier were necessarily concerned with hypotheses imposing 
one or more constraints (cf. 22.4) in the parameter space; they afford no means 
whatever of testing a hypothesis like (b) in 30.2, where no constraint is imposed upon 
parameters and we are testing the non-parametric hypothesis whether the parent d.f. 
is a member of a specified family of distributions. In such cases, and even in cases 
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where the hypothesis does impose one or more parametric constraints, as in (a) or 
(c) of 30.2, the reformulation of the hypothesis in the form (30.1) provides us with 
new methods. For we are led by intuition to expect the whole distribution of the 
sample observations to mimic closely that of the true d.f. F(x). It is therefore natural 
to seek to use the whole observed distribution directly as a means of testing (30.1), and 
we shall find that the most important tests of fit do just this. Furthermore, the “ opti¬ 
mum ” tests we have devised for parametric hypotheses, H 0 , have been recommended 
by the properties of their power functions against alternative hypotheses which differ 
from H 0 only in the values of the parameters specified by H 0 . It seems at least likely 
that a test based on the whole distribution of the sample will have reasonable power 
properties against a wider range of alternatives, even though it may not be optimum 
against any one of them. 


The LR and Pearson tests of fit for simple H 0 

30.4 Two well-known methods of testing goodness-of-fit depend on a very simple 
device. We consider it first in the case when F 0 (x) is completely specified, so that 
(30.1) is a simple hypothesis. 

Suppose that the range of the variate x is arbitrarily divided into k mutually exclusive 
classes. (These need not be, though in practice they are usually taken as, successive 
intervals in the range of *.)(*) Then, since F 0 (x) is specified, we may calculate the 
probability of an observation falling in each class. If these are denoted by p oi , 


1, 2,..., k, and the observed frequencies in the k classes 



n< are multinomially distributed (cf. 5.30), and from (5.78) we see that the LF is 

t 


L («i» • • •»ftk |/*oi>Poi> • • • >Pok) ^ n p5j* (30.2) 


On the other hand, if the true distribution function is F x (x), where F x may be any 
d.f., we may denote the probabilities in the k classes by p u , i = 1 , 2, ..., k, and the 
likelihood is t 

L ( n i> n t> • • • > n k\PinPu> • ■ • tPik) II pjj. (30.3) 

»-i 

We may now easily find the Likelihood Ratio test of the hypothesis (30.1), the com¬ 
posite alternative hypothesis being 

H l :F(x) = F 1 (x). 

The likelihood (30.3) is maximized when we substitute the ML estimators for p lt 

Pu = njn. 

The LR statistic for testing H 0 against H x is therefore 

/ — ^( **!>**!. W k\Poi>Pot* • • » »P oQ 

£(»!,»„ . . . ,n k \p 

Ilf Pitt • * • t fu) 

- »* n (Pc/1,)-- (30.4) 

i-1 

H 0 is rejected when / is small enough. 


We discuss the choice of k and of the classes in 30.20-3,30.28-30 below. For the present, 
we allow them to be arbitrary. 
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The exact distribution of (30.4) is unknown. However, we know from 24.7 that 

as n —► oo, —2log/ is asymptotically distributed in the form, with A—1 degrees 

* 

of freedom (since there are r = k—1 independent constraints p lt because 2 p lt = 1). 


30.5 (30.4) is not, however, the classical test statistic put forward by Karl Pearson 
(1900) for this situation. This procedure, which has been derived already as Example 
15.3, uses the asymptotic A-variate normality of the multinomial distribution of the n it 
and the fact that the quadratic form in the exponent of this distribution is distributed 
in the x* form with degrees of freedom equal to its rank, A — 1. In our present nota¬ 
tion, this quadratic form was found in Example 15.3 to be (*) 


x% _ 2 (* { -np 0< )» 

= <-i np M ’ 

whereas from (30.4) we have 

- 2 log / = 2| 2^ « 4 log (n t /p oi ) - n log nj. 


(30.5) 

(30.6) 


The two distinct statistics (30.5) and (30.6) thus have the same distribution asymp¬ 
totically. More than this, however, they are asymptotically equivalent statistics, for 

if we write A ( = ——we have 
npot 


—21og / = 22n ( log(l + A<) 


= 2S{(n 4 -npo<)+«Po<}{A ( -JAj+0(n- i )} 

= 2i:|(» < -«p w )A < +«p 0( A < -^A?+O(n-*)]-, 
and since 2/> w A< = 0, we have 

i 

—21og / = 2{»p w A?+0(n-‘)} = ^*{l + 0(n-*)}. (30.7) 

i 

Thus the LR test and the Pearson chi-square test are asymptotically equivalent. 
For small n, the test statistics differ. Pearson's form (30.5) has an advantage in one 
respect: it may alternatively be expressed as 

X* = (30.8) 

n i Pm v 

which is easier to compute; but (30.5) has the advantage over (30.8) of being a direct 

function of the differences between the observed frequencies n t and their hypothetical 
expectations np 0( , differences which are themselves of obvious interest. 


(*) Following recent practice, we write X* for the test statistic and reserve the symbol x 1 
for the distributional form we have so frequently discussed. Older writers confusingly wrote 
X* for the statistic as well as the distribution. 
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Choice of critical region 

30.6 Since H 0 is rejected for small values of /, (30.7) implies that when using 
(30.5) as test statistic, H 0 is to be rejected when X * is large. There has been some 
uncertainty in the literature about this, the older practice being to reject H 0 for small 
as well as large values of X s , i.e. to use a two-tailed rather than an upper-tail test. For 
example, Cochran (1952) approves this practice on the grounds that extremely small A” ! 
values are likely to have resulted from numerical errors in computation, while on other 
occasions such values have apparently been due to the frequencies n t having been 
biassed, perhaps inadvertently, to bring them closer to the hypothetical expecta¬ 
tions np oi . 

Now there is no doubt that computations should be checked for accuracy, but 
there are likely to be more direct and efficient methods of doing this than by examining 
the value of X * reached. After all, we have no assurance that a moderate and accept¬ 
able value of X * has been any more accurately computed than a very small one. 
Cochran’s second consideration is a more cogent one, but it is plain that in this case 
we are considering a different and rarer hypothesis (that there has been voluntary or 
involuntary irregularity in collecting the observations) which must be precisely formu¬ 
lated before we can determine the best critical region to use (cf. Stuart (1954a)). Leav¬ 
ing such irregularities aside, we use the upper tail of the distribution of X * as critical 
region. 

30.7 The essence of the LR and Pearson tests of fit is the reduction of the prob¬ 
lem to one concerning the multinomial distribution. The need to group the data into 
classes clearly involves the sacrifice of a certain amount of information, especially if 
the underlying variable is continuous. However, this defect also carries with it a cor¬ 
responding virtue : we do not need to know the values of the individual observations, 
so long as we have k classes for which the hypothetical p oi can be computed. In fact, 
there need be no underlying variable at all—we may use either of these tests of fit even 
if the original data refer to a non-numerical classification. The point is illustrated 
by Example 30.1. 


Example 30.1 

In some classical experiments on pea-breeding, Mendel observed the frequencies 
of different kinds of seeds in crosses from plants with round yellow seeds and plants 
with wrinkled green seeds. They are given below, together with the theoretical prob¬ 
abilities on the Mendelian theory of inheritance. 


Seeds 

Observed 

Theoretical 


frequency 

probability 


n< 

Pot 

Round and yellow . 

315 

9/16 

Wrinkled and yellow 

101 

3/16 

Round and green 

108 

3/16 

Wrinkled and green 

32 

1/16 


n = 556 

T 
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(30.8) gives 


y, 1 ia/ 315* 101* 108® 32 a 'i - 

X 556 ' 16 1 ~ + “ + ^" + t )- 556 

- 19,337-3 - 556 - 047. 

556 


For (k— 1) = 3 degrees of freedom, tables of x* show that the probability of a value 
exceeding 047 lies between 0*90 and 0*95, so that the fit of the observations to the 
theory is very good indeed : a test of any size a < 0-90 would not reject the hypothesis. 

For the LR statistic, (30.6) gives, after considerably more computation, using five- 
figure tables of logarithms, a value of 0*0 to one decimal place. Evidently, six- or 
seven-figure tables would be required for adequate accuracy, and this is a point which 
should be borne in mind in using the LR test. 


Composite H 0 

30.8 Confining our attention now to Pearson’s test statistic (30.5), we consider 
the situation which arises when the hypothesis tested is composite. Suppose that 
F 0 (x) is specified as to its form, but that some (or perhaps all) of the parameters are 
left unspecified, as in (b) or (c) of 30.2. In the multinomial formulation of 30.4, the 
new feature is that the theoretical probabilities p oi are not now immediately calculable, 
since they are functions of the s (assumed < k— 1) unspecified parameters 0 lt 0„... ,6„ 
which we may denote collectively by 0. Thus we must write them p oi (0). In order 
to make progress, we must estimate 0 by some vector of estimators t, and use (30.5) 
in the form 

X t = £ i?.* 

i-1 »Poi(t) 

This clearly changes our distribution problem, for now the p oi (t) are themselves 
random variables, and it is not obvious that the asymptotic distribution of X * will be 
of the same form as in the case of a simple H 0 . In fact, the term n { — np oi (t) does 
not necessarily have a zero expectation. We may write X z identically as 

** = .2 k •.-•>«<•»■+«■{*« («) -p« («> }■ 

-2n{n i -np 0i (6)} {p oi (t) -p oi (8)} ]. (30.9) 

Now we know from the theory of the multinomial distribution that asymptotically 

»<-»Po<(0) ~ cnK 

so that the first term in the square brackets in (30.9) is of order n. If we also have 

= »(»-'). (30.10) 

the second and third term will be of order less than n, and relatively negligible, so that 
(30.9) asymptotically behaves like its first term. Even this, however, still has the 
random variable np oi (t) as its denominator, but to the same order of approximation 
we may replace this by np oi (8). We thus see that if (30.10) holds, (30.8) behaves 
asymptotically just as (30.5)—it is distributed in the x i form with (k— 1) degrees of 
freedom. However, if the p oi (t) are “ well-behaved ” functions of t, they will differ 

BB 
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from the /> oi (0) by the same order of magnitude as t does from 0. Then for all prac¬ 
tical purposes (30.10) requires that 

t-6 = o(n-‘). (30.11) 

(30.11) is not customarily satisfied, since we usually have estimators with variances 
and covariances of order n~ l and then 

t-e = O («-*). (30.12) 

In this “ regular ” case, therefore, our argument above does not hold. But it does 
hold in cases where estimators have variances of order »-*, as we have found to be 
characteristic of estimators of parameters which locate the end-points of the range of 
a variable (cf. Exercises 14.8, 14.13 and 32.11). In such cases, therefore, we may use 
(30.8) with no new theory required. In the more common case where (30.12) holds, 
we must investigate further. 


30.9 It will simplify our discussion if we first give Fisher's (1922a) alternative 
and revealing proof of the asymptotic distribution of (30.5) for the simple hypothesis 
case. 

Suppose that we have k independent Poisson variates, the ith having parameter 
np oi . The probability that the first takes the value n lt the second n t and so on, is 

P(«i, n .. n k ) = II («/>oi)’"/«< ! = «■"»" II p$/n t !. (30.13) 


Now consider the probability of observing these values conditional upon their sum 

k 

2 n, = n being constant. The sum of the k independent Poisson variables is itself (cf. 

- 1 

Example 11.11) a Poisson variable with parameter equal to 2 np 0{ = n. Thus the 

1*1 

probability that the sum is equal to n is 

P(2n, = n) = «-"»"/«!• (30.14) 


We can now obtain the conditional probability we require, 

¥», IV \ P(tli, Bj, . . . , Hfc) 

^(^i) ... f **— ft) — ^ 


(30.15) 


We see at once that (30.15) is precisely the multinomial distribution of the rt t on which 
our test procedure is based. Thus, as an alternative to the proof of the asymptotic 
distribution of X % given in Example 15.3 (cf. 30.5), we may obtain it by regarding the 
n t as the values of k independent Poisson variables with parameters np oi , subject to 
the condition 2n< = n. By Example 4.9, the standardized variable 


= n,-np oi 
(»/>»<)* 


(30.16) 
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is asymptotically normal as n—► oo. Hence, as n 


is the sum of squares of k independent normal variates, subject to the single condition 
X «, =b n, which is equivalent to 2 (np oi ) k x t = 0. By Example 11.6, X 1 therefore has 

i i 

a x 2 distribution asymptotically, with (k— 1) degrees of freedom. 


30.10 The utility of this alternative proof is that, in conjunction with Example 11.6, 
to which it refers, it shows clearly that if s further homogeneous linear conditions are 
imposed on the n { , the only effect on the asymptotic distribution of X * will be to reduce 
the degrees of freedom from (£—1) to (k—s— 1). 

We now return to the composite hypothesis of 30.8 in the case when (30.12) holds. 
Suppose that we choose as our set of estimators t of 8 the Maximum Likelihood (or 
other asymptotically equivalent efficient) estimators, so that t = 6. Now the Likeli¬ 
hood Function L in this case is simply the multinomial (30.15) regarded as a function 
of the dj, on which the p oi depend. Thus 


dlogL _ dpoi 1 

- ,r, n< dQ, p 0{ ' 


— 1, 2,..., r. 


(30.17) 


and the ML estimators in this regular case are the roots of the s equations obtained 
by equating (30.17) to zero for each j. Clearly, each such equation is a homogeneous 
linear relationship among the n { . We thus see that, in this regular case, we have s 
additional constraints imposed by the process of efficient estimation of 6 from the 
multinomial distribution, so that the statistic (30.8) is asymptotically distributed in the 
X 2 form with (k—s— 1) degrees of freedom. A more rigorous and detailed proof is 
given by Cramer (1946). We shall call 8 the multinomial ML estimator. 


The effect of estimation on the distribution of X* 


30.11 We may now, following Watson (1959), consider the general problem of the 
effect of estimating the unknown parameters on the asymptotic distribution of the X 2 
statistic. We confine ourselves to the regular case, when (30.12) holds, and we write 
for any estimator t of 0 

t-8 = #-'Aj+o(»->). (30.18) 

where A is an arbitrary (sxk) matrix and x is the (Ax 1) vector whose ith element is 


= n,-»/>„,( 0) 

‘ (»/>«(•)}'’ 


(30.19) 


defined just as at (30.16) for the simple hypothesis case ; we assume A to have been 
chosen so that 

2?(Ax) = 0. (30.20) 

It follows at once from (30.18) and (30.20) that the dispersion matrix of t,V(t), is of 
order n -1 . By a Taylor expansion applied to {/>o< (t)-/><>< (8)} in (30.9), we find that 
we may write 

X'= iy? 

1-1 
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where, as n—► oo, 

or, in matrix form, 

y = x—n*B(t—8)+o(l), 
where B is the (kxs) matrix whose (ij)th element is 

b _ fro,(®) 1 

" », OoiWF 

Substituting (30.18) into (30.21), we find simply 

y = (I-BA)x+o(l). 

30.12 Now from equation (30.19) the x t have zero means. As n —►«, they tend 
to multinormality, by the multivariate Central Limit theorem, and their dispersion 
matrix is, temporarily writing p t for /> Ol (0), 

1-P» -(PiPt) 1 , ~(PiP 3 ) 1 , • • •, -(Pipe) 1 \ 

~(ptpi) l > i -pi, -( pip 3 y-> .... -( ptp*y \ 

~(plpi)K -(pkpt)K -( pkpz )*,..., l-p* / 

= I-(P*)(P*)' (30.24) 

where p* is the (A x 1) vector with ith element {/» 0 f(®)}** It follows at once from 
(30.23) and (30.24) that the y ( also are asymptotically normal with zero means and 
dispersion matrix 

V(y) = (I - B A) {I - (p*) (p 1 )'} (I - B A)'. (30.25) 

Thus X 2 = y' y is asymptotically distributed as the sum of squares of k normal variates 
with zero means and dispersion matrix (30.25). If and only if V (y) is idempotent with 
r latent roots unity and (k — r) zero, so that its trace is equal to r, we know from 15.10-11 
that the distribution of X * is of the form with r degrees of freedom. 

30.13 We now consider particular cases of (30.25). First, the case of a simple 
hypothesis, where no estimation is necessary, is formally obtainable by putting A ® 0 
in (30.18). (30.25) then becomes simply 

V(y) = V(x) = I-(p*)(p*)'. (30.26) 

k 

Since (p*)'(p*) = 2 p 0 ((®) = 1» (30.26) is seen on squaring it to be idempotent, and 

i=l 

its trace is (A—1). Thus X* is a xl-i variable in this case, as we already know from 
two different proofs. 



(30.21) 

(30.22) 

(30.23) 


30.14 The composite hypothesis case is not so straightforward. First, suppose 
as in 30.10 that the multinomial ML estimators 6 are used. We seek the form of the 
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matrix A in (30.8) when t = 0. Now we know from 18.26 that the elements of the 
reciprocal of the dispersion matrix of 0 are asymptotically given by 


{V (»)},!' - j, / - 1,2.. 

From (30.17), the multinomial ML equations give 

3’log L = * n { / d'p oi _ J_ dpoi dpo<\ 

d0jd0 t i=i poi \30* 30j .Po< 30^ 30 { ) 

On taking expectations in (30.28), we find 

" 1 i i ^ a a/) ^ a/j a/i r ■ 

l J Wj wj i»l OUl) 


(30.27) 


(30.28) 


(30.29) 


a* * 


The second term on the right of (30.29) is zero, since it is ~ ~ 2 p oi . Thus, using 

OVj ov t , 

(30.22), 




i~l 


so that, from (30.27), 


(V (0)}-i = yiB® 


or 


C = nV(0) = (B'B)-i. 

But from (30.18) and (30.24) we have 

D = »V(t) = AV(x)A' = A{I—(p»)(p*)'}A\ 


(30.30) 

(30.31) 


Here (30.30) and (30.31) are alternative expressions for the same matrix. 

We choose A to satisfy (30.30) by noting that 

B'(p») = 0 (30.32) 

3 * 

(since the jth element of this (r x 1) vector is 2 p oi = 0), and hence that if A = GB' 

uVj t=i 

where G is symmetric and non-singular, (30.31) gives GB'BG'. If this is to be equal 
to (30.30), we obviously have G = (B'B) -1 , so finally 

A = (B'B)-®' (30.33) 

in the case of multinomial ML estimation. (30.25) then becomes, using (30.32), 

V(y) = {I - B (B3)-*B' }* - (p*) (p*)' 

= I—BfBTlJ-'B'—(p*)(p*)\ (30.34) 

By squaring, this matrix is shown to be idempotent. Its rank is equal to its trace, which 
as in 19.9 is given by 

trV(y) = tr{I—(p*)(p*)'}—tr B'.B(B®)-\ 
and using 30.13 this is 

trV(y) = (*-l)-r. 

Thus the distribution of X 2 is asymptotically, as we saw in 30.10. 
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30.15 Our present approach enables us to inquire further : what happens to the 
asymptotic distribution of X 2 if some other estimators than 6 are used ? This question 
was first considered in the simplest case by Fisher (1928b). Chemoff and Lehmann 
(1954) considered a case of particular interest, when the estimators used are the ML 
estimators based on the n individual observations and not the multinomial ML esti¬ 
mators fi, based on the k frequencies n h which we have so far discussed. If we have 
the values of the n observations, it is clearly an efficient procedure to utilize this know¬ 
ledge in estimating 0, even though we are going to use the A-class frequencies alone 
in carrying out the test of fit. We shall find, however, that the X 2 statistic obtained in 
this way no longer has an asymptotic % 8 distribution. 


30.16 Let us return to the general expression (30.25) for the dispersion matrix. 
Multiplying it out, we rewrite it 

V(y) - {I-(P*)(P*)'}-BA{I-(p*)(p*)'} 

- {I-(p‘)(P*)'}AT»'+BA{I-(pt)(p*)'}A'B-. (30.35) 

Rather than find the latent roots A ( of V(y), we consider those of I — V(y), which 
are 1 —A*. We write this matrix in the form 

I-V(y) - (p*)(p*)'+B[A{I-(pt)(pt)'}-iA{I-(pt)(p‘)')A'B'] 

+ [! I - (P‘) (P 1 )' } A'- JB A {I-(p‘) (p*)'} A']B- 
= (p<) (p*)'+B [A {I - (pt) (p*)'}—}DB'] 

+ [{I-(p‘)(p‘)'}A'-iBD]B'. (30.36) 

On substituting (30.31), (30.36) may be written as the product of two partitioned matrices, 
giving 

/ (p*) \ / (p*)' y 

I-V(y)- B ) (A{I—(p*)(p*)'J —|DB') . 

\{I-(P‘)(P‘)'}A'-lBD/\ B' / 

The matrices on the right may be transposed without affecting the non-zero latent 
roots. This converts their product from a (k x k) to a (2*4-1) x (2* 4-1) matrix, which 
is reduced, on using (30.30) and (30.32), to 




0 1; 


®lxi 


AB-£DC-S D-JABD-JDB'A+JOC^D 


c- 1 , 


B'A' —JC -1 D 


(30.37) 


(30.37) has one latent root of unity and 2* others which are those of the matrix M par¬ 
titioned off in its south-east corner. If k > 2*4-1, which is almost invariably the case 
in applications, this implies that (30.36) has (k—2s— 1) zero latent roots, one of unity, 
and 2s others which are the roots of M. Thus for V(y) itself, we have {k—2s—\) 
latent roots of unity, one of zero and 2s which are the complements to unity of the 
latent roots of M. 





TESTS OF FIT 


429 


hj — 1 > 2.i, 


30.17 We now consider the problem introduced in 30.15. Suppose that, to 
estimate 0, we use the ML estimators based on the n individual observations, which 
we shall call the ** ordinary ML estimators ” and denote by 6*. We know from 18.26 
that if / is the frequency function of the observations, we have asymptotically 

D - »V(8) . (30.38) 

and that the elements of are the roots of 

_ q £ — 1 2 s 

57 u > I — l, a, ...»J, 

OOf 

where L is now the ordinary (not the multinomial) Likelihood Function. Thus if 9 0 
is the true value, we have the Taylor expansion 

0-[M 

L L JLew* OVj J 

and as in 18.26 this gives asymptotically, using (30.38), 

( 31ogL 
Mi 

: |, (30.39) 

dlogL 

“aeT 

9 being the vector of true values. Now since both sets of ML estimators are consistent, 
~W~ to the first order of approximation be equivalent to (30.17), which is, using 

o0j 

(30.22), 

i n t L *i u 

<-l(/>0 *) 4 i= 1 { n Poir 

k 

and we may write this in terms of (30.19) as n* 2 Xib i$ = »*(B'x),. Thus (30.39) is 

t=i 

8* = 9 + «-»DB'x, (30.40) 

and comparison of (30.40) with (30.18) shows that here we have 

A = DB'. (30.41) 


30.18 The dispersion matrix (30.25) now becomes 

V(y) = (I - B DB') {I - (pi) (pi)'} (I - B DB'), 
which on using (30.31), (30.32) and (30.41) becomes 

V(y) = I-(p*)(p*)'-BDB'. (30.42) 

(30.42) is not idempotent, as may be seen by squaring it. Moreover, the three matrices 
on its right are all non-negative definite, and we may write 

D+P = C 
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where P is non-negative definite, for D is the dispersion matrix of the fully efficient 
ordinary ML estimators, while C is that of the multinomial ML estimators, each of 
whose diagonal elements cannot be less than that of D. Thus (30.42) may be written 

V(y) = I-Cp^Cp^'-BCB'+BPB'. (30.43) 

The first two terms on the right of (30.43) are what we got at (30.26) for the case when 
no estimation takes place, when V(y) has (£-1) latent roots unity, and one of zero. 
The first three terms are (30.34), when, with multinomial ML estimation, V(y) has 
(/t — x— 1) latent roots unity and (s+ 1) of zero. Because of the non-negative definiteness 
of all the terms, reduction of (30.43) to canonical form shows that the latent roots of 
(30.43) are bounded by the corresponding latent roots of (30.26) and (30.34). Thus 
(30.43) has (k—s— 1) latent roots of unity, one of zero, and s between zero and unity, 
as established by Chernoff and Lehmann (1954). 

It follows from the fact that as k increases, the different sets of ML estimators 
8 and e* draw closer together, so that D —► C, that the last s latent roots tend to 
zero as k —► oo. 

30.19 What we have found, therefore, is that X 2 does not have an asymptotic ■/; 
distribution when fully efficient (ordinary ML) estimators are used in estimating 
parameters. However, the distribution of X 2 is bounded between a Xt~i and a Xt-—t 
variable, and as k becomes large these are so close together that the difference can be 
ignored—this is another way of expressing the final sentence in 30.18. But for k small, 
the effect of using the Xt-i-i distribution for test purposes may lead to serious error; 
for the probability of exceeding any given value will be greater than we suppose, s is 
rarely more than 1 or 2, but it is as well to be sure, when ordinary ML estimation is 
being used, that the critical values of xl-i-i an< ^ Xt-i are both exceeded by X 2 . The 
tables of x 2 show that, for a test of size a = 0-05, the critical value for (£—1) degrees 
of freedom exceeds that for (k — s — 1) degrees of freedom, if s is small, by Cs, approxi¬ 
mately, where C declines from about 1-5 at (k — s— 1) = 5 to about 1-2 when 
(k — s— 1) = 30. For a = 0 01, the corresponding values of C are about 1-7 and 1-3. 

The choice of classes for the X 2 test 

30.20 The whole of the asymptotic theory of the X 2 test, which we have discussed 
so far, is valid however we determine the k classes into which the observations are 
grouped, so long as they are determined without reference to the observations . The 
italicized condition is essential, for we have made no provision for the class boundaries 
themselves being random variables. However, it is common practice to determine 
the class boundaries, and sometimes even to fix k itself, after reference to the general 
picture presented by the observations. We must therefore discuss the formation of 
classes, and then consider how far it affects the theory we have developed. 

We first consider the determination of class boundaries, leaving the choice of k 
until later. If there is a natural discreteness imposed by the problem (as in Example 
30.1 where there are four natural groups) or if we have a sample of observations from 
a discrete distribution, the class-boundary problem arises only in the sense that we 
may decide (in order to reduce k t or in order to improve the accuracy of the asymptotic 
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distribution of X 2 as we shall see in 30.30 below) to amalgamate some of the hypothetical 
frequencies at the discrete points. Indeed, if a discrete distribution has infinite range, 
like the Poisson, we are forced to some amalgamation of hypothetical frequencies if 
k is not to be infinite with most of the hypothetical frequencies very small indeed. 
But the class-boundary problem arises in its most acute form only when we are sampling 
from a continuous distribution. There are now no natural hypothetical frequencies 
at all. If we suppose k to be determined in advance in some way, how are the boun¬ 
daries to be determined ? 

In practice, arithmetical convenience is usually allowed to dictate the solution: 
the classes are taken to cover equal ranges of the variate, except at an extreme where 
the range of the variate is infinite. The range of a class is roughly determined by the 
dispersion of the distribution, while the location of the distribution helps to determine 
where the central class should fall. Thus, if we wished to form k = 10 classes for 
a sample to be tested for normality, we might roughly estimate (perhaps by eye) the 
mean x and the standard deviation s of the sample and take the class-boundaries as 
x±lsj t j = 1, 2, 3, 4. The classes would then be 

(— ao,x—2s), (x—2s,x — 1*5$), (x— l-5s,x—s), (x—s,x—0-5s), (x-0-5 s,x), 

(x,x+0 5s ), (*+0-5f,je-f$), (*+r,x+l-5r), (* + l-5r, £+2$), (x+2r, oo). 

30.21 Although this procedure is not very precise, it clearly makes the class- 
boundaries random variables, and it is not at once obvious that the asymptotic distribu¬ 
tion of X 2 , calculated for classes formed in this way, is the same as in the case where 
the classes are fixed in advance. However, consideration suggests that since the 
asymptotic theory holds for any set of k fixed classes, it should hold also when the 
class-boundaries are determined from the sample in any way. That this is indeed so 
when the class-boundaries are determined by regular estimation of the unknown para¬ 
meters was shown for the case of a normal distribution by Watson (1957b) and for 
continuous distributions in general by A. R. Roy (1956) and Watson (1958, 1959). 

We may thus neglect the random variations of the class-boundaries so far as the 
asymptotic distribution of X 2 , when H 0 holds, is concerned. Small-sample distribu¬ 
tions, of course, will be affected, but nothing is yet known of the precise effects. (We 
discuss small-sample distributions of X 2 in the fixed-boundaries case in 30.30 below.) 

The equal-probabilities method of constructing classes 

30.22 We may now directly face the question of how class-boundaries should be 
determined, in the light of the assurance of the last paragraph of 30.21. If we now seek 
an optimum method of boundary determination, it must be in terms of the power of 
the test; we should choose that set of boundaries which maximizes power for a test 
of given size. Unfortunately, there is as yet no method available for doing this, 
although it is to be hoped that the recent re-awakening of interest in the theory of 
X 2 tests will stimulate research in this field. We must therefore seek some means of 
avoiding the unpleasant fact that there is a multiplicity of possible sets of classes, 
any one of which will in general give a different result for the same data ; we require 
a rule which is plausible and practical. 
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One such rule has been suggested by Mann and Wald (1942) and by Gumbel 
(1943); given k, choose the classes so that the hypothetical probabilities p oi are all 
equal to l/k. This procedure is perfectly definite and unique. It varies arithmeti¬ 
cally from the usual method, described in 30.20 (in which the classes are variate- 
intervals of equal width) in that we have to use tables to ensure that the p 0{ are equal. 
This requires for exactness that the data should be available ungrouped. The pro¬ 
cedure is illustrated in Example 30.2. 

Example 30.2 

Quenouille (1959) gives, apart from a change in location, 1000 random deviates 
from the distribution 

dF — exp {—x)dx, 0 < * < oo. 

The first 50 of these, arranged in order of variate-value, are: 

0 01, 0-01, 0 04, 0 17, 0 18, 0-22, 0-22, 0*25, 0-25, 0-29, 0-42, 0-46, 0-47, 0-47, 0-56, 

0*59, 0-67, 0-68, 0-70, 0-72, 0-76, 0-78, 0-83, 0-85, 0-87, 0-93, 1 00, 1 01, 1 01, 1 02, 

1- 03, 1 05, 1-32, 1-34, 1-37, 1*47, 1-50, 1-52, 1-54, 1-59, 1-71, 1-90, 2 10, 2-35, 2-46, 

2- 46, 2-50, 3-73, 4 07, 6-03. 

Suppose that we wished to form four classes for a X * test. A natural grouping 
with equal-width intervals would be 


Variate-values 

Observed 

Hypothetical 


frequency 

frequency 

0-0*50 

14 

19*7 

0*51-1*00 

13 

11-9 

1*01-1*50 

10 

7*2 

1*51 and over 

13 

11-2 


To 

50*0 


The hypothetical frequencies are obtained from the Biometrika Tables distribution 
function of a variable with 2 degrees of freedom, which is just twice a variable with 
the distribution above. We find X 2 — 3-1 with 3 degrees of freedom, a value which 
would not reject the hypothetical parent distribution for any test of size less than 
a = 0*37 ; the agreement of observation and hypothesis is therefore very satisfactory. 

Let us now consider how the same data would be treated by the method of 30.22. 
We first determine the values of the hypothetical variable, dividing it into four equal- 
probability classes—these are, of course, the quartiles. The Biometrika Tables give 
the values 0-288, 0*693, 1*386. We now form the table: 


Variate-values 

Observed 

Hypothetica 


frequency 

frequency 

0-0*28 

9 

12*5 

0*29-0*69 

9 

12*5 

0*70-1*38 

17 

12*5 

1 *39 and over 

15 

12*5 


!o 

500 



TESTS OF FIT 


433 


X 2 is now easier to calculate, since (30.8) reduces to 

“ n (3°.44) 

since all hypothetical probabilities p oi = j-. We find here that X 2 = 3-9, which 

k 

would not lead to rejection unless the test size exceeded 0-27. The result is still very 
satisfactory, but the equal-probabilities test seems rather more critical of the hypothesis 
than the other test was. 

It will be seen that there is little extra arithmetical work involved in the equal- 
probabilities method of carrying out the X 2 test. Instead of a regular class-width, 
with hypothetical frequencies to be looked up in a table (or, if necessary, to be cal¬ 
culated) we have irregular class-widths determined from the tables so that the hypo¬ 
thetical frequencies are equal. We have had no parameters to estimate in this example, 
but if this had been necessary, the procedure would otherwise have been unchanged. 


30.23 Apart from the virtue of removing the class-boundary decision from un¬ 
certainty, the equal-probabilities method of forming classes for the X 2 test will not 
necessarily increase the power of the test, for one would suspect that a *' goodness-of- 
fit ” hypothesis is likely to be most vulnerable at the extremes of the range of the variable, 
and the equal-probabilities method may well result in a loss of sensitivity at the 
extremes unless k is rather large. This brings us to the question of how k should 
be chosen, and in order to discuss this question we must consider the power of the 
X 2 test. First, we investigate the moments of the X 2 statistic. 


The moments of the X 2 test statistic 

30.24 We suppose, as before, that we have hypothetical probabilities p ot when 
H 0 holds, so that our test statistic is, as at (30.8), 

v. 1 I 

X 2 = - — n. 

n i= I Pot 


We confine ourselves to the simple hypothesis. Suppose now that the true prob¬ 
abilities are p u , i — 1, 2,..., k. The expected value of the test statistic is then 

£(**) = -£(»!)-»■ 

From the moments of the multinomial distribution at (5.80), 

£(«?) = np u ( 1 -p u )+n 2 ph t (30.45) 

whence 


£(AT 2 ) = i Pu ^ Pli Kn( 2 ~-l\. (30.46) 

i-1 Pot \ i —1 Poi ) 

When H 0 holds, this reduces to 

E(X 2 \H 0 ) = *-l. (30.47) 

This exact result is already known to hold asymptotically, since X 2 is then a xi_ 1 
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variate. If we differentiate (30.46) with respect to thep xi , subject to E/> x< = 1, we find 

at once that it has its minimum value when p u = p 0{ . For any hypothesis H t speci¬ 
fying a set of probabilities p u # p oi , we therefore have for any sample size 

E{X 2 \H 1 )> k-\. (30.48) 


(30.48), like the asymptotic argument based on the LR statistic in 30.6, indicates that 
the critical region for the X 2 test consists of the upper tail, although this indication is 
not conclusive since the asymptotic distribution of X 2 is not of the x i form when H x 
holds. This alternative distribution is, in fact, too difficult to evaluate, even asymp¬ 
totically, except under special assumptions. Even the variance of X 2 is a relatively 
complicated function of the p oi and p u (cf. Exercise 30.5). However, in the equal- 


probabilities case 



the asymptotic variance simplifies considerably and we 


find (the proof is left to the reader as Exercise 30.3) 


var(**|tf 0 ) = 2(A-l), 1 

varm H t ) ~4(*-l)*’{yp:i-PW}'} ( 30 - 4, > 


From (30.46) we also have in the equal-probabilities case 

E(X‘| tf x ) = (k -!) + (»-lKfcSpft-l). (30.50) 


Consistency and unbiassedness of the X 2 test 

30.25 Equations (30.49) and (30.50) are sufficient to demonstrate the consistency 
of the equal-probabilities X 2 test. For the test consists in comparing the value of 
X 2 with a fixed critical value, say c a , in the upper tail of its distribution. Now when 
H x holds, the mean value and variance of X 2 are each of order n. By Tchebycheff’s 
inequality (3.95), 

P{\X 2 -E(X 2 )\ > A[var(**)]>} < I. (30.51) 


Since c a is fixed, it differs from E ( X 2 ) by a quantity of order n, so that if we require 
the probability that X 2 differs from its mean sufficiently to fall below c a> the multiplier 
A on the left of (30.51) must be of order n s , and the right-hand side is therefore of order 
» -1 . Thus 


lim P{X 2 < c a } = 0, 

ft—> oo 


and the test is consistent for any H x specifying unequal class-probabilities. 

The general X 2 test, with unequal p oi , is also consistent against alternatives speci¬ 
fying at least one p u # p oi , as is intuitively reasonable. A proof is given by Neyman 
(1949). 


30.26 Although the X 2 test is consistent (and therefore asymptotically unbiassed), 
one would not expect it to be unbiassed in general against very close alternatives for 
small n. However, Mann and Wald (1942) have shown that the equal-probabilities 
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test is locally unbiassed. Write P for the power of the test and expand P in a Taylor 
series with the k values 


as arguments. We then have 


W,-i 

dP 


P(0 lt 0 .0 l ) = ?(O,O,...,O)+Z0 < ^ 

OtJi 


(30M) 


all derivatives being taken at the H 0 point (0,0,...,0). For a size-a test, 

P(0,0,.... 0) = a. 

dP 

Further, since P is a symmetric function of the Q it all the are equal at (0,0,..., 0), 

oUi 

d*P d*P 

and similarly for the , and the We may therefore rewrite (30.52) as 

O0i OQi OUj 

(30.53) 

Now 

o = 20, = (so,)* = 201+220,0,. 

i * i «+i 

Thus (30.53) becomes simply 


/d*P d'P \ 

P = fl * + * * * 


(30.54) 


We may evaluate the second-order derivatives in (30.54) directly from the exact expres¬ 
sion for the power 

P = 2 ■ I | * \Pi l Pi , ’’’Pk k ’ (30.55) 

jr*>c a "i 1 «i ! • • • n k s 

Since 0, = Pt—\> we find from (30.55) 


0*P 0*P , «! /iv-* 


= k* 2 {«?-«! -n x n t }f m 


(30.56) 


where ,k~ n and all unlabelled summations are now over the critical 

J n,! n,!... »,.! 

region X 2 ^ c„ which, from the form of X * given at (30.44), is equivalent to 

2 > b a . 

Now - 2 «?/„ is the mean of n\ in the critical region, and this must exceed its overall 
a 

, which by (30.45) is ^ A—i+^V Thus 

s>V.-«j’(i-j+-’)+* 


mean 


( 30 . 57 ) 
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where d > 0. By exactly the same argument, since n 1 is positive, we have 

l v , ^ n 
-W„ > - k or 


2»i/. = 


(30.58) 


where e > 0. Moreover, we obviously have in (30.57) and (30.58) 

d > e. (30.59) 

From symmetry, we have 

<*■-=«>}/. 

(30.60) 

Using (30.57)-(30.60), (30.56) becomes 

1 r d*P d*P 1 k n(. 1 n\ n n 8 n 

jfe 8 |_aef > k+k) a * a *(A-i) _0 ' (30 ‘ ] 


Thus, in (30.54), the second term on the right is positive. The higher-order terms 
neglected in (30.54) involve third and higher powers of the 0< and will therefore be 
of smaller modulus than the second-order term near H 0 . Thus, P > a near H Q and 
the equal-probabilities test is locally unbiassed, which is a recommendation of this 
class-formation procedure, since no such result is known to hold for the X 8 test in 
general. 


The limiting power function 

30.27 Suppose that, as in our discussion of ARE in Chapter 25, we allow H x to 
approach H 0 as n increases, at a rate sufficient to keep the power bounded away from 1. 
In fact, let Pu—P<n — where the c, are fixed. Then the distribution of A’ 2 is 
asymptotically a non-central with degrees of freedom k—s— 1 (where s parameters 
are estimated by the multinomial ML estimators) and non-central parameter 


* r? 

= 2r- = » 

i—lPot i 


*<>„ 


p.,r 

tu ' 


(30.62) 


This result, first announced by Eisenhart (1938), follows at once from the representa¬ 
tion of 30.9-10; its proof is left to the reader as Exercise 30.4. Together with the 
approximation to the non-central distribution in 24.5, it enables us to evaluate the 
approximate power of the X 2 test. In fact, this is given precisely by the integral 
(24.30). For a — 0*05, the exact tables by Patnaik described in 24.5 may be used. 


Example 30.3 

We may illustrate the use of the limiting power function by returning to the prob¬ 
lem of Example 30.2 and examining the effect on the power of the equal-probabilities 
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procedure of doubling k. To facilitate use of the Biometrika Tables, we actually take 
four classes with slightly unequal probabilities: 


Values 

Pot 

Pit 

(Pu-Pot)* 

(Pu-p«)'/Poi 

0-0-3 

0-259 

0-104 

0-0240 

0-0927 

0-3-0-7 

0-244 

0-190 

0 0029 

0-0119 

0-7-1-4 

0-250 

0-282 

0 0010 

0-0040 

1 -4 and over 

0-247 

0-424 

0-0313 

0-1267 


0-2353 = -• 
n 


In the table, the p ot are obtained from the Gamma distribution with parameter 1, as 
before, and the p it from the Gamma distribution with parameter 1-5. For these 
4 classes, and « = 50 as in Example 30.2, we evaluate the non-central parameter of 
(30.62) as A = 0-2353x50 = 11-8. With 3 degrees of freedom for X i , this gives a 
power when a = 0-05 of 0-83, from Patnaik’s table. 

Suppose now that we form eight classes by splitting each of the above classes into 
two, with the new p oi as equal as is convenient for use of the Tables. We find : 


Values 

Pm 

Pu 

(Pii~ Poi)* 

(Pu-Poi)*/Poi 

0-0-15 

0-139 

0 040 

0-0098 

0-0705 

0-15-0-3 

0-120 

0-064 

0-0031 

0-0258 

0-3 -0-45 

0-103 

0-071 

0-0010 

0-0097 

0-45-0-7 

0-141 

0-119 

0-0005 

0-0035 

0-7 -1-0 

0-129 

0-134 

0-0000- 

0-0002 

1-0 -1-4 

0-121 

0-148 

0-0007 

0-0058 

1-4 -2-1 

0-125 

0-183 

0-0034 

0-0272 

2-1 and over 

0-122 

0-241 

0-0142 

0-1163 


0-2590 = -• 
n 

For n — 50, we now have A = 13-0 with 7 degrees of freedom. The approximate 
power for a = 0-05 is now about 0-75 from Patnaik’s table. The doubling of k has 
increased A, but only slightly. The power is actually reduced, because for given A 
the central and non-central % % distribution draw closer together as degrees of freedom 
increase (cf. Exercise 24.3) and here this effect is stronger than the increase in A. How¬ 
ever, n is too small here for us to place any exact reliance on the values of the power 
obtained from the limiting power function, and we should perhaps conclude that the 
doubling of k has affected the power very little. 


The choice of k with equal probabilities 

30.28 With the aid of the asymptotic power function of 30.27, we can get an 
indication of how to choose k in the equal-probabilities case. The non-central para¬ 
meter (30.62) is then 

X = nki 61 (30.63) 

<-t 


We now assume that 10, | < T , all t, and consider what happens as k becomes large. 

k 
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* 

0=2 0f, as a function of k, will then be of the same order of magnitude as a sum of 

squares in the interval i-e« 

ri/* ri/t 

0 ~ a l u z du = 2a I u*du. (30.64) 

J -l/k J 0 

The asymptotic power of the test is a function P{A, A} which therefore is P{k,X(k)} \ 

it is a monotone increasing function of A, and has its stationary values when ^(h) _ q 

dk 

We thus put, using (30.63) and (30.64), 
giving 

k-*~Q/(2a). (30.65) 

Now as k becomes large, both the H 0 and H 1 distribution of X 1 tend to normality, 
and the asymptotic power function of the test is (cf. (25.53)) therefore 


i[|™; 


[var(**|f/o) 


a=o 


.0-A* 


(30.66) 


where 

G(-A«) = a 

determines the size of the test. From (30.49) and (30.50) 


'jE(X>\H t )] =(»-l)A, 

juu Ja=o 


(30.67) 

(30.68) 

var(AT 2 1 H 0 ) = 2(A-1), (30.69) 

and if we insert these values and also (30.65) into (30.66), we obtain asymptotically 

P = G{2*fl(»—l)*- 5 ' 2 —A.}. (30.70) 

This is the asymptotic power function at the point where power is maximized for 
choice of k. If we choose a value P 0 at which we wish the maximization to occur, we 
have, on inverting (30.70), 

G-^Po} = 2*fl(» —I)*- 5 ' 2 —A,, (30.71) 


or 

where b = a* /5 . 


k = b { r 

6 \A a +G- 2 {P 0 }/ ’ 


(30.72) 


30.29 In the special case P 0 = h (where we wish to choose k to maximize power 
when it is 0-5), G -1 (0-5) = 0 and (30.72) simplifies. In this case, Mann and Wald 
(1942) obtained (30.72) by a much more sophisticated and rigorous argument—they 
found b = 4 in the case of the simple hypothesis. Our own heuristic derivation makes 
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it clear that the same essential argument applies for the composite hypothesis, but 
b may be different in this case. 

We conclude that k should be increased in the equal-probabilities case in proportion 
to n 2/6 y and that k should be smaller if we are interested in the region of high power 
(when G -1 {P 0 } is large) than if we are interested in the “ neighbouring ” region of 
low power (when G -1 {P 0 } approaches —A a , from above since the test is locally un¬ 
biassed). 

With 6 = 4 and P 0 = $, (30.72) leads to much larger values of k than are com¬ 
monly used, k will be doubled when n increases by a factor of 4 V2. When n = 200, 
k = 31 for a = 0 05 and k — 27 for a = 0*01—these are about the lowest values of k 
for which the approximate normality assumed in our argument (and also in Mann and 
Wald’s) is at all accurate. In this case, Mann and Wald recommend the use of (30.72) 
when n > 450 for a = 0 05 and » > 300 for a = 0-01. It will be seen that n/k, the 
hypothetical expectation in each class, increases as n 3 /*, and is equal to about 6 and 8 
respectively when n = 200, a = 0 05 and 0*01. 

C. A. Williams (1950) reports that k can be halved from the Mann-Wald optimum 
without serious loss of power at the 0*50 point. But it should be remembered that 
n and k must be substantial before (30.72) produces good results. Example 30.4 
illustrates the point. 

Example 30.4 

Consider again the problem of Example 30.3. We there found that we were at 
around the 0*8 value for power. From a table of the normal distribution 

G-^OS) = 0*84. 

With b = 4, a = 0*05, X a = 1*64, (30.72) gives for the optimum k around this point 

* == 

For » = 50, this gives k = 15 approximately. 

Suppose now that we use the Biometrika Tables to construct a 15-class grouping 
with probabilities p oi as nearly equal as is convenient. We find 


Values 

Pot 

Pit 

(Pn~ Pot)*/Pot 

0-0*05 

0*049 

0*008 

0*034 

0*05-0*15 

0*090 

0*032 

0*037 

015-0*20 

0*042 

0*020 

0*012 

0*20-0*30 

0*078 

0*044 

0*015 

0*30-0*40 

0*071 

0*047 

0*008 

0*40-0*50 

0*063 

0*048 

0004 

0*50-0*65 

0*085 

0*072 

0*002 

0*65-0*75 

0*050 

0*047 

0*000 

0*75-0*90 

0*065 

0*067 

0*000 

0*90-1*1 

0*074 

0*083 

0*000 

1*1 -1*3 

0*060 

0*075 

0004 

1*3 -1*6 

0*071 

0*095 

0*008 

1*6 -2*0 

0*067 

0*101 

0*018 

2*0 -2*7 

0*068 

0*116 

0*034 

2*7 and over 

0*067 

0*145 

0*098 




0*274 = 

ft 


PF 
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Here X — 13-7 and Patnaik’s table gives a power of 0-64 for 14 degrees of freedom. 
X has again been increased, but power reduced because of the increase in k. We are 
clearly not at the optimum here. With large k (and hence large n), the effect of increas¬ 
ing degrees of freedom would not offset the increase of X in this way. 

30.30 An upper limit to k is provided by the fact that the multinormal approxima¬ 
tion to the multinomial distribution cannot be expected to be satisfactory if the np Q , 
are very small. A rough rule which is commonly used is that no expected frequency 
(np oi ) should be less than 5. There seems to be no general theoretical basis for this 
rule, and two points are worth making concerning it. If the H Q distribution is uni- 
modal, and equal-width classes are used in the conventional manner, small expected 
frequencies will occur only at the tails. Cochran (1952, 1954) recommends that a 
flexible approach be adopted, and has verified that one or two expected frequencies 
may be allowed to fall to 1 or even lower, if X 2 has at least 6 degrees of freedom, without 
disturbing the test with a = 0 05 or 0*01. 

In the equal-probabilities case, all the expected frequencies will be equal, and we 
must be more conservative. Fortunately, the Mann-Wald procedure of 30.29 leads 
to expected frequencies always greater than 5 for n > 200. For smaller n, it seems 
desirable to impose some minimum, and 5 is a reasonably acceptable one. It is inter¬ 
esting to note that in Examples 30.3-4, the application of this limit would have ruled out 
the 15-class procedure, and that the more powerful 8-class procedure, with expected 
frequencies ranging from 5 to 7, would have been acceptable. 

Finally, we remark that the large-sample nature of the distribution theory of X i 
is not a disadvantage in practice, for we do not usually wish to test goodness-of-fit 
except in large samples. 

Recommendations for the X* test 

30.31 We summarize our discussion of the X * test with a few practical recom¬ 
mendations : 

(1) If the distribution being tested has been tabulated, use classes with equal, 
or nearly equal, probabilities. 

(2) Determine the number of classes when n exceeds 200 approximately by 
(30.72) with b between 2 and 4. 

(3) If parameters are to be estimated, use the ordinary ML estimators in the 
interests of efficiency, but recall that there is partial recovery of degrees of 
freedom (30.19) so that critical values should be adjusted upwards ; if the 
multinomial ML estimators are used, no such adjustment is necessary 7 . 

30.32 Apart from the difficulties we have already discussed in connexion with A'* 
tests, which are not very serious, they have been criticized on two counts. In each 
case, the criticism is of the power of the test. Firstly, the fact that the essential under¬ 
lying device is the reduction of the problem to a multinomial distribution problem 
itself implies the necessity for grouping the observations into classes. In a broad 
general sense, we must lose information by grouping in this way, and we suspect that 
the loss will be greatest when we are testing the fit of a continuous distribution. 
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Secondly, the fact that the X 2 statistic is based on the squares of the deviations of ob¬ 
served from hypothetical frequencies impiies that the X 2 test will be insensitive to 
the patterns of signs of these deviations, which is clearly informative. The first of 
these criticisms is the more radical, since it must clearly lead to the search for other 
test statistics to replace .X 2 , and we postpone discussion of such tests until after we have 
discussed the second criticism. 

The signs of deviations 

30.33 Let us consider how we should expect the pattern of deviations (of observed 
from hypothetical frequencies) to behave in some simple cases. Suppose that a simple 
hypothesis specifies a continuous unimodal distribution with location and scale para¬ 
meters, say equal to mean and standard deviation ; and suppose that the hypothetical 
mean is too high. For any set of k classes, the p oi will be too small for low values of 
the variate, and too high thereafter, as illustrated in Fig. 30.1. Since in large samples 



Fig. 30.1—Hypothetical and true distributions differing in location 

the observed proportions will converge stochastically to the true probabilities, the 
pattern of signs of observed deviations will be a series of positive deviations followed by 
a series of negative deviations. If the hypothetical mean is too low, this pattern is 
reversed. 

Suppose now that the hypothetical value of the scale parameter is too low. The 
picture will now be as in Fig. 30.2. The pattern of deviations in large samples is now 



Fig. 30.2—Hypothetical and true distributions differing in scale 
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seen to be a series of positives, followed by a series of negatives, followed by positives 
again. If the hypothetical scale parameter is too high, all these signs are reversed. 

Now of course we do not knowingly use the X * test for changes in location and 
scale alone, since we can then find more powerful test statistics. However, when 
there is error in both location and scale parameters, Fig. 30.3 shows that the situation 



Fig. 30.3—'Hypothetical and true distributions differing in location and scale 

is essentially unchanged; we shall still have three (or in more complicated cases, 
somewhat more) “ runs ” of signs of deviations. More generally, whenever the para¬ 
meters have true values differing from their hypothetical values, or when the true 
distributional form is one differing “ smoothly ” from the hypothetical form, we expect 
the signs of deviations to cluster in this way instead of being distributed randomly, 
as they should be if the hypothetical frequencies were the true ones. 

30.34 This observation suggests that we supplement the X % test with a test of 
the number of runs of signs among the deviations, small numbers forming the critical 
region. The elementary theory of runs necessary for this purpose is given as Exer¬ 
cise 30.8. Before we can use it in any precise way, however, we must investigate the 
relationship between the “ runs ” test and the X % test. F. N. David (1947), Seal (1948) 
and Fraser (1950) showed that asymptotically the tests are independent (cf. Exercise 
30.7) and that for testing the simple hypothesis all patterns of signs are equiprobable, 
so that the distribution theory of Exercise 30.8 can be combined with the X * test as 
indicated in Exercise 30.9. 

The supplementation by the “ runs ” test is likely to be valuable in increasing sensi¬ 
tivity when testing a simple hypothesis, as in the illustrative discussion above. For 
the composite hypothesis, of particular interest where tests of fit are concerned, when 
all parameters are to be estimated from the sample, it is of no practical value, since the 
patterns of signs of deviations, although independent of X a , are not equiprobable as 
in the simple hypothesis case, and the distribution theory of Exercise 30.8 is therefore 
of no use (cf. Fraser, 1950). 

Other tests of fit 

30.35 We now turn to the discussion of alternative tests of fit. Since these have 
striven to avoid the loss of information due to grouping suffered by the X 1 test, they 
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cannot avail themselves of multinomial simplicities, and we must expect their theory 
to be more difficult. Before we discuss the more important tests individually, we 
remark on a feature they have in common. 

It will have been noticed that, when using X 1 to test a simple hypothesis, its distri¬ 
bution is asymptotically xl-i whatever the simple hypothesis may be , although its exact 
distribution does depend on the hypothetical distribution specified. It is clear that 
this result is achieved because of the intervention of the multinomial distribution and 
its tendency to joint normality. Moreover, the same is true of the composite hypothesis 
situation if multinomial ML estimators are used—in this case X 2 —> xl-t-i whatever 
the composite hypothesis may be, though its exact distribution is even more clearly seen 
to be dependent on the composite hypothesis concerned. When other estimators are 
used (even when fully efficient ordinary ML estimators are used) these pleasant asymp¬ 
totic properties do not hold: even the asymptotic distribution of X 2 now depends on 
the latent roots of the matrix (30.37), which are in general functions both of the hypo¬ 
thetical distribution and of the values of the parameters 6. 

We express these results by saying that, in the first two instances above, the distribu¬ 
tion of X 2 is asymptotically distribution-free (i.e. free of the influence of the hypothetical 
distribution’s form and parameters), whereas in the third instance it is not asymp¬ 
totically distribution-free or even parameter-free (i.e. free of the influence of the para¬ 
meters of F 0 without being distribution-free). 

30.36 We shall see that the most important alternative tests of fit all make use, 
directly or indirectly, of the probability-integral transformation , which we have en¬ 
countered on various occasions (e.g. 1.27, 24.11) as a means of transforming any known 
continuous distribution to the rectangular distribution on the interval (0,1). In our 
present notation, if we have a simple hypothesis of fit specifying a d.f. F 0 (x), to which 

a f.f. fo(x) corresponds, then the variable y = f f 0 (u)du = F 0 (x) is rectangularly 

J — 00 

distributed on (0,1). Thus if we have a set of n observations x t and transform them 
to a new set y { by the probability-integral transformation and use a function of the y t 
to test the departure of the y t from rectangularity, the distribution of the test statistic 
will be distribution-free, not merely asymptotically but for any n. 

■When the hypothetical distribution is composite, say F 0 (#|0 1 ,0 J ,...,6,) with the 
s parameters 6 to be estimated, we must select s functions t lt ...,t, of the x t for this 
purpose. The transformed variables are now 

yi = j M«\t» t %,..., t,) du, 

but they are neither independent nor rectangularly distributed, and their distribution 
will depend in general both on the hypothetical distribution F 0 and on the true values of 
its parameters, as F. N. David and Johnson (1948) showed in detail. However (cf. Exer¬ 
cise 30.10), if F has only parameters of location and scale, the distribution of the y { will 
depend on the form of F but not on its parameters. It follows that for finite », no test 
statistic based on the y t can be distribution-free for a composite hypothesis of fit 
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(although it may be parameter-free if only location and scale parameters are involved). 
Of course, such a test statistic may still be asymptotically distribution-free. 


The Neyman-Barton “ smooth ” tests 

30.37 The first of the tests of fit, alternative to X *, which we shall discuss are the 
so-called “ smooth ” tests first developed to Neyman (1937a), who treated only the 
simple hypothesis, as we do now. Given H 0 : F(x) = F 0 (x), we transform the n obser¬ 
vations x ( as in 30.36 by the probability integral transformation 

yi = f fo(u)du = F 0 (Xi), i = 1,2,.... n, (30.73) 

and obtain n independent observations rectangularly distributed on the interval (0, 1) 
when H 0 holds. We specify alternatives to H 0 as departures from rectangularity of 
the y it which nevertheless remain independent on (0,1). Neyman set up a system of 
distributions designed to allow the alternatives to vary smoothly from the H 0 (rect¬ 
angular) distribution in terms of a few parameters. (It is this “ smoothness ” of the 
alternatives which has been transferred, by hypallage, to become a description of the 
tests.) In fact, Neyman specified for the frequency function of any y, the alternatives 

f(y\H k ) = c(0 I ,0*...,0*)exp jl+ 2^0 r » r (y)J, 0 < 1, k = 1,2,3,..., 

(30.74) 


where c is a constant which ensures that (30.74) integrates to 1 and the Jt r (y) are 
Legendre polynomials transformed linearly so that they are orthonormal on the interval 
(0,1).( # ) If we write z = y—\, the polynomials are, to the fourth order, 


^o(-) = 1 'j 

rr,(s) = 3L2a, 

.t ,(*) = 5».(6**-l), 
jr 3 (a) = 7‘.(20* 8 -3*), 

* 4 (a) = 3.(70^- 15**+fK 


(30.75) 


30.38 The problem now is to find a test statistic for H 0 against H k . We can see 


(*) The Legendre polynomials, say LA. a), are usually defined by 

LA*) = (r! 2 r ) -1 ~ { (a* — l) r ), 


and satisfy the orthogonality conditions 



LA*) LA*) dz = 


0 , 

2 

2r+1’ 


r # s, 
r = s. 


To render them orthonormal on ( —i, £), therefore, we define polynomials xA*) by 

Ji,A*) = (2r+l)»L r (2a) 

We could now transfer to the interval (0, 1) by writing y = z + 4- It is more convenient, as 
in the text, to work in terms of z = y— J. 
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that if we rewrite (30.74) as 

f(y | H t ) = c(6)exp j 2^ 0 r n r (y) J, 0 < y < 1, k = 0,1,2,..., 

defining 0 O s? 1, this includes H 0 also. We wish to test the simple 

H 0 * 01 = 0 2 = ... = Q k — 0, 

or equivalently 

Ho : 2 fl* - 0, 


(30.76) 


(30.77) 


(30.78) 


against its composite negation. It will be seen that (30.76) is an alternative of the expo¬ 
nential family, linear in the 0 r and n T . The Likelihood Function for n independent 
observations is 


L(y 16) = {c(«)}*«p { i o, i *,(*)}• 

V-0 <-l ) 


(30.79) 


(30.79) clearly factorizes into k parts, and each statistic = 2 7 t r (y t ) is sufficient for 

0 r , and we therefore may confine ourselves to functions of the t r in our search for a 
test statistic. When dealing with linear functions of the 0 r in 23.27-32, we saw that the 
equivalent function of the t T gives a UMPU test. Here we are interested in the sum 
of squares of the parameters, and it seems reasonable to use the corresponding function 

t 

of the t r , i.e. X tf, as our test statistic, although we cannot expect it to have this strong 

r —1 

optimum property. This was, in fact, apart from a constant, the statistic proposed by 
Neyman (1937a), who used a large-sample argument to justify its choice. E. S. Pearson 
(1938) showed that in large samples the statistic is equivalent to the LR test of (30.78). 
We write u r = « _1 t r ; the test statistic is then( # ) 


* i * fn >>2 

Pl= 2 H> = - 2 7tr(y t ) l . 

r=»l 1 U-I ) 


(30.80) 


30.39 Since u T = n~ l E n r {yi), the u r are asymptotically normally distributed by 

»=i 

the Central Limit theorem, with mean and variance obtained from (30.79) as 

E(u r ) = n'E{n T (y)} = (30.81) 

var(u r ) = var{7t r (y)} = 1, (30.82) 

and they are uncorrelated since the n r are orthogonal. Thus the test statistic (30.80) 
is asymptotically a sum of squares of k independent normal variables with unit variances 
and means all zero on H 0 , but not otherwise, pi is therefore distributed asymptotically 
in the non-central form with k degrees of freedom and non-central parameter, 
from (30.81), 

X = n 2 0*. (30.83) 

r = l 

It follows at once that pi is a consistent (and hence asymptotically unbiassed) test, as 


( *> The statistic is usually written y>|; we abandon this notation in accordance with our 
convention regarding Roman letters for statistics and Greek for parameters. 





446 


THE ADVANCED THEORY OF STATISTICS 


Neyman (1937a) showed. F. N. David (1939) found that, when H 0 holds, the simplest 
test statistics p\ and p\ are adequately approximated by the (central) distributions 
with 1 and 2 degrees of freedom respectively for n > 20. 

The formulation of alternative hypotheses 

30.40 The choice of k, the order of the system of alternatives (and the number 
of parameters by which the departure from H 0 is expressed) has to be made before a 
test is obtained. Clearly, we want no more parameters than are necessary for the alter¬ 
native of interest, since they will “ dilute ” the test. Unfortunately, one frequently 
has no very precise alternative in mind when testing fit. This is a very real difficult}', 
and may be compared with the choice of number of classes in the X * test. In the latter 
case, we found that the choice could be based on sample size and test size alone ; in 
our present uncertainty, there is no very clear guidance yet available. 

30.41 In the first of a series of papers, Barton (1953-6), on whose work the fol¬ 
lowing sections are based, has considered a slightly different general system of alter¬ 
natives. He defines, instead of (30.76), 

f(y\H k ) = i 0 r 7t r (y), 0 < y < 1, k = 0,1,2. (30.84) 

r«=0 

with 0 P ss 1 as before. No constant c(8) is now required, since 

f{ 2 d r n r {y)\dy = 1+ S 0 r \\[y)*y = 1, (30.85) 

J O t.r-0 ) r-X J 0 

since n 0 (y) = 1 and the n r are orthogonal. However, we now must ensure that 
(30.84) is non-negative over the interval (0,1), and this involves restriction of possible 
values of the 6 r . Thus, for example, with k = 1 the value of given in (30.75) indi¬ 
cates that we must restrict d 1 by |0j| < 3~*. 

Now if we write 0 r = n _l ^,r ^ 1, we see that we have a set of alternatives approach¬ 
ing H 0 as n —► oo. What is more, as « —► oo we have 

1 +n~ i I l XrJir(y) ~ exp{n-*2A,jr,(y)}, 

r r 

so that the asymptotic distribution of pi for the alternatives (30.76) will apply under 

(30.84) with 6 r = ). r . In order to obtain the asymptotic non-central x 3 distribu- 

* 

tion of p% in which the non-central parameter is now A = E A?, we have had to let 

f—1 

H k tend to H 0 as n —► oo. This is exactly what we did to obtain the corresponding 
result for the X a test in 30.27. 

30.42 If we do have a particular alternative distribution g(y) in mind, we can 
express it in terms of a member of the class (30.84) as follows. Let us choose para¬ 
meters 0, in (30.84) to minimize the integral 

Q * = ^[g(y)-f(y\Hic)Ydy = J|^(y)-|i+ 


( 30 . 86 ) 
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Differentiating with respect to the 0 r , we find the necessary conditions for a minimum 

Z0'*'(y)}]<b’ - 0, all r, 

and using the orthogonality of the n r (y), this becomes 

E{n r (y)\H*} - 0„ all r. (30.87) 

The minimum value of (30.86) is, as in ordinary Least Squares theory, 

- fV(>)rfv-l- (30.88) 

J 0 f«l 

using the orthogonality again. 

£min is non-negative by definition. Regarded as a function of k, it is seen to be 

t 

non-increasing, and, since only 2 Of depends on k, ffiin —► 0 as k —► oo. In fitting 

r—1 

the model (30.84) to g(y), therefore, we essentially have to judge the approximation 
* f 1 

of A = 2 dr to 1 g*(y)dy— 1, which bounds it above. The integral is in terms of 

the probability-integral-transformed variable—it is often more convenient to evaluate 
it in terms of the alternative distribution of x, untransformed. Call this h(x). We 
then have, since g (y) dy = h(x)dx, 

J/w* - L < 30 - 89 > 


Example 30.6 

Consider the normal distribution 

&(*!/*) = (2w)-*exp{-|(x- J u)*}, -oo < x < co, 
with H 0 : fi = 0. Using (30.89), 



r 

J_«\a(*|0)j 


( 2 *) 


-l 


[ exp{-(*-/i) , +J* , }d* 

J — 00 


= expCu*).(27r)-» f exp{-J(*-2/i)*}dx 

J — CO 

= exp (/<•). 

* 

Thus we must compare A = 2 0? with 

r«l 

expCu 2 )—1 = i“ 2+ ^j+ • • • (30.90) 

From (30.87), 

6r = \\ nr W g W dy - 
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Because the n r (y— £) are even functions for even r (cf. (30.75)) we have, since g(y) is 
also even about the value £ for this symmetrical alternative, 

0«r = 0* 

For odd r, we must evaluate individual terms. We find, using (30.75), 

0x = [ 3K2zg(z)dz = 3*.2 I* zh(x)dx 

J -} J -00 

= 3*.2 J* jj* h (u ( H 0 ) du - £ J A (* I H 0 ) exp {- J (ji* - 2ux) } dx 

and 

= 3‘.£A X , 

where A x is Gini’s mean difference (cf. Exercise 2.9), equal to 2 /tc* in this normal case 
(cf. 10.14), so that 



Thus for small variations dfi in fi, 0 X alone will vary by (3 /tt) 1 dfi == 0-98 djtt, and if 

3 

we use the p\ test with 0 1 = (3 /rtf fi we see from (30.90) that 0* = -/** will be very 

71 

little less than the right-hand side, and we lose little efficiency in testing for a change 
in the mean ^ of a normal distribution from zero. This is easily confirmed. The 
large-sample power function is the non-central %* with 1 degree of freedom and non¬ 
central parameter n (3 /n) yu 2 , equivalent to a standardized normal deviate of (3 n/n)* u. 
The best test, based on the sample, uses a normal deviate of n*/i. The factor 

(3/jt)‘ = 0-98 

will make little difference to the power in large samples. 

The advantage of the pi tests displayed here is that, given the alternative, we can 
choose k to give higher power than with the X 2 test. 

30.43 Since 30.37, we have confined ourselves to the simple hypothesis and un- 
grouped observations. We now turn to discussion of the grouping of data for the p; 
tests (which is in practice very necessary in view of the need for carrying out the prob¬ 
ability integral transformation on every observation) and the extension of the tests to 
composite hypotheses, which is perhaps even more important. These subjects form 
the substance of the second and third of Barton’s (1953-6) papers. The remarkable 
fact is that, once grouping has been carried out, the pi tests move into intimate relation¬ 
ship with the X 2 test. 

Suppose that the range of the variate x is grouped into k classes, and let £< be the 
median of the *th group from below. An obvious analogue of (30.73) is then 

fit i-l 

y, = | .fo(tt)du = X pos + hpoi, 

V — X> j =» 1 


(30.91) 
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where the p oi are hypothetical probabilities as before. We take all the y t in a class 
to be replaced by the value and write z\ = yj—£ as before. We now require a set 
of orthogonal polynomials P,(y') which will play the same role for grouped data as 
the standardized Legendre polynomials did in the ungrouped case. In view of the 
fact that the alternative hypothesis may now be formulated in terms of the variable x as 




we have after grouping into A classes the alternative hypothetical probabilities expressed 
in terms of those tested by 


tu\n. = { s 


It is therefore natural to specify the P r (y') by 

Poi/) - 1 , 


1. r - t, 


^ r,t = 0, 1,2,..., A-l. 


(30.92) 

(30.93) 

(30.94) 


zp«Pr(y'<)PM) 

= 0, r * t, J 

Then (30.80) (with A—1 replacing A) becomes in grouped form, on using (30.91), 
t-i l*-if* V >s 

Pl-i - = P f (y t )^ = - S »,P,(yi)L 

,_1 J n T-l U-l J 

which by (30.93) is 

I f * V ‘-if * n . 

= i * = 

The summation is of the squares of weighted sums of the PotPr(y <) (which are ortho¬ 
gonal by (30.94)), with weights n t /(np oi )K We therefore have 


pi-i+n = L 




or, in virtue of (30.8), 
exactly. 


i np oi 
Pl-i - X* 


(30.95) 


30.44 Just as pl_i is identical with X * by (30.95), the lower-order tests p\ 
(r = 1,2,..., A —2) can now be seen to be components or partitions of X *, particular 
functions of the asymptotically standardized normal variates 

x = 

("Poi )‘ 

which we now discuss. If we write 

* 

Ur = 2 Iri Xj, T — 1, 2, • • • , A, 

i-l 

and choose the last row of the matrix L = ( l fi } to be 

= Pw^t 


(30.96) 
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we have identically 


«* = 0 , 


and if we choose the other elements of L so that it is orthogonal, i.e. 

k 

2 lul,i =1, r = s, 

<-i 

= 0, r * s, 

the Ur will also be asymptotically standardized normal variates and, since they are ortho¬ 
gonal, asymptotically independent. Thus the sum of squares of any m (m = 1, 2,..., 
k — 1) of the u r (r = 1,2,..., k — 1) will be distributed like X 2 with m degrees of freedom, 
independently of any other sum based on different u r . We shall return to X s par¬ 
titioning problems in a particular context in Chapter 33. 

From this point of view, the virtue of the pi, pi ,... tests, where the data are grouped, 
is that they select the appropriate functions of the y t for the test in hand to have maxi¬ 
mum power ; they isolate the important components of X 2 . 


30.45 With the remarks of 30.44 in mind, it is not surprising that when we come 
to consider the composite hypothesis, the theory of the grouped pi tests closely resembles 
that of the X 8 test already discussed in 30.11-21. All the principal results carry over, 
as Barton showed (cf. Watson, 1959): if multinomial ML estimators are used, degrees 
of freedom are reduced by one for each parameter estimated ; if the grouping is deter¬ 
mined from the observations, this makes no difference (under regularity conditions) 
to the asymptotic distributions. 

The main problem in the application of the pi tests to the composite hypothesis is 
that of choosing k. As we remarked in the simple hypothesis case, one often has 
no very precise alternative in mind in making a test of fit—otherwise one would, if 
possible, use a more specific test. In view of the fact that large samples are frequently 
used for tests of fit, so that grouping of observations is a practical necessity, the identity 
of the grouped pf_j test with the X 2 test means that, apart from partitioning problems, 
which are common to both types of test, there is no competition between them. 


Tests of fit based on the sample distribution function 

30.46 The remaining general tests of fit are all functions of the cumulative distribu¬ 
tion of the sample, or sample distribution function , defined by 


S n (x) = 


f 0, x < * ( i), 

-, X (r) < X < X (r+l)t 
ft 

^ 1 > X(n) ^ 


(30.97) 


The x (r) are the order-statistics, i.e. the observations arranged so that 


*(1) ^ X(2) ^ ... ^ X(„). 

S n (x) is simply the proportion of the observations not exceeding x. If F 0 (x) is the 
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true d.f., fully specified, from which the observations come, we have, for each value of 
x, from the Strong Law of Large Numbers, 

lim P{S n (x) = F 0 (x)} = 1, (30.98) 

n—>oo 


and in fact stronger results are available concerning the convergence of the sample 
d.f. to the true d.f. 

In a sense, (30.98) is the fundamental relationship on which all statistical theory is 
based. If something like it did not hold, there would be no point in random sampling. 
In our present context, it is clear that a test of fit can be based on any measure of diverg¬ 
ence of S n (x) and F 0 (x). We now suppose F 0 (x) to be continuous. Consider the 
test statistic 

W*=r {S n (x)-F 0 (x)}*dF 0 (x) t (30.99) 

J — 00 


which was proposed by Smirnov (1936) after earlier suggestions by H. Cramer and 
R. von Mises. Now, from binomial theory (Example 3.2) with p — F 0 (x), 

E{S n (x)-F 0 {x)Y = F 0 (x){l-F 0 {x)}/n. (30.100) 

Thus we have from (30.99) and (30.100) 

*<""> = - i. (30.101) 


and similarly it may be established that 


var(IP) = E(W*)-E*(W*) 
_ 3 

“ l80»»* 


(30.102) 


30.47 It will be noticed that the mean and variance of W 2 do not depend on F 0 . 
In fact, the distribution of IT 1 as a whole does not depend on F 0 : the test is completely 
distribution-free for any ». This is easily seen directly, for if we apply the prob¬ 
ability integral transformation (30.73) to x , we reduce (30.99) to 

W 2 = (30.103) 

i.e. we have reduced the problem of fit to testing whether, in a sample from the rect¬ 
angular distribution on (0,1), the sample departs too far from the d.f. of that distribu¬ 
tion, F(y) = y. 

From (30.101) and (30.102), it will be clear that the limiting distribution which 
must be sought is that of n JV 2 (rather than the multiple ft* which is commonly necessary 
because of the Central Limit theorem), which will have mean and variance asymptoti¬ 
cally of order zero in ft. The asymptotic theory of n W 2 is difficult, and the exact 
theory for finite « is unknown. Smirnov (1936) showed that its limiting c.f. is 

m =jta - { 8 - s , ( p^ 1 }‘. 


(30.104) 
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Anderson and Darling (1952) inverted <f>(t) into a form suitable for numerical calcula¬ 
tion, and tabulated the limiting distribution of n W 2 in inverse form, giving the values 
exceeded with probabilities 0-001,0-01 (0-01) 0-99. Conventionally, the most important 
of their values for test purposes are: 


Test size a Critical value of n W* 


0-10 

0-05 

0-01 

0-001 


0-347 

0-461 

0-743 

1-168 


Large values of n W 2 form the critical region, as is evident from the motivation of the 
test. 

Marshall (1958) showed that the asymptotic distribution of n W 2 is reached remark¬ 
ably rapidly, the asymptotic critical values given above being adequate for n as low as 5. 


30.48 For the W 2 test, as for the ungrouped pi tests discussed in 30.37-42, one 
needs to calculate F 0 (x) for each individual observation. In fact, it may be shown 
that we may express the statistic as 

nW' = 35 ;+ £ (30.105) 

The W* test has been investigated for the composite hypothesis, with one parameter 
unspecified, by Darling (1955). The test statistic is now no longer distribution-free in 
general, as we should expect from the discussion of 30.36 ; the exception is when the 
parameter can be estimated with variance of order less than n“ l , when the limiting distri¬ 
bution is just as in the simple hypothesis case (cf. 30.8, where we met the same phenomenon 
for A' 2 ). If the parameter is of location or scale, estimated with variance of order rt~K 
the limiting distribution is parameter-free (cf. 30.36). 

Anderson and Darling <1952, 1954) investigated an alternative test statistic for the 
simple hypothesis. It is simply (30.99) with the factor [F 0 (x) (i—F 0 (x) }] -1 inserted 
in the integrand. They tabulate critical values of its asymptotic distribution for 
a = 0*10, 0*05, 0*01. Marshall (1958) showed that the asymptotic critical values are 
adequate even for n — 1. 

The Kolmogorov statistic 

30.49 We now come to the most important of the general tests of fit alternative 
to A 2 . Like W 2 y defined at (30.99), it is based on deviations of the sample d.f. *$ n (x) 
from the completely specified continuous hypothetical d.f. F 0 (x), The measure of 
deviation used, however, is very much simpler, being the maximum absolute difference 
between »S n (*) and F 0 (x). Thus we define 

Z)„ = sup I S„ ( X) - F 0 (*) I. (30.106) 

X 

The appearance of the modulus in the definition (30.106) might lead us to expect 
difficulties in the investigation of the distribution of D „, but remarkably enough, the 
asymptotic distribution was obtained by Kolmogorov (1933) when he first proposed 
the statistic. The derivation which follows is due to Feller (1948). 
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30.50 We first note that the distribution of D n is completely distribution-free 
when H 0 holds. We may see this very directly in this case, for if S„(x) and F 0 (x) 
are plotted as ordinates against x as abscissa, D n is simply the value of the largest vertical 
difference between them. Clearly, if we make any one-to-one transformation of x, 
this will not affect the vertical difference at any point and, in particular, the value of 
D n will be unaffected. 

30.51 Now consider the values x 10 ,x a0 ,..i,o defined by 

= (30.107) 

It 

(If, for some k, (30.107) holds within an interval, we take x i0 to be the lower end-point 
of the interval.) Let c be a positive integer. If, for some value x, 

S.W-F.W > i . (30.108) 

It 

the inequality (30.108) will hold for all values of x in some interval at whose upper end¬ 
point x' it becomes an equality, i.e. 

S n (x')-F 0 (x') = ~. (30.109) 

ft 

Since S n (x) is by definition a step-function taking values which are multiples of 1/n, 
and c is an integer, it follows from (30.109) that F 0 (x') is a multiple of 1/n and thus, 
from (30.107), x' = x* 0 for some k, so that (30.109) becomes 

S n (x k0 )-F 0 (x k0 ) = — , 

ft 

i.e. from (30.107), 

S, (*,.) = —. (30.110) 

ft 

From the definition of S„(x) at (30.97), this means that exactly (A+c) of the observed 
values of x are less than x* 0 , the hypothetical value below which k of them should fall. 
Conversely, if x (t+r) < x* 0 < x<* + , +1) , (30.108) will follow immediately. We have 
therefore established the preliminary result that the inequality 

S.M-F.M > c - 

holds for some x if and only if for some k 

X( k+e) < X t0 < x ( t +f+1) . (30.111) 

We may therefore confine ourselves to consideration of the probability that (30.111) 
occurs. 

30.52 We denote the event (30.111) by A k (c). From (30.106), we see that the 
statistic D n will exceed c/n if and only if at least one of the 2n events 

A,(c), A,(-c), A,(c), A,(-c) . A.(c), A n (-c) (30.112) 

occurs. We now define the 2n mutually exclusive events U T and V T . U T occurs if 
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A r (c) is the first event in the sequence (30.112) to occur, and V r occurs if A r (—c) is 
the first. Evidently 


£[*{ V,)+P{V,)]. 

We have, from the definitions of A k (c) and U r , V r , the relations 

P{A>V) - 2 lP{U,)P{A„(c)\M'))+P{r')P{Mc)\A'(-c))l 


r-1 

k 


P{A(-0}» S [P{t7 r }P{^(-c)|^ r (c)}+P{F f }P{^(-c)M f (-c)}]. 


(30.113) 


>(30.114i 


r-l 


From (30.111) and (30.107), we see that P{i4 fc (c)} is the probability that exactly 
(A+c) “ successes ” occur in n binomial trials with probability k/n, i.e., 

k n-(k+«) 

(30.115) 


Similarly, for r < k, 


_ r \n-(t+e) 




^_ r \»-(t+e) 


I (30.116) 


(30.115) and (30.116) hold for negative as well as positive c. Using them, we see that 
(30.114) is a set of 2n linear equations for the 2n unknowns P{ U r ), P{ V r }. If we 

solved these, and substituted into (30.113), we should obtain P^Z) n > for any c. 


30.53 If we now write 


pk(c) = e~* 




(k + c)\’ 

we have 

P { Ajc (c) } = pk ( c )pn-k( ~ c )/pn (0)» 

P{ A k (c) | A r (c) } = />*_ r (0)/>„_ t ( - c)/p n _ r ( - c), ^ 
P{A k (c)\A r (-c)} - Pt-rMPn-ki-tyPn-rW, J 

so that if we define 

u,~P{U r ) /4 0) Vl , v r = P{V r } A2I. 

Pn-r\-C) P»-r{C) 

and substitute (30.115-19) into (30.114), the latter becomes simply 

p k (c) - 2 [«rf>t-r(0) + f r />t_r(2c)], 

f-1 

/>*(-c) = 2 [u r p k - r (-2c)+v r p k _r(0)]. 

r-l 


(30.117) 


(30.1 IS) 


(30.119) 


(30.120) 
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The system (30.120) is to be solved for 

L [P{£/,}+/>{ V,}] - -ig- S (30.121) 

f-1 Pn^r-l 

We therefore define 

1 * 1 * 

P * = ^[(0),^ P *- r (~?* = m ^ Pk-r( c ) v rt (30.122) 


so that, from (30.121), 


s[p{t/ r }+p{n}]=^+ ?n . 


(30.123) 


We now set up generating functions for the p k and q k , namely 

G,{t) = Sp t P, G 9 {t) = £ q k A 

k -1 i—1 

If we also define generating functions for the «*, and (for convenience) «“*/>* (c), 
namely 

G.(0= 4 Stt*P, G v (t) = iv k t“, 


G(t,c) = »-* E f*(e)l\ 

we have from (30.122), the relationships 

G,(/) = G M (#)G(/,-c)nVp B (0),\ 
G,(t) = G v (t)G(t,c)n*/p n (0 ). / 


(30.124) 


30.54 We now consider the limiting form of (30.124). We put 

c — an* 

and let n —> oo and c —► oo with it so that z remains fixed. 

We see from (30.117) that p k (c) is simply the probability of the value (A+c) for 
a Poisson variate with parameter k, i.e. the probability of its being c/k* standard devia¬ 
tions above its mean. If k/n tends to some fixed value m, then as the Poisson variate 
tends to normality 

Pt (<0 -> (2 n *)-* exp ^ 1 jj 
or, putting k = mn, c = zti*, 

n*p fc (*n*)—► (2nm)-*exp^-$^. (30.125) 

Now since G(t,c) is a generating function for the n~tp k (c), we have 

G(e~ t/H ,zn *) = n - * 2 p k {zn^)e~ tk/n 

and under our limiting process this tends by (30.125) to 

lim G{e~ t,n t an*) = (2n)“* f m - *exp (—tm—\ Z —\dm. (30.126) 

f»-> 00 Jo \ M/ 
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If we differentiate the integral I on the right of (30.126) with respect to As 1 , we find 
the simple differential equation 

3(^ 1 ) U W 

whose solution is 


Thus 




lim G(c-'/»,an‘) = ( 2 /)-»exp{-( 2 /a*)*}. 

W 00 


(30.127 


(30.129) 


(30.127) is an even function of a, and therefore of c. 

Since, from (30.120), 

(*> c ) — (/) G (/, 0) + G v (i) G (t, 2c), 1 130 1'’SI 

G(t, -c) = G u (t)G(t, -2c)+G v (t)G(t, 0),/ * ’ 

this evenness of (30.127) in c gives us 

lim G u (e~ ,/n ) = lim G v 

n —>• oc n-> oo 

_ lim G(e-' /n , an*) 

lim G (e~* /n , 0 )+lim G(e ''", 2 an*) 

- ex p{-(2*a»)*} 

1 +exp {-( 8 * a*)*}’ 1 ’ 

by (30.127). Thus, in (30.124), remembering that 

A»( 0 ) ( 2 nn) -1 , 

(30.127) and (30.129) give 

lim fl-'GJr 1 /*) = lim n-'GJe-v*) = / 2 n\* exp{ -( 8 fa»)*} _ 

"-*• "-►* \2tJ l+exp{-( 8 #a*)*} “ 

This may be expanded into geometric series as 

m “ (- l ) r ” 1 exp { - ( 8 / r* a 1 ) 1 }. (30.130) 

By the same integration as at (30.126), L(t) is seen to be the one-sided Laplace trans- 

r oo 

form j e~ mt f(m)dm of the function 

f(m) = 2 (— l) r-1 exp{— 2r 2 z*/m}. (30.131) 

r-i 

(30.131) is thus the result of inverting either of the limiting generating functions of 
the pk or q k , of which the first is 

limn _ 1 G l> (e _,/ ") = limn -1 2 p k e~ ,k/n = f (lim p k )e~ ,m dm. 

k -1 J 0 

From (30.113) and (30.123), we require only the value (p„ + q n ). We thus put k = n, 
i.e. m = 1 , in (30.131) and after multiplying by two, obtain our final result 


(30.130) 


lim P{D n > an-*} = 22 (-1)' 1 exp{-2r*a*}. 

»—>00 l 


(30.132) 
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Smirnov (1948) tabulates (30.132) (actually its complement) for z = 0*28(0*01) 
2*50(0*05)3*00 to 6 d.p. or more. This is the whole effective range of the limiting 
distribution. 

30.55 As well as deriving the limiting result (30.132), Kolmogorov (1933) gave 
recurrence relations for finite n, which have since been used to tabulate the distribution of 
D„. Z. W. Bimbaum (1952) gives tables of P {D„ < c/n } to 5 d.p., for n = 1(1) 100 and 
c = 1 (1)15, and inverse tables of the values of D„ for which this probability is 0*95 for 
n = 2(1)5 (5)30(10) 100 and for which the probability is 0*99 for n = 2(1)5(5)30(10)80. 
Miller (1956) gives inverse tables for n = 1 (1) 100 and probabilities 0*90, 0*95, 0*98, 0*99. 
Massey (1950a, 1951a) had previously given P (D„ < c/n } for n = 5(5)80 and selected 
values of c < 9, and also inverse tables for n = 1 (1)20(5)35 and probabilities 0*80, 0*85, 
0*90, 0*95, 0*99. 

It emerges that the critical values of the asymptotic distribution arc: 

Test size Critical value of D n 

0*95 1*3581 n~i, 

0*99 1*6276 n~i, 

and that these are always greater than the exact values for finite n. The approximation 
for these values of « is satisfactory at n = 80. 

Confidence limits for distribution functions 

30.56 Because the distribution of D n is distribution-free and adequately known 
for all n, and because it uses as its measure of divergence the maximum absolute devia¬ 
tion between S n (x) and F 0 (x), we may reverse the procedure of testing for fit and use 
£>„ to set confidence limits for a (continuous) distribution function as a whole. For, 
whatever the true F(x), we have, if d a is the critical value of D n for test size a, 

P{D n = sup | S„ (x) — F(x) | > d a } = a. 

X 

Thus we may invert this into the confidence statement 

P{S„(*)-d a < F(x) < S„(*) + rf a , all*} = 1-a. (30.133) 

Thus we simply set up a band of width ± d a around the sample d.f. S„ (*), and there 
is probability 1 — a that the true F(x) lies entirely within this band. This is a remark¬ 
ably simple and direct method of estimating a distribution function. No other test 
of fit permits this inversion of test into confidence interval since none uses so direct 
and simply interpretable a measure of divergence as D n . 

One can draw useful conclusions from this confidence interval technique as to the 
sample size necessary to approximate a d.f. closely. For example, from the critical 
values given at the end of 30.55, it follows that a sample of 100 observations would have 
probability 0*95 of having its sample d.f. everywhere within 0*13581 of the true d.f. 
To be within 0*05 of the true d.f. everywhere, with probability 0*99, would require 
a sample size of (1-6276/0 05) 2 , i.e. more than 1000. 

30.57 Because it is a modular quantity, D n does not permit us to set one-sided 
confidence intervals for F(x), but we may consider positive deviations only and define 

D ; = sup {S n (*) — F 0 (*)} (30.134) 

X 

as was done by Wald and Wolfowitz (1939) and Smirnov (1939a). 
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To obtain the limiting distribution of D$, we retrace the argument of 30.51-54. 
We now consider only events A k (c) with c > 0 in (30.112). U r is defined as before, 
but V r is not considered. (30.114) is replaced by 

P{^ k (c)} - ip{U r )P{A h {c)\Mc)} 

and (30.128) by 

G(t,c) = G u (t)G(t, 0). (30.135) 

Instead of (30.129), we therefore have, using (30.127) and (30.135), 

lim G u (e~ t/n ) = exp{-(2#**)*}. 

»—>-00 

The first equation in (30.124) holds, and we get, in the same way as before, 

^lim n- 1 <?,(«-'/») = (30.136) 

Again from (30.127), (30.136) is seen to be the one-sided Laplace transform of 

f(m) — m _i exp (— 2z 2 /m) 
and substitution of m = 1 as before gives 

lim P{D£ > zn ~*} = exp(-2a*), (30.137) 

n—>-oo 

which is Smirnov’s (1939a) result. (30.137) may be rewritten 

lim P{2»(£>;)» < 2a*} = 1-exp(-2a 2 ). (30.138) 

fl 00 

Differentiation of (30.138) with respect to (2a 2 ) shows that the variable^ = 2»(D£)* is 
asymptotically distributed in the negative exponential form 

dF(y) = exp(— y)dy, 0 < y < oo. 

Alternatively, we may express this by saying that 2 y = 4 n (D%) 2 is asymptotically a 
variate with 2 degrees of freedom. Evidently, exactly the same theory will hold if we 
consider only negative deviations. 

30.58 Z. W. Bimbaum and Tingey (1951) give an expression for the exact distribution 
of DX, and tabulate the values it exceeds with probabilities 0-10, 0-05, 0*01, 0*001, for 
n = 5, 8, 10, 20, 40, 50. As for D n , the asymptotic values exceed the exact values, and 
the differences are small for n = 50. 

We may evidently use D+ to obtain one-sided confidence regions of the form 

P{S n (x)-dX < F(*)> = l-«, 
where d£ is the critical value of D*. 

Comparison of Kolmogorov’s statistic with X * 

30.59 Nothing is known in general of the behaviour of the D n statistic when para¬ 
meters are to be estimated in testing a composite hypothesis of fit, although its use in 
testing normality has been studied—cf. 30.63. It will clearly not remain distribution- 
free under these circumstances (cf. 30.36), and this represents a substantial disadvantage 
compared with the X 2 test. However, it has the great advantage of permitting the 
setting of confidence intervals for the present d.f., given only that the latter is con¬ 
tinuous. 
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Because of the strong convergence of S n (x) to the true d.f. F(x) (cf. (30.98)), the 
D n test is consistent against any alternative G(x) ^ F(x). However, Massey (1950b, 
1952) has given an example in which it is biassed (cf. Exercise 30.16). He also estab¬ 
lished a lower bound to the power of the test in large samples as follows. 

30.60 Write F x (x) for the d.f. under the alternative hypothesis H lt F 0 (x) for the 
d.f. being tested as before ; and 

A = sup | Fj (x) - F 0 (x) |. (30.139) 

% 

If d a is the critical value of D m as before, the power we require is 

p- P{«i P |s.w-r,(*)| > <4| ff,}. 

X 

This is the probability of an inequality arising for some x. Clearly this is no less than 
the probability that it occurs at any particular value of x. Let us choose a particular 
value, x A , at which F 0 and F x are at their farthest apart, i.e. 

A = F x (jc a )-F 0 (* a ). (30.140) 

Thus we have 

P>P{|S,(*A)-^(*A)|><4|tfl} 

or 

P > l-P{F 0 (* A )-<4 < S n (x A ) < Po(*a)+<4I#i}. (30.141) 

Now, S n (x A ) I* binomially distributed with probability F x (x A ) of falling below x A . 
Thus we may approximate the right-hand side of (30.141) using the normal approxima¬ 
tion to the binomial distribution, i.e. asymptotically 

JW.-H, 

{y.U-F.Vn}* 

P > 1 - (2ir)-» exp (-Ju J ) du, (30.142) 

J 

F 0 and F x being evaluated at x A in (30.142) and hereafter. If F x is specified, (30.142) 
is the required lower bound for the power. Clearly, as n —► oo both limits of integra¬ 
tion increase. If 

d a < |F 0 -F X | = A, (30.143) 

they will both tend to + oo if F 0 > F x and to — oo if F 0 < F x . Thus the integral 
will tend to zero and the power to 1. As n increases, da declines, so (30.143) is always 
ultimately satisfied. Hence the power —► 1 and the test is consistent. 

If F t is not completely specified, we may still obtain a (worse) lower bound to the 
power from (30.142). Since F x (l — F x ) < J, we have, for large enough n, 

Pi nifr-Ft+da) 

P> l-(2*)-» exp(-J«Va 

J Snip.-ft-Sa) 
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which, using the symmetry of the normal distribution, if F 0 < F u wc may write as 

f2!tl(A+rf a ) 

P > 1 — (2?r) - * I exp (-\u 2 )du. (30.144) 

J 

The bound (30.144) is in terms of the maximum deviation A alone. 

Z. W. Bimbaum (1953) obtained sharp upper and lower bounds for the power of 
D £ in terms of A. 

30.61 Using (30.144) and calculations made by Williams (1950), Massey (1951a) 
compared the values of A for which the large-sample powers of the X 2 and the D n tests 
are at least 0-5. For test size a = 0-05, the D„ test can detect with power 0-5 a A about 
half the magnitude of that which the X 2 test can detect with this power; even with 
n — 200, the ratio of A’s is 0*6, and it declines steadily in favour of D„ as n increases. 
For « = 0*01 the relative performances are very similar. Since this comparison is 
based on the poor lower bound (30.144) to the power of D n , we must conclude that D„ is 
a very much more sensitive test for the fit of a continuous distribution. 

Kac et al. (1955) point out that if the Mann-Wald equal-probabilities procedure 
of 30.28-9 is used, the X 2 test requires A to be of order n~ vi to attain power whereas 
D n requires A to be of order n~*. Thus D n asymptotically requires sample size to be 
of order » 4/5 compared to » for the X 2 test, and is asymptotically very much more 
efficient—in fact the relative efficiency of X 2 will tend to zero as n increases. 

A detailed review* of the theory of the fV 2 , D n and related tests is given by Darling 
(1957). 

Computation of D„ 

30.62 If we are setting confidence limits for the unknown F(x), no computations 
are required beyond the simple calculation of S„(x) and the setting of bounds distant 
±d a from it. In using D n for testing, however, we have to face the possibility of cal¬ 
culating F 0 (x) for every observed value of x, a procedure which is tedious even when 
F 0 (x) is well tabulated. However, because the test criterion is the maximum devia¬ 
tion between S n (x) and F 0 (x), it is often possible by preliminary examination of the 
data to locate the intervals in which the deviations are likely to be large. If initial 
calculations are made only for these values, computations may be stopped as soon as 
a single deviation exceeding d a is found. (This abbreviation of the calculations is not 
possible for statistics like W 2 , which depend on all deviations.) 

A further considerable saving of labour may be effected as in the following example, 
due to Z. W. Bimbaum (1952). 

Example 30.6 

A sample of 40 observations is to hand, where values are arranged in order: 

0 0475, 0-2153, 0*2287, 0*2824, 0*3743, 0*3868, 0*4421, 0*5033, 0*5945, 0*6004, 0*6255. 

0*6331, 0*6478, 0*7867, 0*8878, 0*8930, 0*9335, 0*9602, 1*0448, 1*0556, 1*0894, 1*0999, 

1*1765, 1*2036, 1*2344, 1*2543, 1*2712, 1*3507, 1*3515, 1*3528, 1*3774, 1*4209, 1*4304, 

1*5137, 1*5288, 1*5291, 1*5677, 1*7238, 1*7919, 1*8794. 
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We wish to test, with a = 0 05, whether the parent F 0 (x) is normal with mean 1 and 
variance 6 , From Z. W. Birnbaum’s (1952) tables we find for n — 40, a = 0 05 that 
d a — 0-2101. Consider the smallest observation, x w . To be acceptable, F 0 (x a) ) 
should lie between 0 and d a , i.e. in the interval (0, 0-2101). The observed value of 
jc (1) is Q 0475, and from tables of the normal d.f. we find F 0 (x w ) = 0-0098, within the 
above interval, so the hypothesis is not rejected by this observation. Further, it cannot 
possibly be rejected by the next higher observations until we reach an x (i) for which 
either (a) *740-0-2101 > 0-0098, i.e. i > 8-796, or (b) F 0 (x (i) ) > 0-2101 + 1/40, i.e. 
x (i) > 0-7052 (from the tables again). The 1 /40 is added on the right of (b) because 
we know that S n (x (i) ) > 1/40 for * > 1. Now from the data, x (i) > 0-7052 for i > 14. 
We next need, therefore, to examine * = 9 (from the inequality (a)). We find there 
the acceptance interval for F 0 (x m ) 

(S t (x)-d a> S t (x)+d a ) = (9/40 - 0-2101,8/40 + 0-2101) 

= (0-0149, 0-4101). 

We find from the tables F 0 (x w ) = F 0 (0-5945) = 0-1603, which is acceptable. To 
reject H 0 , we now require either 

*/40-0-2101 > 0-1603, i.e. * > 14-82 
or 

F 0 (x (i) ) > 0-4101 + 1/40, i.e. * (i) > 0-9052, i.e. * ^ 17. 

We therefore proceed to t = 15, and so on. The reader should verify that only the 
6 values 

* = 1, 9, 15, 21, 27, 34 

require computations in this case. The hypothesis is accepted because in every one 
of these six cases the value of F 0 lies in the confidence interval; it would have been 
rejected, and computations ceased, if any one value had lain outside the interval. 

Tests of normality 

30.63 To conclude this chapter, we refer briefly to the problem of testing nor¬ 
mality, i.e. the problem of testing whether the parent d.f. is a member of the family of 
normal distributions, the parameters being unspecified. Of course, any general test 
of fit for the composite hypothesis may be employed to test normality, and to this 
extent no new discussion is necessary. However, it is common to test the observed 
moment ratios b t and b t , or simple functions of them, against their distributions given 
the hypothesis of normality (cf. 12.18 and Exercises 12.9-10) and these are sometimes 
called “ tests of normality.” This is a very loose description, since b x can only test 
symmetry and b t mesokurtosis, and they are better called tests of skewness and kurtosis 
respectively. Geary (e.g. 1947) has developed and investigated an alternative test of 
kurtosis based on the ratio of sample mean deviation to standard deviation. 

Kac et al. (1955) discuss the distributions of D„and W* in testing normality when 
the two parameters (/*, o 2 ) are estimated from the sample by (x, r 2 ). The limiting dis¬ 
tributions are parameter-free (because these are location and scale parameters—cf. 
30.36) but are not obtained explicitly. Some sampling experiments are reported which 
give empirical estimates of these distributions. 
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EXERCISES 


30.1 Show that if, in testing a composite hypothesis, an inconsistent set of estimators 
t is used, the statistic X * —► oo as n —► oo. 

(cf. Fisher, 1924c) 

30.2 Using (30.33), show that the matrix M defined at (30.37) reduces, when the 
vector of multinomial ML estimators ft is used, to 


M 


[c~\ \l)' 


and that M is idempotent with tr M « x. Hence confirm the result of 30.10 and 30.14 
that X* is asymptotically distributed like when ft is used. 

(Watson, 1959) 

30.3 Show from the limiting joint normality of the m that as n —► oo, the variance 
of the simple-hypothesis X* statistic in the equal-probabilities case (/>«< = 1/A) is 


var 


(x*)=2k^xp* u - +4 («-1) 


where p x u i = 1, 2. k are the true class-probabilities* Verify that this reduces to 

the correct value 2 (A — 1) when 

Pii - P« “ 1/*. 

(Mann and Wald, 1942) 

30*4 Establish the non-central x* result of 30.27 for the alternative hypothesis distri¬ 
bution of the X * test statistic. 

(cf. Cochran, 1952) 


30.5 Show from the moments of the multinomial distribution (cf. (5.80)) that the 
exact variance of the simple-hypothesis X} statistic is given by 

= 2 (— 1>{ 2 (— 2 ) S ^-( 2 — 3 ) ( ? g )’-2 ( S ^)(=| 2 ) 

+3S*|\-/z^Y+S%. 

i PoiJ \i Poi/ i PfH 
(Patnaik, 1949) 

30.6 For the same alternative hypothesis as in Example 30.3, namely the Gamma 
distribution with parameter 1*5, use the Biotnetrika Tables to obtain the p X i for the 
unequal-probabilities four-class grouping in Example 30.2. Calculate the non-central 
parameter (30.62) for this case, and show by comparison with Example 30.3 that the 
unequal-probabilities grouping would require about a 25 per cent larger sample than the 
equal-probabilities grouping in order to attain the same power against this alternative. 


30.7 k independent standardized normal variables Xj are subject to c homogeneous 

* 

linear constraints. Show that S = 2 *? is distributed independently of the signs of 

'- 1 * 

the Xj. If c = 1, and the constraint is 2 Xj = 0, show that all sequences of signs are 
equiprobable (except all signs positive, or all signs negative, which cannot occur), but 



TESTS OF FIT 


463 


that this is not so generally for e > 1. Hence show that any test based on the sequence 
of signs of the deviations of observed from hypothetical frequencies («<— np„i) is asympto¬ 
tically independent of the X* test. 

(David, 1947; Seal, 1948 ; Fraser, 1950) 


30.8 M elements of one kind and N of another are arranged in a sequence at random 
(M, N > 0). A run is defined as a subsequence of elements of one kind immediately 
preceded and succeeded by elements of the other kind. Let R be the number of runs 
in the whole sequence (2 « R < M+N). Show that 

«■ - - {(r:0(-) + (-)(-)}/(" N )’ 

and that 


E(R) 


1 + 


2MN 

M+N 


2MN(2MN-M-N) 

Var R (M+N)* (M+N- 1) * 

(Stevens (1939) ; Wald and Wolfowitz (1940)* Swed and Eisen- 
hart (1943) tabulate the distribution of JR for M < N < 20.) 


30.9 From Exercises 30.7 and 30.8, show that if there are M positive and N negative 
deviations (n<— np 0 t), we may use the runs test to supplement the X* test for the simple 
hypothesis. From Exercise 16.4, show that if is the probability of a value of X* not 
less than that observed and P t is the probability of a value of R not greater than that 
observed, then U = —21og(P!+P # ) is distributed like with 4 degrees of freedom, 
large values of U forming the critical region for the combined test. 

(F. N. David, 1947) 

30.10 x u x tt ... , x n are independent random variables with the same distribution 
/10i» 0*)- 0i and 0, are estimated by statistics fi(xj, x t9 ..., x n ), t t (x x , x t9 ..., x n ). 
Show that the random variables 

yi = [ /(«l*i. <*)<*« 

J — oo 

are not independent and that they have a distribution depending in general on /, Q x and 
0 t ; but that if Q x and 0, are respectively location and scale parameters, the distribution of 
yt is not dependent on 0 X and 0„ but on the form of / alone. 

(F. N. David and Johnson, 1948) 

30.11 Show that for testing a composite hypothesis the X 1 test using multinomial 
ML estimators is asymptotically equivalent to the LR test. 


30.12 Show that Neyman’s goodness-of-fit statistic (30.80) is equivalent to the LR 
test of the simple hypothesis (30.78) in large samples. 


(E. S. Pearson, 1938) 

30.13 Verify the values of the mean and variance (30.81-2). 

30.14 Prove formula (30.102) for the variance of PF*. 
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30.15 Verify that « W* may be expressed in the form (30.105). 

30.16 In testing a simple hypothesis specifying a d.f. F,(x), show diagrammatically 
that for a simple alternative F x (x) satisfying 

F x (x) < F 0 (x) when F,(x) < <4, 

Fi(x) = F t (x) elsewhere, 
the D n test (with critical value <4) may be biassed. 

(Massey, 1950b, 1952) 



CHAPTER 31 


ROBUST AND DISTRIBUTION-FREE PROCEDURES 

31.1 In the course of our examination of the various aspects of statistical theory 
which we have so far encountered, we have found on many occasions that excellent 
progress can be made when the underlying parent populations are normal in form. 
The basic reason for this is the spherical symmetry which characterizes normality, but 
this is not our present concern. What we have now to discuss is the extent to which 
we are likely to be justified if we apply this so-called “ normal theory ” in circum¬ 
stances where the underlying distributions are not in fact normal. For, in the light 
of the relative abundance of theoretical results in the normal case, there is undoubtedly 
a temptation to regard distributions as normal unless otherwise proven, and to use the 
standard normal theory wherever possible. The question is whether such optimistic 
assumptions of normality are likely to be seriously misleading. 

We may formulate the problem more precisely for hypothesis-testing problems in 
the manner of our discussion of similar regions in 23.4. There, it will be recalled, 
we were concerned to establish the size of a test at a value a, irrespective of the values 
of some nuisance parameters. Our present question is of essentially the same kind, 
but it relates to the form of the underlying distribution itself rather than to its unspeci¬ 
fied parameters: is the test size a sensitive to changes in the distributional form ? 

A statistical procedure which is insensitive to departures from the assumptions 
which underlie it is called “ robust,” an apt term introduced by Box (1953) and now 
in general use. Studies of robustness have been carried out by many writers. A good 
deal of their work has been concerned with the Analysis of Variance, and we postpone 
discussion of this until Volume 3. At present, we confine ourselves to the results 
relevant to the procedures we have already encountered. Box and Andersen (1955) 
survey the subject generally. 

The robustness of the standard “ normal theory ” procedures 

31.2 Beginning with early experimental studies, notably by E. S. Pearson, the 
examination of robustness was continued by means of theoretical investigations, among 
which those of Bartlett (1935a), Geary (1936,1947) and Gayen (1949-1951) are essen¬ 
tially similar in form. The observations are taken to come from parent populations 
specified by Gram-Charlier or Edgeworth series expansions, and corrective terms, to 
be added to the normal theory, are obtained as functions of the standardized higher 
cumulants, particularly k 3 and k 4 . Their results may broadly be summarized by the 
statement that whereas tests on population means (i.e. “ Student’s ” /-tests for the 
mean of a normal population and for the difference between the means of two normal 
populations with the same variance) are rather insensitive to departures from normality, 
tests on variances (i.e. the % 2 test for the variance of a normal population, the F -test 
for the ratio of two normal population variances, and the modified LR test for the 
equality of several normal variances in Examples 24.4, 24.6) are very sensitive to such 
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departures. Tests on means are robust; by comparison, tests on variances can only 
be described as frail. We have not the space here for a detailed derivation of these 
results, but it is easy to explain them in general terms. 


31.3 The crucial point in the derivation of '* Student’s ” /-distribution is the 
independence of its numerator and denominator, which holds exactly only for normal 
parent populations. If we are sampling from non-normal populations, the Central 
Limit theorem nevertheless assures us that the sample mean and the unbiassed variance 
estimator j 2 — k t will be asymptotically normally distributed. What is more, we know 
from Rule 10 for the sampling cumulants of ^-statistics in 12.14 that 

*( 21 ) =k,/», (31.1) 

k ( 2 f 1 *) = 0(n~<'+-»). (31.2) 

Since 

* 0 2 ) = **/«, *( 2 2 ) = 

ft ft — I 

we have from (31.1) for the asymptotic correlation between x and s 2 

P - * 3 /{k*(*«+2k!)}*. (31.3) 

If the non-normal population is symmetrical, k, and p of (31.3) are zero, and 
hence x and s 2 are asymptotically independent, so that the normal theory will hold 
for n large enough. If k z jL 0 , (31.3) will be smaller when * 4 is large, but will remain 
non-zero. The situation is saved, however, by the fact that the exact “ Student ” 
/-distribution itself approaches normality as n —> oo, as also, by the Central Limit 
theorem, does the distribution of 

t = (x-n)/{s 2 /n)K (31.4) 

since s 2 converges stochastically to a*. The two limiting distributions are the same. 

Thus, whatever the parent distribution, the statistic (31.4) tends to normality, and 
hence to the limiting normal theory. If the parent is symmetrical we may expect the 
statistic to approach its normal theory distribution (“ Student’s ” /) more rapidly. This is, 
in fact, what the detailed investigations have confirmed : for small samples the normal 
theory is less robust in the face of parent skewness than for departure from mesokurtosis. 


31.4 Similarly for the two-sample “ Student’s ” /-statistic. If the two samples 
come from the same non-normal population and we use the normal test statistic 

* - (i + i)}\ (3i.5) 

we find that the covariance between (* x —x 2 ) and the term in square brackets in the 
denominator, say j 2 , is given by 

cov = k [ ” 1 " 1 1 —! 1\ = 

3 \n 1 +n 2 - 2 'n 1 n^nt-2'n^ n 1 +« 2 - 2 \«j nj’ 

while the variances corresponding to this arc 

varf*.-*,) - 

var (s 2 ) ~ (*4 + 2 k|)/(»! + «*). 
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The correlation is therefore asymptotically 

p = «» W /i_i\ 

{*»(*«+*!)}* 2 \n t nj' 


(31.6) 


Again, if k s — 0, the asymptotic normality carries asymptotic independence with it. 
We also see that p is zero if n x = n t . In any case, as and n t become large, the 
Central Limit theorem brings (31.5) to asymptotic normality and hence to agreement 
with the “ Student’s ” /-distribution. 


Once again, these are precisely the results found by Bartlett (1935) and Gayen 
(1949-1951): if sample sizes are equal, even skewness in the parent is of little effect 
in disturbing normal theory. If the parent is symmetrical, the test will be robust 
even for differing sample sizes. 


31.5 Studies have also been made of the effects of more complicated departures 
from normality in “ Student’s ” /-tests. Hyrenius (1950) considered sampling from a 
compound normal distribution, and other Swedish writers, the most recent of whom 
is Zackrisson (1959) who gives references to earlier work, have considered various forms 
of populations composed of normal sub-populations. Robbins (1948) obtains the distri¬ 
bution of / when the observations come from normal populations differing only in means. 
For the two-sample test, Geary (1947) and Gayen (1949-1951) permit the samples to 
emanate from different populations. 


31.6 When we turn to tests on variances, the picture is very different. The 

A 

crucial point for normal theory in all tests on variances is that the ratio z = 2 (x t —*)*/<** 

is distributed like x* with (n— 1) degrees of freedom. If we consider the sampling 
cumulants of k t = K t z/(n—l), we see from (12.35) that 

~(»-l)(2+l‘), (31.7) 

while from (12.36) 

M*) = (^)’*(2‘) 

_ / n — l ypc, 12 k 4 Kj 4(«—2)k| 8k| ~) 

\ / l«* n(»-l) n(»—1)* (»-!)*/ 


and similarly for higher moments from (12.37-39). These expressions make it obvious 
that the distribution of z depends on all the (standardized) cumulant ratios k\/k\, 
K t /K% etc., and that the terms involving these ratios are of the same order in n as the 
normal theory constant terms. If, and only if, all higher cumulants are zero, so that 
the parent distribution is normal, these additional terms will disappear. Otherwise, 
(31.7) shows that even though z is asymptotically normally distributed, the large- 
sample distribution of z will not approach the normal theory x* distribution. The 
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Central Limit theorem does not rescue us here because z tends to a different normal 
distribution from the one we want. 

31.7 Because * 4 appears in (31.7) but k, does not, we should expect deviations 
from mesokurtosis to exercise the greater effect on the distribution, and this is pre¬ 
cisely the result found after detailed calculations by Gayen (1949-1951) for the 
and variance-ratio tests for variances. Box (1953) found that the discrepancies from 
asymptotic normal theory became larger as more variances were compared, and his 
argument is simple enough to reproduce here. 

Suppose that A samples of sizes n ( (i = 1,2,...,A) are drawn from populations 
each of which has the same variance and the same kurtosis coefficient 

7 % = *4 /*!• 

From (31.7), we then have asymptotically for any one sample 

var (sf) = 2*1(1 + \y t )/n h (31.8) 

where sf is the unbiassed estimator of k v Now by the Central Limit theorem, 4 » 
asymptotically normal with mean K t and variance (31.8), and is therefore distributed 
as if it came from a normal population and were based on 

N< = »</( 1 + \y t ) 

observations instead of Thus the effect on the modified LR criterion for com¬ 
paring A normal variances, given at (24.44), is that —2 log /*/( 1 + \y 2 ) and not —2log/* 
itself is distributed asymptotically as with A — 1 degrees of freedom. 

The effects of this correction on the normal theory distribution can be quite extreme. 
We give in the table below some of Box’s (1953) computations: 


True probability of exceeding the asymptotic normal theory 
critical value for a = 0*05 


y ft 

Yt - 

2 

3 

5 

10 

30 

-1 

; 0 0056 

00025 

0-0008 

0-0001 

0-0*1 

0 

; 0 05 

005 

0-05 

0-05 

0-05 

1 

0110 

0136 

0-176 

0-257 

0-498 

2 

0166 

0-224 

0-315 

0-489 

0-849 


As is obvious from the table, the discrepancy from the normal theory value of 
0-05 increases with | y t \, and with A for any fixed y t ^0. 

31.8 Although the result of 31.7 is asymptotic, Box (1953) shows that similar dis¬ 
crepancies occur for small samples. The lack of robustness in the variance test is so 
striking, indeed, that he was led to consider the criterion l* of (24.44) as a test statistic 
for kurtosis, and found its sensitivity to be of the same order as the generally-used 
tests mentioned in 30.63. 

31.9 Finally, we mention briefly that Gayen (1949-1951) has considered the robust¬ 
ness both of the sample correlation coefficient r, and of Fisher’s ^-transformation of r 
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to departures from bivariate normality. When the population correlation coefficient p = 0, 
and in particular when the variables are independent, the distribution of r is robust, 
even for sample size as low as 11 ; but for large values of p the departures from normal 
theory are appreciable. The z-transformation remains asymptotically normally distri¬ 
buted under parental non-normality, but the approach is less rapid. The mean and 
variance of z are, to order n~ l , unaffected by skewness in the parental marginal distribu¬ 
tions, but the effect of departures from mesokurtosis may be considerable ; the variance 
of z, in particular, is sensitive to the parental form, even in large samples, although the 
mean of z slowly approaches its normal value as n increases. 

Transformations to normality 

31.10 The investigation of robustness has as its aim the recognition of the range 
of validity of the standard normal theory procedures. As we have seen, this range 
may be wide or extremely narrow, but it is often difficult in practice to decide whether 
the standard procedures are likely to be approximately valid or misleading. Two 
other approaches to the non-fulfilment of normality assumptions have been made, 
which we now discuss. 

The first possibility is to seek a transformation which will bring the observations 
close to the normal form, so that normal theory may be applied to the transformed 
observations. This may take the form discussed in 6.25-26, where we normalize by 
finding a polynomial transformation. Alternatively, we may be able to find a simple 
normalizing functional transformation like Fisher’s z-transformation of the correla¬ 
tion coefficient at (16.75). The difficulty in both cases is that we must have know¬ 
ledge of the underlying distribution before we know which transformation is best 
applied, information which is likely to be obtainable in theoretical contexts like the 
investigation of the sampling distribution of a statistic, but is harder to come by when 
the distribution of interest is arising in experimental work. 

Fortunately, transformations designed to stabilize a variance (i.e. to render it inde¬ 
pendent of some parameter of the population) often also serve to normalize the distri¬ 
bution to which they are applied—Fisher’s z-transformation of r is an example of this. 
Exercise 16.18 shows how a knowledge of the relation between mean and variance in 
the underlying distribution permits a simple variance-stabilizing transformation to be 
carried out. Such transformations are most commonly used in the Analysis of Variance, 
and we postpone detailed discussion of them until we treat that subject in Volume 3. 

Distribution-free procedures 

31.11 The second of the alternative approaches mentioned at the beginning of 
31.10 is a radical one. Instead of holding to the standard normal theory methods 
(either because they are robust and approximately valid in non-normal cases or by trans¬ 
forming the observations to make them approximately valid), we abandon them entirely 
for the moment and approach our problems afresh. Can we find statistical procedures 
which remain valid for a wide class of parent distributions, say for all continuous 
distributions ? If we can, they will necessarily be valid for normal distributions, and 
our robustness will be precise and assured. Such procedures are called distribution- 
free,, as we have already seen in 30.35, because their validity does not depend on the 
form of the underlying distributions at all, provided that they are continuous. 
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The remainder of this chapter, and parts of the two immediately following chapters, 
will be devoted to distribution-free methods. First, we discuss the relationship of 
distribution-free methods to the parametric-non-parametric distinction which we made 
in 22.3. 

31.12 It is clear that if we are dealing with a parametric problem (e.g. testing a 
parametric hypothesis or estimating a parameter) the method we use may or may not 
be distribution-free. It is perhaps not at once so clear that even if the problem is 
non-parametric, the method also may or may not be distribution-free. For example, 
in Chapter 30 we discussed composite tests of fit, where the problem is non-parametric, 
and found that the test statistic is not even asymptotically distribution-free in general 
when the estimators are not the multinomial ML estimators. Again, if we use the 
sample moment-ratio b t — mjm\ as a test of normality, the problem is non-parametric 
but the distribution of b t is heavily dependent on the form of the parent. 

However, most distribution-free procedures were devised for non-parametric prob¬ 
lems, such as testing whether two continuous distributions are identical, and there is 
therefore a fairly free interchangeability of meanings in the terms “ non-parametric ” 
and “ distribution-free ” as used in the literature. We shall always use them in the 
quite distinct senses which we have defined: “ non-parametric ” is a description of 
the problem and ** distribution-free ” of the method used to solve the problem. 

Distribution-free methods for non-parametric problems 

31.13 The main classes of non-parametric problems which can be solved by 
distribution-free methods are as follows: 

(1) The ttoo-sample problem 

The hypothesis to be tested is that two populations, from each of which 
we have a random sample of observations, are identical. 

(2) The k-sample problem 

This is the generalization of (1) to k > 2 populations. 

(3) Randomness 

A series of n observations on a single variable is ordered in some way 
(usually through time). The hypothesis to be tested is that each observation 
comes independently from the same distribution. 

(4) Independence in a bivariate population 

The hypothesis to be tested is that a bivariate distribution factorizes into 
two independent marginal distributions. 

These are all hypothesis-testing problems, and it is indeed the case that most distri¬ 
bution-free methods are concerned with testing rather than estimation. However, we 
can find distribution-free 

(la) Confidence intervals for a difference in location between two otherwise identical 
continuous distributions, 

(5) Confidence intervals and tests for quantiles t 
and (6) Tolerance intervals for a continuous distribution. 
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In Chapter 30, we have already discussed 

(7) Distribution-free tests of fit 

and (8) Confidence intervals for a continuous distribution function. 

The categories listed above contain the bulk of the work done on distribution-free 
methods so far, although they are not exhaustive, as we shall see. 

A very full bibliography of the subject is given by Savage (1953). 

31.14 The reader will probably have noticed that problems (1) to (3) in 31.13 
are all of the same kind, being concerned with testing the identity of a number of 
univariate continuous distributions, and he may have wondered why problem (4) has 
been grouped with them. The reason is that problem (4) can be modified to give 
problems (1) to (3). We shall indicate the relationship here briefly, and leave the 
details until we come to particular tests later. 

Suppose that in problem (3) we numerically label the ordering of the variable x and 
regard this labelling as the observations on a variable y. Problem (3) is then reduced 
to testing the independence of x and the label variable y, i.e. to a special case of prob¬ 
lem (4). Again in problem (4), suppose that the range of the second variable, say z , 
is dichotomized, and that we score y = 1 or 2 according to which part of the dichotomy 
an observed z falls into. If we now test the independence of x and y, we have reduced 
problem (4) to problem (1), for if * is independent of the ^-classification, the distribu¬ 
tions of * for y = 1 and for y — 2 must be identical. Similarly, we reduce problem 
(4) to problem (2) by polytomizing the range of z into k > 2 classes, scoring^ =1,2, 

..., k, and testing the independence of x and y. 

The construction of distribution-free tests 

31.15 How can distribution-free tests be constructed for non-parametric prob¬ 
lems ? We have already encountered two methods in our discussion of tests of fit in 
Chapter 30: one was to use the probability integral transformation which for simple 
hypotheses yields a distribution-free test; the second was to reduce the problem to 
a multinomial distribution problem, as for the X * test—we shall see in the next chapter 
that this latter device in its simplest form serves to produce a test (the so-called Sign 
Test) for problem (5) of 31.13. But important classes of distribution-free tests for 
problems (1) to (4) rest on a different foundation, which we now examine. 

If we know nothing of the form of the parent distributions, save perhaps that they 
are continuous, we obviously cannot find similar regions in the sample space by the 
methods used for parametric problems in Chapter 23. However, progress can be 
made. First, we make the necessary slight adjustments in our definitions of sufficiency 
and completeness. 

In the absence of a parametric formulation, we must make these definitions refer 
directly to the parent d.f.; whereas previously we called a statistic t sufficient for the 
parameter 6 if the factorization (17.68) were possible, we now define a family C of 
distributions and let 8 be simply a variable indexing the membership of that family. 
With this understanding, t is called sufficient for the family C if the factorization (17.68) 
holds for all 0. Similarly, the definitions of completeness and bounded completeness 

HH 
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of a family of distributions in 23.9 hold good for non-parametric situations if 0 is taken 
as an indexing variable for members of the family. 

31.16 Now we have seen in Examples 23.5 and 23.6 that the set of order-statistics 
t =* (* {1) ,* {2)) ...,*(„>) is a sufficient statistic in some parametric problems, though 
not necessarily a minimal sufficient statistic. It is intuitively obvious that t will always 
be a sufficient statistic when all the observations come from the same parent distribu¬ 
tion, for then no information is lost by ordering the observations. (It is also obvious 
that it will be minimal sufficient if nothing at all is known about the form of the parent 
distribution.) Now if the parent is continuous, we have observed in 23.5 that similar 
regions can always be constructed by permutation of the co-ordinates of the sample 
space, for tests of size which is a multiple of (n!) -1 . Such permutation leaves the set 
of order-statistics constant. If nothing whatever is known of the form of the parent, 
it is clear that we cannot get similar regions in any other way. Thus the result of 
23.19 implies that the set of order-statistics is boundedly complete for the family of 
all continuous d.f.s.f*) 

We therefore see that if we wish to construct similar tests for hypotheses like those 
of problems (l)-(4) of 31.13, we must use permutation tests which rest essentially on 
the fact, proved in 11.4 and obvious by symmetry, that any ordering of a sample from 
a continuous d.f. has the same probability (n!) -1 . There still remains the question of 
which permutation test to use for a particular hypothesis. 

The efficiency of distribution-free tests 

31.17 The search for distribution-free procedures is motivated by the desire to 
broaden the range of validity of our inferences. We cannot expect to make great 
gains in generality without some loss of efficiency in particular circumstances ; that is 
to say, we cannot expect a distribution-free test, chosen in ignorance of the form of 
the parent distribution, to be as efficient as the test we would have used had we known 
that parental form. But to use this as an argument against distribution-free procedures 
is manifestly mistaken : it is precisely the absence of information as to parental form 
which leads us to choose a distribution-free method. The only “ fair ” standard of 
efficiency for a distribution-free test is that provided by other distribution-free tests. 
We should naturally choose the most efficient such test available. 

But in what sense are we to judge efficiency ? Even in the parametric case, UMP 
tests are rare, and we cannot hope to find distribution-free tests which are most power¬ 
ful against all possible alternatives. We are thus led to examine the power of distri¬ 
bution-free tests against parametric alternatives to the non-parametric hypothesis 
tested. Despite its paradoxical sound, there is nothing contradictory about this, and 
the procedure has one great practical virtue. If we examine power against the alter¬ 
natives considered in normal distribution theory, we obtain a measure of how much we 
can lose by using a distribution-free test if the assumptions of normal theory really 
are valid (though, of course, we would not know this in practice). If this loss is small, 
we are encouraged to sacrifice the little extra efficiency of the standard normal theory 

(,) That it is actually complete is proved directly, e.g. by Lehmann (1959) ; the result is due 
to Scheflfc (1943b). 



ROBUST AND DISTRIBUTION-FREE PROCEDURES 


473 


methods for the extended range of validity attached to the use of the distribution-free 
test. 

We may take this comparison of normal theory tests with distribution-free tests a 
stage further. In certain cases, it is possible to examine the relative efficiency of the 
two methods for a wide range of underlying parent distributions; and it should be 
particularly noted that we have no reason to expect the normal theory method to main¬ 
tain its efficiency advantages over the distribution-free method when the parent dis¬ 
tribution is not truly normal. In fact, we might hazard a guess that distribution-free 
methods should suffer less from the falsity of the normality assumption than do the 
normal theory methods which depend upon that assumption. Such few investiga¬ 
tions as have been carried out seem on the whole to support this guess. 


Tests of independence 

31.18 We begin our detailed discussion of distribution-free tests for non-parametric 
hypotheses, which will illustrate the general points made in 31.15-17, with problem (4) 
of 31.13—the problem of independence. 

Suppose that we have a sample of n pairs (x,y) from a continuous bivariate dis¬ 
tribution function F(x,y) with continuous marginal distribution functions G(x), H(y). 
We wish to test 


H 0 : F(x,y) = G(x)H(y), all x,y. (31.9) 


Under H 0 , every one of the n ! possible orderings of the x -values is equiprobable, and so 
is every one of n! ^-orderings, and we therefore have (»!)* equiprobable points in 
the sample space. Since, however, we are interested only in the relationship between 
x and y, we are concerned only with different pairings of the nx’s with the ny’a, and 
there are n ! distinct sets of pairings (obtained, e.g. by keeping the y’s fixed and per¬ 
muting the x’s) with equal probabilities (n!) _1 . From 31.16, all similar size-a tests 
of H 0 contain an! = N of these pairings ( N assumed a positive integer). 

Each of the n! sets of pairings contains n values of ( x,y) (some, of course, may 
coincide). The question is now: what function of the values ( x,y) shall we take as 
our test statistic ? Consider the alternative hypothesis H l that x and y are bivariate 
normally distributed with non-zero correlation parameter p. We may then write the 
Likelihood Function, by (16.47) and (16.50), as 


L(x\H 1 )= { ct* a„ (1 — /> 2 )* } -n exp 


e 


{-! 


Now changes in the pairings of the x's and y *s leave the observed means and vari¬ 
ances x, y, jJ, unchanged. The sample correlation coefficient r, however, is affected 

n 

by the pairings through the term 2 x { y { in its numerator. Evidently, (31.10) will be 

i«l 

largest for any p > 0 when r is as large as possible, and for any p < 0 when r is as small 
as possible. By the Neyman-Pearson lemma of 22.10, we shall obtain the most power¬ 
ful permutation test by choosing as our critical regions those sets of pairings which 
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maximize (31.10), for when H 0 holds, all pairings are equiprobable. Thus considera¬ 
tion of normal alternatives leads to the following test, first proposed on intuitive grounds 
by Pitman (1937-1938): reject H a against alternatives of positive correlation if r is large, 
against alternatives of negative correlation if r is small, and against general alternatives 
of non-independence if | r j is large. The critical value in each case is to be deter¬ 
mined from the distribution of r over the n! distinct sets of pairings equiprobable 
on H 0 . 

Although Pitman’s correlation test gives the most powerful permutation test of 
independence against normal alternatives, it is, of course, a valid test (i.e. it is a strictly 
size-a test) against any alternatives, and one may suppose that it will be reasonably 
powerful for a wide range of alternatives approximating normality. 


The permutation distribution of r 
31.19 Since 

r = (»/? i**^ - *^) / S * Sn ( 3U1 ) 

only Sx.y, is a random variable under permutation. We can obtain its exact dis¬ 
tribution, and hence that of r, by enumeration of the n 1 possibilities, but this becomes 
too tedious in practice when n is at all large. Instead, we approximate the exact 
distribution by fitting a distribution to its moments. We keep the y’s fixed and per¬ 
mute the x's, and find 

E(Lxiy { ) = 2,y t E(x<) = Ey ( x = nxy, 

whence, from (31.11), 

E(r) = 0. (31.12) 

For convenience, we now measure from the means (x,y). We have 


var (2 x,y t ) = EyfvarXj + EEy^cov (*„*,) 

• i • +; 

= « 44 + } 

= n**sf+»i*5*/(n-l) 

= n 2 ijs*/(n-l). 


Thus (31.11) gives 

varr = (n*f*^)-‘var(Zjcy) = l/(n-l). (31.13) 

The first two moments of r, given by (31.12) and (31.13), are quite independent 
of the actual values of (x,y) observed. By similar expectational methods, it will be 
found that 


E(r>) = 


E(r*) = 


n(n 


n ~ 2 \ 

-i )‘Wv\(W’ 


3 / (»-2)(»-3)/M/_^Yl 

n*— \ \ + 3 »(»— !)* VM/WAt 


(31.14) 
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where the k’s are the A-statistics of the observed x’s and the k”s the ^-statistics of the 
ys. Neglecting the differences between ^-statistics and sample cumulants, we may 
rewrite (31.14) as 






(31.15) 


where g u g t are the measures of skewness and kurtosis of the x’s, and g' v g 2 those of 
the y's. If these are fixed, (31.14) may be written 

£(r») = 0(0, 

E(r ‘ ) "»irT {,+0( "' ,)) - 


(31.16) 


Thus, as n —> oo, we have approximately 

E(r*) = 0, 

- ,4,-J 


(31.17) 


The moments (31.12), (31.13) and (31.17) are precisely those of (16.62), the sym¬ 
metrical exact distribution of r in samples from a bivariate normal distribution with 
P = 0, as may easily be verified by integration of r 2 and r 4 in (16.62). Thus, to a 
close approximation, the permutation distribution of r is also 

(3U8) 

and we may therefore use (31.18), or equivalently the fact that t = {(»—2)r 2 /(l — r 2 )}* 
has a “ Student’s ” distribution with (»—2) degrees of freedom, to carry out our tests 
on r. (31.18) is in fact very accurate even for small n, as we might guess from the 
exact agreement of its first two moments with those of the permutation distribution. 

The convergence of the permutation and normal-theory distributions to a common 
limiting normal distribution has been rigorously proved by Hoeffding (1952). 

31.20 It may at first seem surprising that the distribution-free permutation distri¬ 
bution of r, which is used in testing the non-parametric hypothesis (31.9), should 
agree so closely with the exact distribution (16.62) which was derived on the hypothesis 
of the independence and normality of x and y. But the reader should observe that 
the adequacy of the approximation to the third and fourth moments of the permuta¬ 
tion distribution of r depends on the values of the g’s in (31.15): these will tend to be 
small if F(x,y) is near-normal. In fact, we are now observing from the other end, 
so to speak, the phenomenon mentioned in 31.9, namely the robustness of the distribu¬ 
tion of r when /> = 0. 

But if the virtual coincidence of the permutation distribution with the normal- 
theory distribution is not altogether surprising, it is certainly very convenient and 
satisfying, since we may continue to use the normal-theory tables (here of “ Student’s ” t) 
for the distribution-free test of the non-parametric hypothesis of independence. 



476 


THE ADVANCED THEORY OF STATISTICS 


Rank tests of independence 

31.21 A minor disadvantage of r as a test of independence, briefly mentioned 
below (31.11), is that its exact distribution for small values of n (say « = 5 to 10) is 
very tedious to enumerate. The reason for this is simply that the exact distribution 
of r depends on the actual values of ( x,y ) observed, and these are, of course, random 
variables. Despite the excellence of the approximation to the distribution of r by 
(31.18), it is interesting to inquire how this difficulty can be removed—it is also useful 
in other contexts, for the approximation to a permutation distribution is not always 
quite so good. 

The most obvious means of removing the dependence of the permutation distri¬ 
bution upon the randomly varying observations is to replace the values of (.v,y) by 
new values ( X , Y) (with correlation coefficient R) so determined that the permutation 
distribution of R is the same for every sample (although of course R itself will van' 
from sample to sample). We thus seek a set of conventional numbers ( X , Y) to replace 
the observed (x,y). How should these be chosen ? (X, Y) must not depend upon 
the actual values of ( x,y ), but evidently must reflect the order relationships between 
the observed values of x and y, since we are interested in the interdependence of the 
variables. We are thus led to consider functions of the ranks of * and y. We define 
the rank of y t as its position among the order statistics; i.e. 

rank {_y (i) } = i. 

We are reinforced in our inclination to consider tests based on ranks (otherwise 
called “ rank order tests ” or simply “ rank tests ”) by the fact that the ranks are in¬ 
variant under any monotone transformations of the variables. Any such transforma¬ 
tion will also leave the hypothesis of independence (31.9) invariant, and the ranks are 
therefore natural quantities to use. We have still not settled which functions of the 
ranks are to be used as our numbers (AT, Y) ; the simplest obvious procedure is to use 
the ranks themselves, i.e. to replace the observed values x by their ranks among the .v’s, 
and the observed y’s by their ranks. 

31.22 If we do this, we calculate the correlation coefficient R between n pairs 

(AT, T), where (AT X , X t . X„) is a permutation of the first n natural numbers, and 

(Y v y 2 ,..., y„) is another such permutation. In obtaining the permutation dis¬ 
tribution of R, we may hold the F’s fixed and permute the AT’s as before, since there 
are only n ! distinct and equiprobable sets of pairings of (X, Y). We may thus without 
loss of generality arrange the n pairs of any sample so that the ranks Y are in the natural 

order 1,2.». If the rank AT corresponding to the value Y = i is denoted by A"„ 

we therefore have for the rank correlation coefficient 

R = (I S <jr,-{J(»+1)}*]/ {*(»*-!)}. (31-19) 

for the mean of the first n natural numbers is J(m + 1) and their variance Tj(n*-1)- 
R is usually called Spearman’s rank correlation coefficient, after the eminent psycholo¬ 
gist who first introduced it over fifty years ago as a substitute for ordinary product- 
moment correlation; it is usually given the symbol r„ which we shall now' use for it. 
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Since 

£ iX t m in(n+1)(2» +1)-J £ (*,-*)*, (31.20) 

i-1 i-1 

r, may alternatively be defined by 

which is usually more convenient for calculation. 


31.23 Since the formulae (31.12-14) for the exact moments of r hold for arbitrary 
x and y, they hold for r f defined by (31.21) in particular. Moreover, the natural 
numbers have all odd moments about the mean equal to zero by symmetry. This 
implies that the exact distribution of r, is symmetrical and hence its odd moments are 
zero. If we substitute also for k t , k\ in (31.14), we obtain for the exact moments 


E(r t ) = £(rj) = 0, 


var r. 





> 


*W> 


3 f 12(«-2)(s-3)] 

n 2 —1 \ 25 h(h— l) 2 /* 


(31.22) 


However, as indicated by the introductory discussion in 31.21, the exact distribution 
of r, can actually be tabulated once for all. Kendall (1955) gives tables of the frequency 
function of S(A' < —i) 2 , the random component of r, in (31.21), for n = 4(1)10. (The 

t 

“ tail ” entries in Kendall’s tables are reproduced in the Biometrika Tables.) Beyond 
this point, the approximation by (31.18) is adequate for practical purposes, as is shown 
by the following table comparing exact and approximate critical values of r, for test 
sizes a = 0*05, 0-01 and n = 10. 


Comparison of exact and approximate critical values 
of r« for n = 10 


Two-sided test 
a = 0 05 : 

« = 001 : 


Exact critical values Approximate critical values 

(from Kendall (1955)) from (31.18) 

0-648 0-632 

0-794 0-765 


31.24 We chose r, from among the possible rank tests of independence on grounds 
of simplicity ; clearly any reasonable measure of the correlation between x and y, based 
on their rank values, will give a test of independence. Daniels (1944) defined a class 
of correlation coefficients which includes the ordinary product-moment correlation 
as well as those based on ranks, and went on (Daniels, 1948) to show that these are all 
essentially coefficients of disarray, in the sense that if a pair of values of y are inter¬ 
changed to bring them into the same order as the corresponding values of x, the value 
of any coefficient of this class will increase. Let us consider the question of measuring 
disarray among the ranks of x and y. 

Suppose, as in 31.22, that the ranks of y (which are there called Y) are arrayed in 
the natural order 1, 2,...,» and that the corresponding ranks of x are X v X t ,..., X n , 
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a permutation of 1, 2,.... n. A natural method of measuring the disarray of the 

x-ranks, i.e. the extent of their departure from the order 1,2.», is to count the 

number of inversions of order among them. For example, in the x-ranking 3214 for 
n = 4, there are 3 inversions of order, namely 3-2, 3-1, 2-1. The number of such 
inversions, which we shall call Q, may range from 0 to \n(n — 1), these limits being 
reached respectively if the x-ranking is 1, 2,...,» and »,(« —1),..., 1. We may 
therefore define a coefficient 

‘-'-sj&r (31 - 23) 

which is symmetrically distributed on the range (—1, +1) over the n ! equiprobable 
permutations, and therefore has expectation 0 when (31.9) holds. 

The coefficient (31.23) had been discussed by several early writers (Fechner, Lipps) 
around the year 1900 and subsequently by several other writers, notably Lindeberg, in 
the 1920’s (historical details are given by Kruskal (1958) ), but first became widely used 
after a series of papers by M. G. Kendall starting in 1938 and consolidated in a mono¬ 
graph (Kendall, 1955) to which reference should also be made on questions concerning 
the use of t and r, as measures of correlation. Here we are concerned only with their 
properties as distribution-free tests of (31.9). 

31.25 The distribution of t, or equivalently of the number of inversions Q, over 
the n ! equiprobable x-rankings is easily established by the use of frequency-generating 
functions. Let the frequency function of Q in samples of size n be f(Q, n)/n\. We 
may generate the n ! x-rankings for sample size n from the (n — 1)! for sample size (« -1) 
by inserting the new rank “ n ” in every possible position relative to the existing (n-1). 
(Thus, e.g., the 2! rankings for n = 2 

12 

21 

become the 3! rankings for n = 3 

312 132 123 

321 231 213.) 

In any ranking, the addition to Q brought about by this process is exactly equal to 
the number of ranks to the right of the point at which “ n ” is inserted. Any value 
of Q in the n-ranking is thus built up as the sum of n terms, each of which had a differ¬ 
ent value of Q in the (n—l)-ranking. This gives the relationship 

mn)=mn-l)+f(Q-l,»-l) +/(!?-2,n-l) + ... 

+/(<?-(«-(31-24) 
Now, if f(Q, n) is the coefficient of 0® in a frequency-generating function G (0, n), 
(31.24) implies that 

G(6,n) = G(0,n—l) + 0G(0,n —l) + O 2 G(0,n-l) + .. .+0"' 1 G(0,n-1) 

= jzjG(p,n-l). (31.25) 

Applying (31.25) repeatedly, we find 

- (^r) Ci^r) • • • (^r) 


( 31 . 26 ) 
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and since we see directly that 

G(0,2) = 1.0°+1.0 1 - —i, 

(31.26) may be written 

(31-27) 

We obtain the characteristic function of Q by inserting the factor (»!) -1 and re¬ 
placing 0 by exp(t*0) in (31.27), so that 

^(0) = {»!(«**-1)"} -1 II (e**-l). (31.28) 

1-1 

The c.g.f. of Q is therefore 

y> (0) . 2 log («“• -1) - »log (e a — 1)—log (»!). (31.29) 

1*1 

If we substitute 

e i9> —\ s s ffl */ 2 2 sinh(Ji0r) 
everywhere in (31.29), we reduce it to 


Y>(0) = £i0^2 s—nj+ 2 log sinh (Jifir )—n log ($*0)—log (n 1) 


and, using (3.61), (31.30) becomes 


»(») = 


(31.31) 


where the B v are the (non-zero) even-order Bernoulli numbers defined in 3.25. 
Picking out the coefficients of (i0)**/( 2j)\ in (31.31) we have, for the cumulants 

of Q, 

*1 = i»(»-l), =0, j > 1,') 




(31.32) 


From (31.23), this gives for the cumulants of the rank correlation statistic t itself 

i = 0, j > 0, ] 


2 » 'B v /», „ \ 

r »-/{«(«-i)^U' v 


(31.33) 


Thus, t is symmetrically distributed about zero and 


varf = 


2»B t 

{n(n—1)}* 


{£«(« +l)(2n+l) — n} 


2(2n + 5) 
9n (n — 1)’ 


(31.34) 
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31.26 Further, (31.33) shows that k v is of order n -4/ 2 s* in n. Since the sum- 

mation is of order n ii+1 , this means that 

k v = 0(» l -«) 

and hence the standardized cumulants 

Wy - 

Thus 

lim = 0, j > 1, (31.35) 

and hence the distribution of t tends to normality with mean zero and variance given 
by (31.34). The tendency to normality is extremely rapid. Kendall (1955) gives 
the exact distribution function (generated from (31.24)) for » = 4(1) 10. Beyond this 
point, the asymptotic normal distribution may be used with little loss of accuracy. 


31.27 In 31.24 we arrived at the coefficient t by way of the realization that the 
number of inversions Q is a natural measure of the disarray of the ^-ranking. If one 
thinks a little further about this, it seems reasonable to weight inversions unequally; 
e.g. in the x-ranking 24351, one feels that the inversion 5-1 ought to carry more weight, 
because it is a more extreme departure from the natural order 1, 2,..., it, than the 
inversion 4-3. A simple weighting which suggests itself is the distance apart of the 
ranks inverted; in the immediately preceding instance, this would give weights of 
4 and 1 respectively to the two inversions. Thus, if we define 


. r+1 if Xi > X jt 

a \ 0 otherwise, 


we now seek to use the weighted sum of inversions 

F = 22A„(/-i) 


><] 


instead of our previous sum of inversions 

Q = 22 A„. 


» 


However, use of (31.37) leads us straight back to r s . 
prove in Exercise 31.5 that 


r = i2(* ( -f)*, 

«=i 


so that, from (31.21), 


r„ = 1 - 


12F 


n(n*-iy 

which is a definition of r, analogous to (31.23) for t. 


(31.36) 


(31.37) 


(31.38) 

We leave it to the reader to 


(31.39) 

(31.40) 


31.28 Despite the apparently very different methods they use of weighting inver¬ 
sions, it is a remarkable fact that Q and V of (31.37-38), and hence the statistics t 
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and r, also, are very highly correlated when the hypothesis of independence (31.9) 
holds—the reader is left to obtain the actual value of their correlation coefficient in 
Exercise 31.6. It declines from 1 at n — 2 (when t and r, are equivalent) to its mini¬ 
mum value of 0-98 at n = 5, and then increases towards 1 as n —> oo. Thus the tests 
are asymptotically equivalent when H 0 holds, and this, together with the result of 
25.13, implies that, from the standpoint of asymptotic relative efficiency, both tests 
possess the same properties. Daniels (1944) showed that the limiting joint distribu¬ 
tion of t and r t when H 0 holds is bivariate normal. 

31.29 In samples from a bivariate normal population, the high correlation between 
t and r, persists even when the parent correlation coefficient p / 0 ; S. T. David et al. 
(1951) show that asn —► oo, t and r, have a correlation which tends to a value >0-984 if | p \ 
< 0 8, and to 0-937 when p = 0*9. 

Hoeffding (1948a) showed that t and r, are quite generally asymptotically distributed 
in the bivariate normal form, but that their correlation coefficient depends strongly on 
the parent bivariate distribution and may indeed be zero. 

The efficiencies of tests of independence 

31.30 We now examine the asymptotic relative efficiencies (ARE) of the three 
tests of independence so far considered, relative to the ordinary sample correlation 
coefficient r, when the alternative hypothesis is that of bivariate normality as at (31.10). 
By the methods of 23.27-36, we see that r gives a UMPU test of p = 0 against one¬ 
sided and two-sided alternatives—the reader is asked to verify this in Exercise 31.21. 
Since by 31.19 the permutation test based on r is asymptotically equivalent to the 
normal-theory r-test for independence, we see that its ARE will be 1 compared to 
that test. 


31.31 We now derive the ARE of the test based on t defined at (31.23). From 
the definition at (31.36) we see that 

K = K1 - sg n (*< - x j) sgn (y, -y } )}, 

and since there are |n(n—1) terms in Q = 22 h iit we have for their mean 

»<i 

= e( *" ) = ( 31 . 41 ) 

which from (31.23) gives 

E (t) = 1 - 2E Q-_ x J. * E [sgn (*, - x f ) sgn (y,-y,)]. 

Now if the parent distribution F of x and y is bivariate normal with correlation para¬ 
meter p, so is that of to = (x { —x f ) and z = (y<— y*). Thus 

f oo r oo 

sgn to sgn ar dF 


which on applying (4.8) becomes 


* Cl f°° sin/ito 



sin t 2 z 

i. 



dF, 
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which may be rewritten 


The inner double 


integral in (31.42) is the c.f. of F, which is 
= exp {-J(*?+*t+2p*if.)}. 


dti dt t 
*. " •. • 


(31.42) 


If we insert this and differentiate the remaining double integral with respect to p, we 
find 


£*» = i J* J" (31.43) 


But the double integral on the right of (31.43) is simply evaluated as 


Thus (31.43) becomes 



so that 

[| £(,) L4 

(31.44) 

Also, from (31.34), 

var(f |H 0 )~ 

(31.45) 

while for the ordinary correlation coefficient r, from (26.31), 




(31.46) 

and from 31.19 

1 

var - -. 

n 

(31.47) 


Using (25.27) with m = 1, 6 = the results (31.44-47) give, for the ARE of t com¬ 
pared to r, 

A ur = 9/n*. (31.4S) 

By the remark of 31.28, (31.48) will hold also for the ARE of r § compared to r, a result 
due originally to Hotelling and Pabst (1936). 


3132 Apart from the results of 31.30-31 against bivariate normal alternatives, little 
work has been done on the efficiencies of tests of independence, largely due to the difficulty 
of specifying non-normal alternatives to independence. A notable exception is the 
paper by Konyn (1956), which considers a class of alternatives to independence generated 
by linear transformations of two independent variables. He finds, as above, that t and r< 
are often asymptotically equivalent tests, each having ARE close to that of the test based 
on the sample correlation coefficient r, equal to it or even (in case of an underlying double¬ 
exponential distribution) exceeding it. 
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31.33 A defect of all the tests we have considered is that they will not be consistent 
tests against any departure from the hypothesis of independence (31.9). To see this 
we need only remark that each is essentially based on a correlation coefficient of some 
kind, whose distribution will be free of location and scale parameters but will depend 
on the population correlation coefficient p. For departures from independence implying 
p ¥= 0, these tests will be consistent. But it is perfectly possible in non-normal cases to 
have non-independence accompanied by p — 0 (cf. 26.6), and we cannot expect our tests 
to be consistent against such alternatives. With this in mind, Hoeifding (1948b) pro¬ 
posed another distribution-free test of (31.9) which is consistent against any continuous 
alternative bivariate distribution with continuous marginal distributions. Hoeifding 
tabulates the distribution of his statistic for n = 5, 6, 7 and obtains its limiting c.f. and its 
cumulants, though not the limiting d.f. He also proves that against this class of alterna¬ 
tives no rank test of independence exists which is unbiassed for every test size a = M/n ! 
However, if randomization is permitted in the test function, Lehmann (1951) shows that 
generally unbiassed rank tests of independence do exist. 

Tests of randomness against trend alternatives 

31.34 As we remarked in 31.14, problem (3) of 31.13 which is to test 

H 0 : F,(jc) = F t (x) = ... = F„(x), all x, (31.49) 

where we have an observation from each of n continuous distributions ordered accord¬ 
ing to the value of some variable y, is equivalent to testing the independence of the x’s 
and the j’s. Thus any of our tests of independence may be used as a test of random¬ 
ness. However, since the ^-variable is not usually a random variable but merely 
a labelling of the distributions (through time or otherwise), any monotone transforma¬ 
tion of y would do as well as y itself. It is therefore natural to confine our attention 
to rank tests of randomness, since the ranks are invariant under monotone trans¬ 
formation, which leaves the hypothesis (31.49) unchanged. 

Mann (1945) seems to have been the first to recognize that a rank correlation 
statistic could be used to test randomness as well as independence and proposed the 
use of t (although of course r, could be used just as well) against the class of alternatives 
H x : F x (x) < F,(x) < ... < F„ (x), all x, (31.50) 

where the observations x< remain independent. 

Since (31.50) states that the probability of an observation falling below any fixed 
value increases monotonically as we pass along the sequence of n observations, it may 
be described as a downward trend alternative. The critical region for a size-a test 
therefore consists of the 100a per cent largest values of Q, the number of inversions 
defined at (31.38). 

31.35 (31.50) implies that for i < j 

P{h if = 1} = P{X { > X,} = 0 <*„ <£. (31.51) 

We thus have, from (31.38), 

£(0|tfi) = i«(n-l)+Z2e„ = i«(n-l) + S B , (31.52) 

i<j 

where S n is the sum of the ^n(n— 1) values e w . 

Now consider the variance of Q, 

var (Q | i/,) = var{ 2 h i} ) = 2 var (h { ,) + 2 2 cov(h u ,h kl ). 

i<j i<) i<j k <1 


(31.53) 
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The covariance terms in (31.53) are of two kinds. Those involving four distinct 
suffixes are all zero, since the variables are then independent, and there are such 


terms. The remaining terms are non-zero and involve three distinct suffixes only, 
(*, j) and (k, /), having one suffix in common. The number of such terms is of order 

, the number of ways of selecting three suffixes from n. Since there are only 

terms in the first summation of (31.53), we may therefore write 

var^l^) = O (n 8 ). (31.54) 

31.26 shows that Q is asymptotically normally distributed when H 0 holds, and thus 
the critical region of the test consists asymptotically of the values of Q exceeding the 
value 




0 O = J„(„-l) + d a { T V»(n-l)(2n + 5)}* (31.55) 

where the term in braces in (31.55) is the variance of Q (obtained from (31.34) and 
(31.28)) and d a is the appropriate standardized normal deviate. 


31.36 From (31.52) and (31.55), we see that 

P(Q > Q4H,)~ P(Q-E(Q\H,) > 4[*»(»-l)(2»+S)]*-5.|W,}. (31.56) 
Using (31.54), we may write (31.56) asymptotically as 

P{Q > > [var(e|«0]>ti-cn-*/>S.]}, (31.57) 

where c is some constant. We now impose the condition that 

n -v*s n -+ oo (31.58) 

as n —► oo. Then 

\ = d a -cn-v*S n -+ oo (31.59) 

and A will be negative when n is large enough. By Tchebycheff’s inequality (3.94), 
we have a fortiori for negative A and any random variable x, 

P{x—E(x) > A(varx)*} > 1-i. (31.60) 

Thus, when (31.58) holds, (31.57), (31.59) and (31.60) give 

lim P{Q > Q 0 \H X } = 1. 

n—> oo 

Thus the test of randomness is consistent provided that (31.58) holds. This is a 
rather mild requirement, for there are ln(n — 1) terms in S n . Thus if there is a fixed 
non-zero lower bound to the e if , (31.58) certainly holds. Commonly, one wishes to 
consider alternatives for which e if is a function of the distance \i—j\ only; if it is 
an increasing function of this distance, (31.58) certainly holds. 

As well as deriving a more general version of this result, in which the e i} need not 
all have the same sign, Mann (1945) derived a condition for the unbiassedness of the 
test, which is essentially that given as Exercise 31.8. 


31.37 We now consider a particular trend alternative to randomness, where the 
mean of the variable x { is a linear function of i, and its distribution is normal about 
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that mean with constant variance. This is the ordinary linear regression model with 
normal errors. We have 

*< - Po+Pti+di, (31.61) 

where the errors 6 { are independently normally distributed, and variance a* for all t. 
The test of randomness is equivalent to testing 

= 0 (31.62) 

in (31.61). We proceed to find the asymptotic relative efficiency (ARE) of the test 

based on t (or, equivalently, on Q) compared with the standard test, based on the 

sample regression coefficient 

b S(*<-*)(t—f) |n(w+l)g m 63 x 

Z(i-f)» TVn(«*-l) ’ ' ' 

which is the LR test for (31.62) and (since there is only one constraint imposed by H 0 ) 
is UMP for one-sided alternatives, say ft x < 0, and UMPU for two-sided alternatives 
pi / 0 (cf. 24.27). We put <r* = 1 without loss of generality. We have, from Least 
Squares theory (cf. Examples 19.3, 19.6) 

£(*!»,) = /!„ 

var(i|tf,) - ^J-r. = 


so that the ratio 


_ Wx j 


E (*-i)« n(n«-1)’ 


12 12 


(31.64) 


31.38 To obtain the equivalent of (31.64) for the test based on t, we require the 
derivative of 

E(Q\H X ) = E{ S h it ) = S E(h„). (31.65) 

i<) \<j 

Now (X{ — Xj) is, from the model (31.61), normally distributed with mean Pi(i—j) and 
variance 2. Hence 

E(h„) = P{*„ = 1} = P{x, > *,} 


(2 n)~* exp (—$«*) rfu. 


Thus 


= f (2ji) exp (—$«*) dt 

J -M-W 1 ' 1 

r d E (h <\ ti 1 (*-» 

( m) J A -o " 2* •(&)» " 2*» ’ 


From (31.65) and (31.66) 


1 n(n*—1) _ -«(«*-1) 
2n* 6 12«* ‘ 


(31.66) 


(31.67) 
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Also, from (31.34) and (31.21) 

var (Q | H 0 ) - (n -1) (2n4-5). (31.68) 

From (31.67) and (31.68) 


{[sK'WI^LJ _-(»■-O’ 72 . „• 

var(Q\H 0 ) 144ft"* 'n\n -1)(2»+5) 4a' 

Use of (31.64) and (31.69) in (25.27) with m = 1, S = f, gives for the ARE 
pared to b 



(31.69) 
of O com- 

(31.70) 


Just as before (cf. 31.28), the same result holds for the alternative coefficient r, 
(or equivalently V ); the direct evaluation of the ARE of V is left to the reader as 
Exercise 31.9. 


Optimum rank tests of independence and of randomness 

31.39 It is worth remarking that the two rank correlation coefficients t and r, are 
even more efficient as tests of randomness against normal alternatives than as tests of 
bivariate independence against normal alternatives, the values of ARE given by (31.70) 


and (31.48) being 




respectively. But although both of these values 


are near 1, they are not equal to 1, and we are left with the question whether distribu¬ 
tion-free tests exist for these problems which have ARE of 1 compared with the best test. 

In order to answer this question, let us return to our discussion of 31.21, where 
the choice of r, from among all possible rank tests was made on grounds of simplicity. 
In effect, we decided to replace the observed variate-values x by their ranks. Now 
since the permutation test based on the variate-values themselves has ARE 1 against 
normal alternatives (cf. 31.30), we should expect to retain optimum efficiency if we 
replace the variate-values by functions of their ranks which, asymptotically, are per¬ 
fectly correlated with the variate-values. Suppose, then, that after ranking the x obser¬ 
vations, we replace them by the expected values of the order statistics in a sample of 
size n from a standardized normal distribution. These are a perfectly definite set of 
conventional numbers ; the point in using them is that as n —> oo, the correlation 
of these numbers with the variate-values will tend to 1, and we shall obtain optimum 
rank tests against normal alternatives. The test statistic is therefore 


iE(X it «)-*(»+1).^ S E(Xi,n) 


(31.71) 


where X ( as before is the rank corresponding to the ith largest value of y and E (s, n) 
is the expected value of x {t) in a sample of size n from a standardized normal distribu¬ 
tion. Neglecting constants, (31.71) is equivalent to testing with the statistic 


c 


2 iE(X u n), 

»-i 


(31.72) 
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which therefore has ARE of 1 in testing independence or randomness against normal 
alternatives. 

The use of the expected values of the normal order statistics as conventional numbers 
was first suggested by R. A. Fisher and F. Yates in the Introduction to their Statistical 
Tables, first published in 1938. The locally optimum properties of the test statistic 
(31.72) were demonstrated by Hoeffding (1950) and Terry (1952). A direct proof of 
the asymptotically perfect correlation between the expected values of the order statistics 
and the variate-values they replace is obtained from Hoeffding’s (1953) theorem to the 
effect that for any parent d.f. Fix) with finite mean, and any real continuous function 
g(x) bounded in absolute value by an integrable convex function, 

lim - E g{E(m,n )} = f g(x)dF. (31.73) 

*-»• oo n m-l J - oo 

Successive substitution of g(x) — cos xt, g(x) = sin xt in (31.73) shows that the limiting 
c.f. of the E(m,n) is the c.f. of the distribution F(x), which is i?{cos x/+»sinx/}. 

31.40 As well as seeking optimum rank tests against normal alternatives, as in 
31.39, we may also ask whether there are any alternatives for which any particular 
rank test is optimum among rank tests. We do not pursue this subject here, because 
the inquiry would be artificial from our present viewpoint (cf. 31.17), which essentially 
regards distribution-free procedures as perfectly robust substitutes for the standard 
normal-theory procedures. Our interest is therefore confined to comparisons of 
efficiency between distribution-free and standard normal-theory methods. An account 
of rank tests in general is given by Lehmann (1959) and by Fraser (1957). 

31.41 Before leaving tests of randomness, we should mention that a variety of 
such tests have been proposed in the literature, none of which is as efficient against 
normal alternatives as those we have discussed. However, some of them are con¬ 
siderably simpler to compute than r, or t, and very little less efficient. They are 
discussed in Exercises 31.10-12. Other tests have their ARE evaluated by Stuart 
(1954b, 1956). 

Two-sample tests 

31.42 We now consider problem (1) of 31.13. Given independent random 
samples of sizes n lt n t respectively from continuous distribution functions F l (x), 
F 2 (x), we wish to test the hypothesis 

H 0 :F l (x) = F t (x), all x. (31.74) 

As we remarked in 31.14, this is equivalent to testing the independence of the variable x 
and a dummy variable dichotomized so that only two distinct values y arise. There 
are »i + n* = n observations on the pair (x,y). 

Let us for a moment consider the n values of x as being arranged over the n positions 
labelled 

1,2,3, — , n 1 ; « l +l,n x +2,..., ». (31.75) 

Under H 0t each of the n ! possible orderings of the x-values is equiprobable; but 
irrespective of whether H 0 holds, the n 1 ! permutations of the positions in the first 
11 
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sample, and the »,! permutations of the positions in the second sample, do not affect 

n ! 

the allocation of the n values to the two samples. Thus there are ——- distinct 

tti ! ttf I 

allocations to the two samples, corresponding to the ways of selecting the 

members of the first sample from the n values. 


31.43 For the hypothesis (31.74), unlike the others we have so far considered at 
(31.9) and (31.49), we may consider a class of alternatives much more general than 
those of standard normal theory, namely 

Hi : F t (x) = Fi (x - O), all x. (31.76) 

(31.76) states that the only difference between the two parent distributions is one of 
location. In terms of (31.76), (31.74) becomes 

JJ o :0 = 0. (31.77) 

We shall refer to (31.76) as the location-shift alternative hypothesis. It should be 
noted that although a location parameter 0 occurs in (31.76), the hypothesis (31.77) 
is non-parametric by our definition of 22.3, since the form of the parent distribution 
F x (x) is unspecified. 


31.44 To suggest a statistic for testing H 0 , we return to the case of normal alter¬ 
natives. Consider two normal distributions differing only in location. Without loss 
of generality, we assume their common variance or* to be equal to 1, and that the mean 
of the first distribution is zero. The Likelihood Function is therefore 


L{x\H,) - (2*)-fexp{-} S4-j S (*„-»)*} 

= (2n)~ in exp ( —$ 2 xf+0 2 x ai — J»i0*l. 

L »-i <-i ) 


(31.78) 


From (31.78) we see that for 0 > 0, L (x | i/ 1 ) will be maximized when 2 x u is as 

<*■ 1 

large as possible and similarly for 0 < 0 when 2 x 1( is as small as possible. By the 

4-1 

Neyman-Pearson lemma of 22.10, the most powerful critical region will consist of 
those of the ^ equiprobable points in the sample space which maximize L (x | H^). 

We are thus led to use the statistic 2 x t{ , or equivalently the mean of the second sample, 

4-1 

1 1,1 

x, = — 2 x 1( . Since n 1 x 1 +n 1 x 1 = nx, and the overall mean x is invariant under 

tt% i.l 

permutations, x, determines the value of X] also, and we may equivalently consider x x 
or xj-x,. For the two-sided alternative 0 ^ 0, we are inclined to use the “ equal- 
tails” two-sided test on x a —x, or equivalently a one-sided test on (x x —x,) 1 , large 
values forming the critical region. It was in this form that the test statistic was first 
investigated by Pitman (1937-1938). 
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The permutation distribution of w 

31.45 The statistic (i x —x,) 2 can take values ranging between zero and its maxi¬ 
mum value, which occurs when every member of the first sample is equal to x x , and 
every member of the second sample equals x a . We then have for the observed variance 
of the combined samples, say s *, which is invariant under permutations, 

ns 2 = 

ft 

We thus have 

«2 r2 

0 < (*!-*,)* < —• 

»i» a 

If we therefore define 

w “ (*i“*■)*• (31.79) 

we have for all possible samples 

0 < w < 1. (31.80) 


31.46 To obtain the permutation distribution of to given H 0 , we write it identically 
as 


" = ri <*■-*>’ 


(31.81) 


a form in which only x x varies under permutation of the observations. The exact 
distribution of x x may be tabulated by enumeration, but as previously remarked in 
31.19 the process becomes tedious as n increases. In the form (31.81), however, we 
may use already-developed results to obtain the moments of to, for it is a multiple of 
the squared deviation of the sample mean from the population mean in sampling n x 
members from a finite population of n members. We found the necessary expecta¬ 
tions at (12.114) and (12.120), which we rewrite in our present notation as 


and 


Efr-x)* 




n t s 2 

»i(»-l) 


(31.82) 


E ( x i X Y „3(„_i)( n !_2)(n_3) 

x 1)(» 2 — l)-6n l n s ]/« 4 }, 

where m t is the observed fourth moment of the combined samples. Thus 

£(<») - ^ (31.83) 

E(tt> 2 ) =. 1 

V } n 1 n 2 (n-l)(n-2)(«-3) 

x {3« 1 n 2 (»-6)+6n + [n(«+lJ-bninJ^j}, (31.84) 

where g z is the measure of kurtosis (m 4 /r 4 ) —3. When either n x or n 2 becomes large, 
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and n with it, (31.84) is asymptotically 

_i_l{l +0 (&)}, 

where n, is the sample size which is not large. If both n t and n, 
Thus, especially when g % is small, we have 

*(»■)*-,i T 


(31.85/ 
oo (31.84) is 

(31.86) 

(31.87) 


31.47 (31.83) and (31.87) are the first two moments about the origin of the Beta 
distribution of the first kind 




0 < to < 1, 


(31.88) 


which we may therefore expect to approximate the permutation distribution of to. 
In fact. Pitman (1937-1938) showed that the third moments also agree closely, and 
that the approximation is very good. 

Now consider the ordinary “ Student’s ” t 2 -statistic for testing the difference in 
location between two normal distributions. In our present notation, we write it 


(* i -*«) 2 


t 2 

n — 2 »i*i4-n a jf ’ 

where if, if are the separate sample variances. Using the identity 


(31.89) 


ns 2 s «!*? + «!*§ +- LJ? (*i-* a ) 2 


in (31.79) and (31.89) shows that 


to = 


14 


1 

n—2 


(31.90) 


exactly. Thus we have been dealing with a monotone increasing function of t 2 . What 
is more, in the exact normal theory, the transformation (31.90) applied to the 
“ Student’s ” distribution with v = n—2 gives precisely the distribution (31.88). (In 
fact, we carried out essentially this transformation in reducing “ Student’s ” distribu¬ 
tion function to the Incomplete Beta function in 16.11, except that there we trans¬ 
formed to (1 —to) and obtained (31.88) with 1 — to replacing to.) 

We have therefore found, exactly as in 31.19, that the approximation to the permu¬ 
tation distribution in testing a non-parametric hypothesis is precisely the normal- 
theory distribution. In this particular case, we may test to, from (31.90), by putting 
(n—2)to/(l — to) = t* with (n—2) degrees of freedom. For the one-sided tests dis¬ 
cussed at the outset, we simply use t in the appropriate tail rather than t*. 


31.48 The wide applicability of t 2 as an approximation of the normal theory in 
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this instance must clearly be attributed to the operation of Central Limit effects, since 
we are dealing with a difference between means ; cf. the related discussion of robustness 
in 31.4. 

Just as we remarked in 31.30 previously, the asymptotic equivalent of the permuta¬ 
tion distribution to that of the optimum normal theory test implies that the former has 
ARE of 1 against normal alternatives, in this case of a location-shift. 


Distribution-free confidence intervals for a shift in location 


31.49 We may now use the test statistic to of (31.79) to obtain distribution-free 
confidence intervals for the location-shift 0 in (31.76). For, whatever the value of 0, 
(31.76) implies that the n, values x u (t — 1,2,..., n x ) and the «, values (x,< + 0), 
(t = 1,2,...,»,) are two samples which come from the same distribution F x (x). 
The distribution of to given H 0 is therefore applicable to these two samples. 

Let us denote by w(0) the calculated value of to for the two samples, which is 
evidently a function of 0. Let to a be the upper critical value of to for a test of size a, i.e. 

P{w(0) < to a } = 1-a. (31.91) 

Using (31.90), (31.91) is equivalent to 

P{t 2 (6) < tl) = 1-a, (31.92) 

where t* is defined at (31.89). The denominator of t 2 is a function of the separate 
sample variances only, and is therefore not a function of 0. Using (31.89) in (31.92), 
we therefore have 


^{fo-fo+0)] 2 < k 2 } = 1-a, (31.93) 

where 


L2 = + W * J i) / 2 

y x »;(n-2)' - 


(31.94) 


Thus from (31.93) we have, whatever the true value of 0, 

P{(x 1 -x t )-k < 0 < (*!-**) + £} = 1-a, (31.95) 

and (31.95) is a confidence interval for 0. 

If the sample sizes are large enough for the permutation distribution of t * to be 
closely approximated by the exact “ Student’s ” distribution, we obtain t* from the 
tables of the latter ; otherwise, the exact permutation distribution of w must be used, 
with (31.90). We are then, of course, limited in the values of a we may choose for our 


test or confidence interval to multiples of 



Consistency of the tv-test 

31.50 Using the result of the last section, we may easily see that to is a consistent 
test statistic for the hypothesis (31.77) against the alternative (31.76) with 0 # 0, pro¬ 
vided that F x (x) has a finite variance. In fact, even if F x (x) and F 2 (x) have different 
finite variances and different means, to remains consistent, as Pitman (1948) showed. 
Consider k *, defined at (31.94). If n 1 ,tt 2 —*‘ oo so that n 1 /n 2 —*■ A, 0 < X < oo, 

k 2 converges in probability to ! /jj ( which is of order nf 1 , while by the Law 
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of Large Numbers, (* 1 —i 2 ) converges to E(x t ) — E (*,), which is the true value of 0, 
say 0 O . (31.95) now shows that for any a the confidence interval 

I = (x 1 -X t -k,X 1 -X i + k) 

is an interval, with length of order nffor 0. If we choose a < e, we see that for 
any 0 X / 0 O 

limP{0 1 e/}<e (31.96) 

and this is merely a translation into confidence intervals terminology of the consistency 
statement to be proved, for e may be arbitrarily near zero. Ultimately, as » t increases, 
the interval will exclude with probability tending to 1, i.e. the test of 0 = 0 O will 
reject 0 X # 0 O . This argument also makes it clear that (31.77) may be replaced by 
H 0 : 0 = 0 O if we add an increment 0 O to each observation in the second sample. 

Rank tests for the two-sample problem 

31.51 Just as in 31.21 during our discussion of tests of independence, so here in 
the two-sample problem we see that if we wish to be in a position to tabulate the exact 
permutation distribution of a test statistic for any n, we must remove the dependence 
of the test statistic upon the actual values of the observations, which are random vari¬ 
ables, and we are led to the use of rank tests, which are particularly appropriate because 
of their invariance under monotone transformation of the underlying variables, which 
leave the hypothesis (31.74) invariant. Once again, the simplest procedure is simply 
to replace the observations x j by their rank values, i.e. to rank the n l + n i = n observa¬ 
tions in a single sequence and replace the value x (i) by its rank X ( . We then have 
a set of n values X ( which are a permutation of the first n natural numbers, of which 
n x belong to the first sample and n 2 to the second. 

Since, as we pointed out in 31.44, the statistic w is equivalent to using the mean ,v t 
of the first sample, the rank test obtained from to by replacing the observations by 
their ranks is equivalent to using 

S = 2 X h (31.97) 

«=1 

the sum of the ranks in the first sample, which is analogous to r, of (31.21) since both 
arise from replacing observations by ranks. 

31.52 Now suppose that we seek an analogue of t , defined by (31.23), i.e. essen¬ 
tially of Q as defined at (31.38). We should obviously expect, if the hypothesis (31.74) 
holds, that the observations from the first and second samples would be thoroughly 
'* mixed up ” with no tendency for the ranks in the first sample to cluster at either or 
both ends of the range from 1 to n. Define a statistic U which counts the number of 
times a member of the first sample exceeds a member of the second sample, i.e. 

t/= 2 2 h ih (31.98) 

i-I J=1 

where h iS is defined at (31.36) as before. U ranges in value from 0 to n v n 2 . 

Whereas in the case of tests of independence there is a genuine choice between 
r, and t as test statistics (although they are equivalent from the viewpoint of ARE, as 
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we saw), for the two-sample situation the statistics (31.97) and (31.98) are functionally 
related. In fact 

Us S-in^+1). (31.99) 

To prove the relationship (31.99) it is only necessary to note that 

»i /«« \ 

U = E S AJ = S (X { -i). 

t-i \j-i / r-i 

Thus we may use whichever of U and S is more convenient. From both the theo¬ 
retical and the computational viewpoint, U is simpler. 

The statistic S has been proposed independently by a great many writers, of whom 
the first was Wilcoxon (1945, 1947)—historical details are given by Kruskal and Wallis 
(1952-1953)—and is usually called Wilcoxon’s test statistic; some authors call it the 
Mann-Whitney test statistic after authors who studied U a little later (Mann and Whitney, 
1947) and still others call it the Rank Sum test statistic. 


The distribution of Wilcoxon’s test statistic 

31.53 We proceed to find the distribution of U when the hypothesis (31.74) holds. 
We may obtain its c.f. directly from that of Q given at (31.28). For Q is based on 
all \n(n— 1) possible comparisons between n observations, while U is based on the 
n x n t comparisons between the first n x and the second n t of them, the in 1 (n 1 — 1) 
“ internal ” comparisons of the first sample and the $«,(«,— 1) of the second sample 
being excluded. We may write this relationship symbolically as 

S?.“ &.,+&..+U. (31100) 

Since, given H 0 , the components on the right of (31.100) are independent of each other, 
we have the relation between c.f.’s (cf. 7 . 18 ) 

m°) = Kmn.movV), 

where the first three c.f.’s are those of Q with sample size equal to the suffix of <f>, and 
<t>i/(0) is the c.f. of U. Thus 

<M«) = *.(*)/{*.,(*>*..(«)}. (31.101) 

or equivalently, taking logarithms for the c.g.f., 

TuP) = Y»„(e)-Vn l (e)-Y>».(0), (31.102) 

where y> is defined by (31.30). Substituting this on the right of (31.102), we find 

= J ni ».i9+ £ {(»,+*)*'-**'}• (31.103) 

The cumulants of U are therefore 
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In particular, we find 

** = »«(»+!)• (31.105) 

(31.104) shows that the distribution of U is symmetrical whatever the values of n l 
and n % . By (31.99), the distribution of S has the same cumulants except that its mean 
is $»!(» + !). 


31.54 The exact distribution of S or U can easily be generated from the relation 
between frequency-generating functions equivalent to (31.101), which is 

°v(e) = fy~ l G{0,n)/{G(6,nJG(0,Hj}, 

where Gv(d) is the f.g.f. of U, and G(6, n) the f.g.f. of Q given in 31.24. Substituting 
its value from (31.27), we find 


G v (d) 


CY _ _ 

l III/ "I "• 

v 7 n (fl'-i) n (p-i) 

»«i 



(31.106) 


The coefficient of 0 U in the second factor on the right of (31.106) is the number of 
ways in which n l of the first n natural numbers can be chosen so that their sum is exactly 
i«i(«i + l)+t^ We denote this by f(U> fi l9 «*) and its cumulative sum from below by 

A{U,n u n£ = 2 f(r,n u n t ). (31.107) 

r=}«,(n I +l) 

The function A ( U, n u oo) was tabulated by Euler over two centuries ago. Fix and Hodges 
(1955) give tables which permit the calculation of A(U,n lt n t ) for n l (which without loss 
of generality may be taken < n t ) < 12 and any n t . Previously, White (1952) had tabu¬ 
lated critical values of S for “ equal-tails ” test sizes « = 0 05, 0*01 and 0-001 and 
«!+«! ^ 30. Other tables are listed by Kruskal and Wallis (1952-1953) and Fix and 
Hodges (1955). 


31.55 The asymptotic normality of U when H 0 holds follows immediately from 
(31.104). If »!,»*—► oo so that 0 < lim njrii = X < oo, we write N indifferently 
for n v n 2 and n and see that K ti is at most of order iV 2y+1 , so that (as, indeed we saw 
at (31.105)) K t is of order N 3 . Thus 

KuKKtf = 0(NV +l -V) = 0(N'->), 

whence 

lim K i} /(K a y = 0, j > 1, 

and the distribution of U tends to normality with mean and variance given by (31.104- 
105). The tendency to normality is rapid, being effective when n x and n % are about 
8 or so. 

Using a general theorem due to Hoeffding (1948a), Lehmann (1951) shows U to 
be asymptotically normal if the two samples come from different continuous distri¬ 
butions F v F t and limn^n* = A is bounded as above. 
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Consistency and unbiassedness of the Wilcoxon test 

31.56 It follows from the proof of consistency given in 31.50 for the w-test, which 
reduces to Wilcoxon’s test when ranks replace variate-values, that the Wilcoxon test 
is consistent against alternatives for which F t and F t , the underlying parent distribu¬ 
tions, generate different mean ranks in their samples. Clearly, this will happen if and 
only if the probability p of an observation from F t exceeding one from F t differs 
from This result, given by Pitman (1948) and independently by later writers, may 
also be shown directly as indicated in Exercise 31.16. 

31.57 If we consider the one-sided alternative hypothesis that the second sample 
comes from a “ stochastically larger ” distribution, i.e. 

H l :F l (x)> F t (x), all*, (31.108) 

it is a simple matter to prove that both Pitman’s and Wilcoxon’s one-sided tests are 
unbiassed against (31.108). In fact, Lehmann (1951) showed the unbiassedness of 
any similar critical region for (31.74) against (31.108) which satisfies the intuitively 
desirable condition (C) that if any member of the second sample is increased in value, 
the sample point remains in the critical region. For any pair F lt F a , let us define 
a function h(x) by the equation 

F a (h(x)) = F,(x) (31.109) 

so that, from (31.108), 

A(*) > *. (31.110) 

Now consider the two samples with the n t members of the second sample transformed 
from X{ to h(x { ) and the first sample unchanged. We see from (31.109) that the hypo¬ 
thesis of identical populations holds for the values thus transformed. If a region in 
the transformed sample space has content P, equation (31.110) and condition ( C ) 
assumed above ensure that for the untransformed sample space its content is a < P. 
Since a is the size of the test on the untransformed variables, and P its power against 
(31.108), we see that the test is unbiassed. 

The condition (C) is obviously satisfied by the one-sided Pitman and Wilcoxon 
tests. 

31.58 If we now consider the general two-sided alternative hypothesis 

H t : F^x) * F t (*), (31.111) 

or even the more limited location-shift alternative (31.76) with 0 unrestricted in sign, 
the Wilcoxon test is no longer unbiassed in general. For location-shift alternatives, 
Van der Vaart (1950, 1953) showed that if n t = n 2 or the common frequency function 
is symmetric about some value (not necessarily 0), the first derivative of the power 
function at 0 = 0 is zero if it exists, but that even then the test need not be unbiassed. 

The ARE of the Wilcoxon test 

31.59 We now confine ourselves to the location-shift situation (31.76), and find 
the ARE of Wilcoxon’s test compared to “ Student’s ” /-test (which is the optimum 
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test of location-shift when F l is a normal distribution) when F } is an arbitrary con¬ 
tinuous d.f. with finite variance a*. 

*' Student’s ” t defined at (31.89) is known to be asymptotically equivalent to 
using the statistic (*i—* 1 ), which, whatever the form of F lt tends to normality with 

mean — 0 and variance or* (—+—) = Thus we have 

\n, nj » x », 

var{($ x —x 2 )|0 = 0} no*‘ 


(31.112) 


We now have to evaluate the equivalent of (31.112) for the Wilcoxon statistic 
From the definition of U at (31.98), 


E(U) = » X »|F(A W ) = n x n t p, 

where p is the probability that an observation x x from the first distribution, F 1 (x), 
exceeds one x t from the second distribution, F 1 (x—Q). This is the probability that 
x t — x x < 0. Using the formula (11.68) for the d.f. of the sum of two random variables 
(with — y here being replaced by y in the argument of and suffixes 1,2 interchanged 
to give the d.f. of x t -x x ), we find 


whence 


and 


p = H( 0) = f F 1 (0+x-6)f 1 (x)dx 

J — 00 

% = - \_J'(x-d)f 1 (x)dx 

\ d m =»!«*[ {/»(*) }* dx - 

L w Js-o J -00 


(31.113) 


(31.113) and (31.105) give 



I2n x n t 

~T+T 


f {/1 (*)}*<&] . 

„ J — 00 


(31.114) 


Using (25.27), (31.112) and (31.114), we have for the ARE of Wilcoxon’s U test com¬ 
pared to “ Student’s ” t, 

A v , t = 12o* [ (31-H5) 

a result due to Pitman (1948). 


31.60 To evaluate (31.115), we only require the value of the integral 

J — CO 


(31.116) 
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(31.116) is easily evaluated for particular distributions. When F t is normal, we have 
£f/iWi - (2*„■)->£(exp [- i (^)’] } 

- (2 ?t ^)-i[(i-2i()];‘ i = (w)-i 

Thus, from (31.115) in the normal case 

A Vtt = 3 /n = 0-95. (31.117) 

'I’he result is scale-free, as it always is since a E {f x (x) ) is scale-free. We may thus 
always re-scale in (31.115) if this is convenient. 


31.61 It is easy to see that (31.115) can take infinite values (cf. Exercise 31.18). 
We now inquire whether there is a non-zero minimum below which it cannot fall. 
We wish to minimize E {/(*)} for fixed <x 2 , which we may take equal to unity. We 
also take E(x) = 0 without loss of generality. We thus require to minimize 

r oo r co /* oo 

1 f*(x)dx subject to the conditions 1 x 2 f{x)dx =1, 1 f(x)dx — 1. Using 

J ~ X J — CO J — CO 

Lagrange undetermined multipliers X, fi, this is equivalent to minimizing the integral 


I 


CO 

— 00 


{/>(*)- 22 0<*-**)/(*) }<fc. 


(31.118) 


Since f(x) is non-negative, (31.118) is minimized for choice of f(x) when 


m - {o! 


(/I 2 -* 8 ), X 2 < fl\ 


c 2 > n\ 


(31.119) 


a simple parabolic distribution. If X and /x are found from the conditions 


\f(x)dx = J x'f{x)dx = 1, 

we find 

fi* = 5, X = 3/(20 V5), (31.120) 

whence 

]>(*)<!* - (31.121) 


Thus, from (31.121) and (31.115), the ARE for the distribution (31.119-120) is 

inf^., = 108/125 = 0-864. (31.122) 


31.62 The high value (31.122) for the minimum ARE of Wilcoxon’s test com¬ 
pared to “ Student’s ” t, which was first obtained by Hodges and Lehmann (1956), is 
very reassuring. In practical terms it means that in large samples we cannot lose more 
than 13-6 per cent efficiency in using Wilcoxon’s rather than “ Student’s ” test for 
a location shift; on the other hand, we may gain a very great deal—cf. Exercise 31.18 
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where it should be confirmed that for a Gamma distribution with parameter p = 1. 
A v>t = 3. If the distribution is actually normal, the loss of efficiency is only about 
5 per cent by (31.117). 

Little is yet known of the small-sample efficiency of Wilcoxon’s test. Van der Vaart 
(1950) showed that in the normal case the derivatives of the power function differ 
very little for very small sample sizes from their asymptotic values relative to those 
for the “ Student’s ” f-test. Sundrum (1953) computed approximate power functions 
in the normal and rectangular cases fornx = n a sl0 which bear out, particularly 
in the normal case, the small power loss involved in using Wilcoxon’s rather than 
“ Student’s ” test. Witting (1960), by using an Edgeworth expansion to order tr', 
shows that the value (31.117) for the ARE in the normal case holds very closely for 
sample sizes ranging from 4 to 40. 


A test with uniformly better ARE than “ Student’s " test 

31.63 Although Wilcoxon’s test performs very well compared to “ Student’s ’’ 
test, as we have seen in 31.59-62, we can do even better. Reverting to our discussion 
of 31.39, we may obviously obtain ARE of 1 against normal location-shift alternatives 
by using the test statistic w (or equivalently the mean of the first sample, jc x ) with the 
observations replaced by the expected values of the order statistics in normal samples, 
which we denote by E(s,n) as in 31.39. The test statistic is therefore equivalent to 


“ i s E(X„n), 

n l i-1 


(31.123) 


where X t is the rank among the n observations of the ith observation in the first sample. 
(31.123) is usually called the Fisher-Yates test statistic. If we define 
_ fl if the rth observation is from the first sample, 

* \0 otherwise, 

we may rewrite (31.123) as 

Cl - -J- S E(s,n)z t . (31.124) 

Hoeffding (1950) and Terry (1952) first demonstrated that the Cx-test has ARE 1 against 
normal derivatives. Terry (1952) tabulates its exact distribution when the hypoth¬ 
esis (31.74) holds for all values of n x and n t with n < 10. The asymptotic normality 
of c, (and a wide class of similar statistics), whatever the parent distributions F v F, 
when lim njn t is bounded away from 0 and oo, was demonstrated by Chemoff and 
Savage (1958). Clearly 

£(Cx|H c ) = ~ £ E{s,n)E(z,) = S E(s,n) = 0, 

«x ,=i »i n 

while var(cx|ff 0 ) is given at (31.133) below. 

31.64 An alternative definition of c t is more convenient for the purpose of cal¬ 
culating its ARE. Define 

U(x) = "'F.W+'JF.W, 

ft It 


(31.125) 
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the distribution function of the combined parent populations, and its sample analogue 

H.(x) - (*)+£&.(*), (31.126) 

ft n 

where are the sample distribution functions as defined at (30.97). If we also 

define the function J„(x) by 

£(',») (31.127) 

then may be defined in the integral form 

ci = P Jn{H n (x)}dS nt (x)- (31.128) 

J - 00 

As «—► oo, we have from (31.125-126) 

H n (x)^H(x), 

while from (31.127), under mild conditions (cf. 31.73)), 

/.(*)-► •-*(*)-/(*), 

where $ is the standardized normal distribution function. Thus, as n —► oo we have 
from (31.128), under regularity conditions, 

E(C) = f" J{H(x))dF,(x). (31.129) 

J — 00 


31.65 If we now consider location-shift alternatives (31.76), and differentiate 
(31.129) with respect to the location-shift 0, we have 

(31.130) 

and since 


we have 


H (AT) = + 

ft ft 


±H(x) = -£/,(*-«). 


Putting this into (31.130), we find 
Now when 0 = 0, H(x) = F, (*), so (31.131) gives 

F*KL. - (*)}{/.(*)}•*. 

When H 0 holds, the variance of is simply, from (31.124), 

var^l#,,) = ^var|^F(f,«)ar,|. 

Here, only the z, are random variables ; in fact, they are identical 0-1 variables with 


(31.131) 


(31.132) 
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probability — of taking the value 1, but they are not independent, any pair having 

ft 

correlation j because of the symmetry. Thus 

var(c l |// 0 ) - ^ £ 2^ {£ (j, n) }* var *, + 2 2 E (s, n) E (r, n) cov (*„ *,)J 

n 

and since 2 E(s,n) — 0 by the symmetry of the normal distribution and 


vara 




this reduces to 


This is an exact result. When n —► oo, by (31.73), 

^2{E(r,»)}*-* [*»<«>(*) = 1 


(31.133) 


J 


and 


Thus, from (31.132) and (31.134) 


(31.134) 


{ _3Q g ^_,. 0 } n t ». 


£* [ f * /'(31.135) 
n |_J -« J 


var^xlfl = 0) 

Using (25.27), (31.135) and (31.112) give for the ARE of the c x test compared to 
“ Student’s ” t 


a ,..,=r r i'{^.w}{/.(*)c<faT. 

. J — 00 


(31.136) 


In (31.136) we have put a* = 1 by standardizing F Y (x). We now seek the minimum 
value of (31.136). 

31.66 It will be remembered that J (x) in (31.136) is defined as <I> -1 (jc), the inverse 
of the standardized normal d.f. Thus 

<&{/(*)} = x. (31.137) 

Differentiating both sides, and writing <f>(x) = <D'(*) for the normal f.f., we have 


so that 


£[•{/<*)>] - HJ (*)}/(*) = 1. 


l 


fuw 


(31.138) 
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Also, for any particular parent F t (x), the random variable F x (*) itself is the prob¬ 
ability-integral transformation of x and is uniformly distributed on (0,1). Using 
(31.137), we therefore have 

dF i(*) - «>{/(*)} - #{/(*»</(*)• (3U39) 

For given F u (31.139) defines / as a function of x. 

Substituting (31.138-139) into the integral in square brackets in (31.136) we have 

r i WJJdj]' 

J—wr * 

- ' 3u4o > 

To minimize (31.136), we require to minimize (31.140) subject to the standardiza¬ 
tion conditions 


J xdF l - J - 0,' 

J- J- 1- 


(31.141) 


The minimization is with respect to F u but through (31.139) this is equivalent to 
minimization with respect to x as a function of J. We therefore seek a monotone 
non-decreasing function x(J) which minimizes (31.140) subject to (31.141). 


31.67 Since <f> is the standardized normal f.f., the restrictions (31.141) are obviously 
satisfied when 


*C7W (31-142) 

and (31.140) is then equal to 1. From (31.139), this occurs when dF t (x) = dQ(x) 
so that F 1 is normal. Thus we have verified our statement of 31.63 that in the normal 
case the c x test has ARE 1. 

Chemoff and Savage (1958) show that (31.142) is actually the unique solution of 
our minimization problem, i.e. that I > 1 for any non-normal F lt so that the test 
has minimum ARE of 1 compared to the t- test. We present only a heuristic argument 
leading to their result. Let us use the representation 

x(J)=J+P(J)- 


If (31.141) holds, we have 

1 = var J = var {*(/)} = var/+var {p (/)}+2 cov {/, p (J )}, 

and thus 


cov {/,/>(/)} < 0, (31.143) 

the equality in (31.143) being attained if and only if P(J) is a constant. By (31.141) 
again, E{p(J)} = 0, so (31.143) is an equality only when p(J) = 0. Let us neglect 
this case, which we treated at (31.142). We wish to minimize (31.140), which is 



We assume x(J) to be strictly increasing, so that *'(_/) > 0 and, by 


Exercise 9.13, excluding the degenerate equality, 


£ {?U)} > 1/B{ *' ( - ,)> = VIi+WC/)}]- 
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Now (31.143) implies under certain conditions that E{p'(J)} < 0, for if J and p[J'. 
have negative covariance, the “ average slope ” of p (J) must be negative. Thus, if 
p(J) is not identically zero, 



and hence x(J) = J gives the unique minimum of the ARE. 


31.68 The implication of the result of 31.63-67 is far-reaching. The cutest is 
distribution-free (completely robust) and has minimum ARE of 1 compared to the 
standard normal-theory test based on “ Student’s ” /, which is only fairly robust. It is 
therefore difficult to make a case for the customary routine use of “ Student’s ” test in 
testing for a location-shift between two samples when sample numbers are reasonably 
large. No information is yet available on how large they should be in general for the 
Ci test to assert its asymptotic superiority, but it does not seem likely that the /-test has 
any appreciable advantage (even in the normal case for which it is optimum) for sample 
sizes of the order of 10 or more. 

The labour of computing the Cj-test is very light. It consists of referring 


(31.144) 


e ,-g(c,|W.) _ r»(»-l) V 
{var(c,|ff.)}> t J [■£ 

to a table of the standardized normal distribution. Fisher and Yates’ Tables give 

n 

2 {£($, n)} 2 for n = 1 (1) 50 to 4 d.p. and the individual E(s, n) to 2 d.p. For n = 50. 
1 * 


#-=i 

this factor may be dropped from (31.144), reducing the test statistic to 


= 0-97, and thereafter tends to 1 as we saw below (31.133), so that 
>m (31.144), red 
In — IV 

i«(—) *E(X if n). 

V*1*2/ 


31.69 Other tests for the two-sample problem, now rather overshadowed by the 
Wilcoxon and the Fisher-Yates c x tests, have been proposed. That of Wald and Wolfowitz 
(1940)—cf. Exercise 30.8—based on the number of runs, has the advantage of being 
consistent against the general alternatives (31.111) if limnj/w, is bounded away from 
0 and oo. Smirnov (1939b) proposed a test based on the maximum absolute difference d 



the same limiting distribution as that of Z) n «* given at (30.132). The convergence of the 
sample d.f.'s to the parent d.f.’s ensures that the test is consistent against (31.111). A 
lower bound for its power may be obtained just as for D n in 30 . 60 , but the test may be 
biassed—cf. Exercise 30.16 for the D n test. 

Lehmann (1951) proposed a test which he showed to be alw r ays unbiassed. 

Although rather little is known of the power of these tests, it is clear that they are less 
efficient than those we have discussed. In fact, Mood (1954) show's the Wald-Wolfowitz 
test to have ARE of 0 against normal location-shift or normal scale-shift alternatives. 
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Van der Waerden (1952-1953) proposed a two-sample test based on the inverse 
normal-distribution function transformation, which is asymptotically equivalent to the 
c x test—cf. (31.129). 

Two-sample tests of ff o :0 = 1 against the scale-shift alternative 

= ® > 0, (31.145) 

are discussed by Mood (1954), Kamat (1956) and B. V. Sukhatme (1957-1958). Mood 
proposed the statistic 

W= 5 + 

1 

and showed that in the normal case its ARE compared to the optimum variance-ratio 
test is 15/(271*) == 0*76. For other parent distributions, its ARE ranges from 0 to oo, 
One could presumably obtain ARE of 1 against normal alternatives by applying the vari¬ 
ance-ratio test to the expected values of the order-statistics E(s,ri) on the lines of the 
c x test. 

Siegel and Tukey (1960) propose a two-sample test against (31.145) w'hich, like the 
Wilcoxon and Fisher-Yates tests, uses a sum of scores in one sample as test statistic. 
Moreover, the scores are actually the rank values themselves, but they are allocated in a 
way different from that used in the Wilcoxon test. n x 4- n t = n is assumed even (if 
odd, the median observation is ignored), and the observations ordered in a single sequence 
as before. Then for the in smallest observations, x tr is allotted the score 4r and x< 2r+ ,) 
the score 4r+l; for the in largest observations, *<«-*,.) is allotted the score 4r + 2, and 
X( n - tr ~i) the score 4r + 3. It will be seen that these scores are a permutation of the numbers 
1 to n; e.g. for n = 10 the scores are, in order, 1, 4, 5, 8, 9, 10, 7, 6, 3, 2. 

Clearly, a shift in dispersion will produce extreme values of the sum of scores in 
either sample (although a shift in location would counteract this). Since all permutations 
are equiprobable on H 0 , the theory and tables for the Wilcoxon test may be used without 
modification. (In fact, they would apply if the numbers 1 to n were used as scores under 
any allocation system whatever.) Siegel and Tukey (1960) provide detailed tables for 
fti < n, < 20, which may thus also be used for the Wilcoxon test. The ARE of this 
scale-shift test has not yet been calculated, but is presumably high in the normal case. 
It is a reasonable surmise that a test with greater ARE against normal alternatives would 
be obtained if precisely the same modification were applied to the Fisher-Yates test. 

For non-negative random variables x u x tt the hypothesis (31.145) is equivalent to a 
location-shift alternative for the logarithms of the variables. 

&-sample tests 

3L70 The generalization of two-sample tests to the A-sample problem (Problem 
(2) of 31.13) is straightforward. The hypothesis to be tested is that k > 2 continuous 
distribution functions are identical, i.e. 

H 0 : F x (x) = F t (x) = ... = F k (x), all x t (31.146) 

on the basis of independent samples of n p observations (p = 1,2, where 

k 

S n p = n. In the parametric theory, all of the F p are assumed normal with common 

i 

unknown variance a 2 and different means 0 P , so that 

H x : F 9 (x) = F(x-6 P ), p= 1,2,...,*, (31.147) 

with not all the d P equal. (31.146) then becomes 

H q : 6 P = 0, all p. 


KK 


(31.148) 
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The LR test of (31.148) in the normal case is based on the statistic 

1 * 

I i ^ n » (*»> — *) 2 

r K 1 P-l 

* ~t— r"*- 

— 7 2 2 (Xpj—Xp) 1 

n — R p= .i 

(where is the />th sample mean and x the overall sample mean), which is distributed 
in the variance-ratio (F) distribution with (k— l,n— k) degrees of freedom. This 
follows immediately from the general LR theory of Chapter 24, and is the simplest 
case of the Analysis of Variance, which we shall discuss in Volume 3. As (n— k) —► x, 
it follows (cf. 16.22(7)) that 

5=2 rt p (x p —x)*/a 2 (31.149) 

p=-i 

is asymptotically a x 2 variate with A—1 degrees of freedom. 

This test has been shown by Gayen (1949-1951) to be remarkably robust to depar¬ 
tures from normality, and we shall be discussing the robustness of Analysis of Variance 
procedures in general in Volume 3. Here we consider only distribution-free substitutes 
for the normal theory test. 

31.71 Since (31.147) is clearly a generalization of the location-shift alternative 
(31.76) in the two-sample case, it is natural to seek generalizations of the two-sample 
tests to k samples. From our previous general argument, we could obtain a distribu¬ 
tion-free test with ARE 1 against normal alternatives by replacing the observations 
x vi by the expected values of the normal order statistics E (r, n )—this procedure is sug¬ 
gested by Fisher and Yates in their Statistical Tables. So far as we know, this test 
has not been studied in detail. 

However, several authors have generalized the Wilcoxon test to k samples. We 
consider two different approaches to the problem. First, suppose that we simply 
replace the observations x by their ranks X. The statistic (31.149) then becomes 

5=2 («*-l)>- (31.150) 

1 

n— 1 

Kruskal and Wallis (1952-1953) proposed the statistic H =- S t large values of H 

ti 

forming the critical region of the test. They demonstrated its asymptotic xti dis¬ 
tribution as in the parametric case. For k = 3, rt p ^ 5, they tabulate its exact distri¬ 
bution in the neighbourhood of its critical values for a = 0-10, 0-05, 0 01. Kruskal 
(1952) showed that the //-test is consistent against any alternative hypothesis for which 
an observation from one of the parent distributions has probability # £ of exceeding 
a random observation from the k parents taken together. This is a generalization of 
the consistency condition for the Wilcoxon test in 31.56. Andrews (1954) showed 
that the ARE of the H- test compared to the variance-ratio F-test of 31.70 is given 
precisely by the expression (31.115) which we have already derived for the Wilcoxon 
two-sample test—Exercise 31.20 indicates a method of proof. The ARE is therefore 
3 /tt 4- 0-95 in the normal case, and can never fall below 0-864, by 31.60-61. 
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31.72 In the two-sample case, we saw in 31.52 that it made no difference to the 
test statistic derived whether we replaced observations by ranks or counted the number 
of inversions of order between the samples. In the present ^-sample case, it does 
matter. We now proceed to the inversions approach, and shall find that it leads to a 
different statistic from H of 31.71. 

Suppose that the statistic U of (31.38) is calculated for every pair of samples, there 
being hk(k— 1) pairs in all; we write for the value obtained from the pth and qth 
samples (/>, q = 1, 2. k ; p ^ q) and 

2 2 U„. (31.151) 

j»~i i-p+i 

We may now very easily generalize the theory of 31.53. (31.100) is replaced by 

e.= £ q..+v, 

p~i 

which leads to the c.f. relationship 

<M0) = <M0)/ n *„,(0), (31.152) 

/ J >=1 

which is the analogue of (31.101). We find, corresponding to (31.103), for the c.g.f. 
of U 


Vv 



2 nl)+ 2 


B., (>•«)" 

2im 


{ 


H t Hp 

2-2 L 


5—1 P~ I #«■! 



The cumulants of U are therefore 


(31.153) 


In particular 


*i = i(»*- £»•), - 0, j > 0, 

U i ) 

K* = ^ 2 ^n 2 (2n + 3)-^ n% (2»,+3) j. 


(31.154) 


(31.155) 


31.73 The limit distribution of U also follows as in 31.55. If the n B —► oo so 
that njn remains bounded for all p, we write N for any n, or n and see that k u is at 
most of order (2/ +1) in N, with of order N 3 . Thus #c w /*| is of order N 1 -* at most 
and tends to zero for ally > 1, so that U tends to normality with mean and variance 
given by (31.154-155). Jonckheere (1954) shows that if only two of the ^-sample sizes 
tend to infinity so that n t /n, njn remain bounded, the distribution of U still tends to 
normality—this may be seen from the consideration that U is the sum of \k(k—l) 
(non-independent) Wilcoxon statistics U M . If r sample sizes, r 2, tend to infinity, 
lr(r— 1) of the t/ M will tend to normality and will dominate U. 

Jonckheere (1954) tabulated the exact distribution of U for samples of equal sizes m. 
His table covers k = 3, m = 2(1)5 ; k — 4, m — 2(1)4; k - 5, m = 2, 3 ; and 
k « 6, m = 2. Beyond this point, the normal approximation is adequate for equal 
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sample sizes. Even for very unequal sample sizes, the normal approximation seems 
adequate for practical purposes when n > 12. 

Terpstra (1952), who originally proposed the A-sample U- test and derived the c.f. 
and limiting distribution given above, gave necessary and sufficient conditions for the 
consistency of the test. If the probability that an observation from the pxh distribution 
exceeds one from the jth is (cf. (31.51)) 

^{* 1 * > *«>} = h + e»n P*Q, 
and the weighted sum of the e M is 

S n = S2 

p<t 

then the conditions for consistency (as n —► <» with n„/n bounded for all p) of the test 
using large values of U as critical region are (1) S n > 0, (2) (kn)~ 3 ^S n —*- oo. These 
are direct generalizations of (31.58), the condition for consistency of Q in testing ran¬ 
domness against downward trend. 

31.74 So far as we know, the efficiencies of the two ^-sample test statistics H and 
U have not been compared. The difficulty is that the forms of their limiting distribu¬ 
tions are different; for fixed k, H has a non-central distribution, and U a normal 
distribution asymptotically when H 0 holds and presumably also under general alter¬ 
natives. Since both tests reduce to Wilcoxon’s when k — 2, one supposes that they 
cannot differ greatly in efficiency for k > 2. It seems likely that the U- test will be 
at its best when the alternatives are of the form (31.147) with 0 4 < 0, < ... < 0 fc , or 
in the more general situation when (31.147) is replaced by 

Fi(x) < F,(x) < ... < F fc (x), all x. (31.156) 

(31.156) may be referred to as an ordered alternative hypothesis. The H- test, on the 
other hand, is likely to be more efficient against broader, more general, classes of 
alternatives. 

Tests of symmetry 

31.75 In all of the hypotheses discussed in this chapter, we have been fundamen¬ 
tally concerned with n independent observations (usually on a single variate x but, in 
the case of testing independence, on a vector (x,y)). Our hypotheses have specified 
that certain of these observations are identically distributed, and proceeded to test 
some hypotheses concerning their parent distribution functions. We found (cf. 31.16) 
that, to obtain similar tests of our hypotheses, we must restrict ourselves to permuta¬ 
tion tests, the distribution theory of which assigns equal probability to each of the n l 
orderings of the sample observations. 

An implication of this procedure is that the tests we have derived remain valid if 
the hypotheses we have considered are replaced by the direct hypothesis that the joint 
distribution function of the observations is invariant under permutation of its argu¬ 
ments. For example, consider a two-sample test of the hypothesis 

H 0 : F,(jc) = F,(*), all *, (31.157) 

where n lt n t are the respective sizes of random samples from the two distributions 
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and n - « l +« a . Write G for the joint distribution function of the n observations. 
Replace H 0 by the hypothesis of symmetry 

H 0 ; • • • i *») — G . •. , #„)> (31.158) 

where the z’s are any permutation of the x’s. Then any similar test which is valid 
for (31.157) will be so for (31.158) also. This is not to say that the optimum proper¬ 
ties of a test will remain the same for both hypotheses—a discussion of this point is 
given by Lehmann and Stein (1949). However, it does imply that any test of type 
(31.157) cannot be consistent against the alternative hypothesis (31.158). 

Practical situations are common in which a hypothesis of symmetry is appropriate. 
Since we have not discussed this problem so far even in the parametric case, we shall 
begin by a brief consideration of the latter in the simplest case. 

The paired /-test 

31.76 Suppose that variates and x t are jointly normally distributed with means 
and variances {jt u of), (jx 2 , of) respectively and correlation parameter p. We wish to 
test the composite hypothesis 

//„: A = = 0 (31.159) 

on the basis of m independent observations on (*i,* a ). Consider the variable 
y = x 1 —x a . It is normally distributed, with mean A and variance o a = of+of— 2po l o r 
We have m observations on y available and may therefore test H 0 by the usual 
“ Student’s ” /-test for the mean applied to the differences (*j,— x ai ), i = 1,2,...,«. 
The procedure holds good when p = 0, when x a and x t are independent normal vari¬ 
ates, and in this particular situation the test is a special case of that given at (21.51) 
with /jj = n a = m. 

31.77 Next simplify the example in 31.76 by putting of = erf. The joint dis¬ 
tribution F(x v x a ) is now symmetric in x t and x t save possibly for their means. When 
H 0 holds, we have complete symmetry. We may therefore write (31.159) as 

H 0 : F(x u x a ) = F(x a ,x l ) i all (31.160) 

This is a typical symmetry hypothesis, which may formally be put into the general 
form (31.158) by writing G as the product of m factors (one for each observation on 
(*!»*•))• 

We now abandon the normal theory of 31.76 and seek distribution-free methods 
of testing the non-parametric hypothesis (31.160) for arbitrary continuous F. If we 
take differences y = *j — x a as before, we see that H 0 states the symmetry of the dis¬ 
tribution of y about the point 0 or, if G is its d.f., 

H 9 :G{y) = l-G(-y), all y. (31.161) 

We have thus reduced the hypothesis (31.160) of symmetry of a bivariate d.f. in its 
arguments to the hypothesis (31.161) of symmetry of a univariate distribution about 
a particular value, zero. This hypothesis is clearly of interest in its own right (i.e. 
we may simply be interested in the symmetry of a single variate), and we proceed to 
treat the problem in this form. 
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31.78 Its solution is very simply obtained, and requires no new theory. For the 
hypothesis (31.161) implies that any positive valuer has the same probability of being 
observed as the value (— y). If, therefore, we consider the absolute values of the 
observations, \y t |, these have emanated from two distributions (the positive and nega¬ 
tive halves of the distribution of y, the latter having its sign changed) which are identical 
when H 0 holds. If we label the values of | y t | according to whether they were origin¬ 
ally positive or negative, and call these “ sample 1 ” and “ sample 2,” we are back 
at the two-sample problem: any of the two-sample tests discussed earlier (e.g. the 
w-test, the Wilcoxon Latest or the cutest) may be applied here and their ARE’s will 
be as before. The only new feature here is that the numbers of observations in 
“ sample 1 ” and “ sample 2 ” are themselves random variables, even though the total 
number of observations is fixed in advance. However, this has no effect on the infer¬ 
ence, since these numbers are ascertained before the test statistic is calculated ; in 
fact, this is simply another facet of the general property of permutation tests, that 
their distributions depend on the values of observations which are themselves random 
variables. 

The use of the w -test in this way as a test for symmetry was proposed by R. A. 
Fisher about thirty years ago (cf., e.g., Fisher (1935a)) and in this form it is sometimes 
called Fisher’s test. 

31.79 Before leaving tests of symmetry, we briefly point out that whereas the 
problem considered in 31.77-78 was that of testing symmetry in two variables, the 
general hypothesis of symmetry in it variables (31.158) can also be tested by distribu¬ 
tion-free methods given m observations on the vector (* t , jc 2 , ..., *„). We postpone 
discussion of this problem because it is a special case of the Analysis of Variance in 
Randomized Blocks, which we shall discuss from the parametric viewpoint in Volume 3. 

The effects of discontinuities: continuity corrections and ties 

31.80 In various places, in this chapter as elsewhere, we have approximated dis¬ 
continuous distributions (in the present context the permutation distributions of test 
statistics) by their asymptotic forms, which are continuous. In practical applications, 
it usually improves the approximation if we apply a continuity correction , which amounts 
to the following simple rule: when successive discrete probabilities in the exact dis¬ 
tribution occur at values z u z t ,z 3 , the probability at z 2 is taken to refer to the interval 
(J (z } + z 2 ), | ( 2 j + 2 3 )). Thus, when we wish to evaluate the d.f. at the point z t from 
a continuous approximation, we actually evaluate it at the point \{z 2 + z 3 ). 

31.81 Finally, there is another question connected with continuity which we 
should discuss here. Our hypotheses have been concerned with observations from 
continuous d.f.’s, and this implies that the probability of any pair of observations being 
precisely equal (a so-called tie) is zero and that we may therefore neglect the possibility. 
Thus we have throughout this chapter assumed that observations could be ordered 
without ties, so that the rank-order statistics were uniquely defined. However, in 
practice, observations are always rounded off to a few significant figures, and ties will 
therefore sometimes occur. Similarly, if the true parent d.f.’s are not in fact con- 
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tinuous, but are adequately represented by continuous d.f.’s, ties will occur. How are 
we to resolve the difficulty of obtaining a ranking in the presence of ties ? 

Two methods of treating ties have been discussed in the literature. The first is 
to order tied observations at random. This has the merit of simplicity and needs no 
new theory, but obviously sacrifices information contained in the observations and may 
be expected to lead to loss of efficiency compared with the second method, which is 
to attribute to each of the tied observations the average rank of those tied. There has 
been rather little investigation of the merits of the methods, but Putter (1955) shows 
that the ARE of the Wilcoxon test is less for random tie-breaking than when average 
ranks are allotted. Kruskal and Wallis (1952-1953) and Kruskal (1952) present a dis¬ 
cussion of ties in the H- test. 

Until further information is available, the average-rank method is likely to be the 
more commonly used. Unfortunately, it removes the feature of rank order tests 
which we have remarked, that their exact distributions can be tabulated once for all. 
For, if the average-rank method of tie-breaking is used, the sum of a set of ranks is 
unaffected but, e.g., their variance is changed. The exact distribution for small sample 
sizes now becomes a function of the number and extent of the ties observed, and this 
makes tabulation difficult. Even the limiting distributions are affected—e.g. if the 
distribution is normal, the variance is changed. Kendall (1955) gives full details of and 
references to the necessary adjustments for the rank correlation coefficients and related 
statistics (which include the Wilcoxon test statistic), and other discussions of adjust¬ 
ments have been mentioned above. 


EXERCISES 

31.1 By use of tables of the y} distribution, verify the values of the true probabilities 
in the table in 31.7. 

31.2 Verify that the distribution (31.18) has moments (31.12), (31.13) and (31.17). 

31.3 If r is the correlation coefficient defined at (31.11), if we transform the observed 
x- and y- values by X= t t (x) t Y = t t (y ) 9 and calculate R , the correlation between the 
transformed values ( X\ Y), then every one of the equiprobable nl permutations yields 
values r, R . Show that the correlation between r and R over the n! permutations is 
given by 

C(r,R) = C l (x,X)C t (y 9 Y) 9 

i.e. that the correlation coefficient of the joint permutation distribution of the observed 
correlation coefficient and the correlation coefficient of the transformed observations is 
simply the product of the correlation between x and its transform with the correlation 
between and its transform. 

(Daniels, 1944) 

31.4 Derive the fourth moment of the rank correlation coefficient given at (31.22) 
from the general expression in (31.14). 

31.5 Show that (31.21) and (31.40) are alternative definitions of (31.19) by proving 
the identities (31.20) and (31.39). 



510 


THE ADVANCED THEORY OF STATISTICS 


31.6 Using the definitions (31.37), (31.38), show that in the joint distribution of t and 
r g over the n ! equiprobable permutations in the case of independence, their correlation 
coefficient is 

2(n + l)/{2fi(2n+5)}*. 

(cf. Daniels (1944)) 

31.7 A sample of n pairs (x, y) is obtained from a continuous bivariate distribution. 
Let 5, y be the sample medians of x and y and define the statistic 

n 

u = 2 sgn(x*-5)sgn(y<-59« 

i-i 

Show how u may be used to test the hypothesis of independence of x and y, and that its 
ARE compared to the sample correlation coefficient against bivariate normal alternatives 
is 4 fn % . (This is called the medial correlation test.) 

(Blomqvist, 1950) 

31.8 In 31*36, use the result of Exercise 2.15, and the symmetry of the distribution 
of Q f to show that a sufficient condition for a size-ot test of randomness to be strictly 
unbiassed against the alternatives (31.51) is that 

^ in (» — 1) — (1 — «) (n — 1) — 0o }» 
where Q 0 is the critical value of Q defined at (31.55). 

(cf. Mann (1945)) 


31.9 Show that (31.69) holds for the statistic V defined by (31.37) as well as for Q , 
and hence that r,asa test of randomness has the same ARE as the other rank yrrelation 
coefficient f. 


31.10 In testing the hypothesis (31.49) of randomness against the normal regression 
alternatives (31.61), consider the class of test statistics 

5 = 'ZtVijhij, 


where the summation contains Jn terms (;n a multiple of 6), the suffixes i, j each taking hi 
different values and all suffixes being distinct, while the tetj are weights. Thus 5 involves 
In comparisons between independent pairs of observations. 

Show that the 5-statistic with maximum ARE compared with b at (31.63-64) is 


with ARE 


S\ = ^ (n — 2A+l)/ij r|fI _i r +i 

A--L 

A Su i = (2/n)l =7 0*86. 

(D. R. Cox and Stuart, 1955) 


31.11 In Exercise 31.10, show that if instead of Sx we use the equally-weighted form 

5 t = k hk t n * + l» 

Jr-l 

/3 V 

the ARE is reduced to l 2^1 ^0*28, but that the maximum ARE attainable by an 
5-statistic with all weights 1 or 0 is (16/9^)1 *r 0*83, which is the ARE of 

V? 

5* = 2 **,§« + *• 


1 


5, involves only comparisons, between the u earliest ” and “ latest 99 observations. 

(D. R. Cox and Stuart, 1955) 
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31.12 Define the statistic for testing randomness 

B — iS sgn (x<—5) 

<-i 

where x is the median of the sample of size n (n even). Show that its ARE against normal 
alternatives is exactly that of S% in Exercise 31.11. 

(D. R. Cox and Stuart (1955); cf. G. W. Brown and Mood (1951)) 

31.13 N samples, each of size n, are drawn independently from a continuous distribu¬ 
tion with mean n and variance a* f and the observations ranked from 1 to n in each sample. 
For the Nn combined observations, the correlation coefficient between the variate-values 
and the corresponding ranks is calculated. Show that as N—>o o this tends to 

_ /n-iy3*A 
- \n+\) 2a 9 

where A is Gini’s coefficient of mean difference defined by (2.24) and Exercise 2.9. 
In particular, show that for a normal distribution 



so that 

C - lim C„ = (3/n)i ^ 0-98. 

(Stuart, 1954c) 

31.14 Use (a) the theorem that the correlation between an efficient estimator and 
another estimator is the square root of the estimating efficiency of the latter (cf. (17.61)), 
(b) the relation between estimating efficiency and ARE given in 25.13, (c) Daniels' 
theorem of Exercise 31.3, and (d) the last result of Exercise 31.13 to establish the results 
for the ARE of the rank correlation coefficient r$ (and hence also t) as a test of independence 
(31.48) and as a test of randomness (31.70) ; and also to establish the ARE of Wilcoxon’s 
rank-sum test against normal alternatives (31.117). 

(Stuart, 1954c) 

31.15 Obtain the variance of Wilcoxon's test statistic given at (31.105) by considering 
the mean of a sample of n x integers drawn from the finite population formed by the first 
n natural numbers. 

(Kruskal and Wallis, 1952-1953) 

31.16 In 31.56 show for the two-sample Wilcoxon test statistic U that whatever the 
parent distribution F u F t , 

E(U) = n l n t p 9 
varf/ = 0(A r3 ), 

where N stands indifferently for » lf n ti n. Hence, as n lf n t —► oo with njn t fixed, show 
that the test is consistent if p -A A. 

(Pitman, 1948) 

31.17 Show that if two continuous distribution functions differ only by a location- 
shift 0, Wilcoxon's test statistic can be used to set a distribution-free confidence interval 
for 0 in the manner of 31.49. 



THE ADVANCED THEORY OF STATISTICS 


31.18 For the distribution 

dF = exp(— x)x v ~ l dx/T(p), 0 < x < oo, P > {, 

show that the ARE of the Wilcoxon test compared to the “ Student’s ” /-test for a shift 
in location between two samples is 

A _ 3p_ 

V,t 2*<P-»{(2p-\)B(p,p))'’ 

a monotone decreasing function of p. Verify that Av,t > 1*25 for p < 3. Show that 
as p— ► Av,t—+ oo, and that as p —► oo, A^t—► 3/», agreeing with (31.117). 

31.19. Show that the H-test of 31.71 reduces when k = 2 to the Wilcoxon test with 
critical region equally shared between the tails of the test statistic. 

31.20 Using the result of 25.15 concerning the ARE of two test statistics with limiting 
non-central x* distributions with equal degrees of freedom and only the non-central 
parameter a function of the distance from H 0 , establish that the A-sample H-test of 31.71 
has ARE, compared to the standard F-test in the normal case, equal to (31.115). 

31.21 Show that in testing p = 0 for a bivariate normal population, the sample 
correlation coefficient r gives UMPU tests against one- and two-sided alternatives. 

31.22 Show that Wilcoxon’s test has ARE of 1 compared with “ Student’s ” /-test 
against a location-shift for rectangular alternatives. 


(Pitman, 1948) 
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SOME USES OF ORDER-STATISTICS 


32.1 In Chapter 31 we found that simple and remarkably efficient permutation 
tests of certain non-parametric hypotheses are obtained by the use of ranks, reflecting 
the order-relationships among the observations. In this chapter we first discuss the 
uses to which the order-statistics themselves can be put in providing distribution-free 
procedures for the non-parametric problems (5) and (6) listed in 31.13. We then go 
on to consider uses of order-statistics in other (parametric) situations. The reader 
is reminded that the general distribution theory of order-statistics was discussed in 
Chapter 14, and that the theory of minimum-variance unbiassed estimation of location 
and scale parameters by linear functions of the order statistics was given in Chapter 19. 
A valuable general review of the literature of order-statistics was given by Wilks (1948), 
whose extensive bibliography is supplemented by the later one of F. N. David and 
Johnson (1956). 

Sign test for quantiles 

32.2 The so-called Sign test for the value of a quantile of a continuous distribu¬ 
tion seems to have been the first distribution-free test ever used, <#) but the modern 
interest in it dates from the work of Cochran (1937). 

Suppose that the parent d.f. is F(x) and that 

F(X,) = p (32.1) 

so that X p is the p-quantile of the distribution, i.e. the value below which lOOp per 
cent of the distribution lies. For any p, 0 < p < 1, the value X v is a location value of 
the distribution. We wish to test the hypothesis 

H 0 :X P = x 0 , (32.2) 

where jc 0 is some specified value. (If we take x 0 as our origin of measurement for 
convenience, we wish to test whether X p is zero.) 

32.3 If we have a sample of n observations, we know that the sample distribution 
function will converge in probability to the parent d.f. Let us, then, observe the rela¬ 
tionship between the order-statistics jc (1) , jc (2 ), ..., x (n) and the hypothetical value of 
X p to be tested. We simply count how many of the sample observations fall below 
x 0 , i.e. the statistic 

S = ih(x 0 -x {i) )= ih(x 0 - Xi ) (32.3) 

t—1 t=-l 

< #) Todhunter (1865) refers to its use in simple form by John Arbuthnot (Physician to Queen 
Anne, and formerly a mathematics teacher) to support An Argument for Divine Providence taken 
from the constant Regularity observ'd in the Births of both Sexes (1710-1712); Arbuthnot was a 
well-known wit and the author of the satire The Art of Political Lying . 
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where (cf. (31.36)) 



z > 0, 
z < 0. 


S counts the number of positive signs among the difference (x 0 — .r*), and hence the 
test based on S is called the Sign test.(*) The distribution of S is at once seen to be 
binomial, for S is the sum of n independent observations on a 0-1 variable h(x 0 —x) 
with 


P{A(x 0 -*) = 1} = P{.v < x 0 } = P, 
say. The hypothesis (32.2) reduces to 

H 0 :P = p, (32.4) 

and we are simply testing the value of the binomial parameter P. We may wish to 
consider either one- or two-sided alternatives to (32.4). 

If we specify nothing further about the parent d.f. F(x), it is obvious intuitively 
that we cannot improve on S as a test statistic, and we find from binomial theory (cf. 
Exercise 22.2 and 23.31) that for the one-sided alternative H x : P > p, the critical region 
consisting of large values of S is UMP, while for the two-sided alternative H % : P ^ p, 
a two-tailed critical region is UMPU. 

In the most important case in practice, when p = % and we are testing the median 
of the parent distribution, we have a symmetrical binomial distribution for S, and the 
UMPU critical region against H 2 is the equal-tails one. 


A formal proof of these results is given by Lehmann (1959). 


32.4 For small sample size n, therefore, tables of the binomial distribution are 
sufficient both to determine the size of the Sign test and to determine its power against 
any particular alternative value of P, and thus its power function for alternatives H x or 
H t . As n increases, the tendency of the binomial distribution to normality enables us 
to say that (S— »P)/{»P(1 — P)} 4 has a standardized normal distribution. If we use 
a continuity correction as in 31.80 for the discreteness of S, this amounts to replacing 
|iS—»P| by |iS—»P| — \ in carrying out the test. 

In the case of the median, when we are testing P = \, the tendency to normality 
is so rapid that special tables are not really required at all, since we need only compare 
the value of 

(|S-J»|-1)/(J»1) (32.5) 

with the appropriate standardized normal deviate. However, Cochran (1937) and 
Dixon and Mood (1946) provide tables of critical values for the test, the •former for 
sample sizes up to 50 and test size a = 0*05 only, and the latter for sample sizes up to 
100 and « = 0*25, 0*1, 0*05 and 0*01. 


Power of the Sign test for the median 

32.5 The approximate power of the Sign test is also easily ascertained by use of 


Because of the continuity of the parent d.f., the event xi = can only occur with prob¬ 
ability zero. If such “ ties ” occur in practice, the most powerful procedure is to ignore these 
observations for the purposes of the test, as was shown by Hemelrijk (1952)—cf. 31 . 81 . 
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the normal approximation. Neglecting the continuity correction of 32.4, since this is 
small in large samples, we see that the critical region for the one-tailed test of P = $ 
against P > $ is 

s ^ 

where dx is the appropriate normal deviate for a test of size a. The power function 
is therefore approximately 

Qi<P) = f { 2* n P(1 - P) )-l exp { - i } du 

Jif.+lV* 1 '* l nP{ l—r)) 

= -P) + -<,« «P ( “ ***) dt 

- < 32 - 6 ) 

where G{x} is the normal d.f. From (32.6), it is immediate that as n —>oo the power 
—► 1 for any P > |, so that the test is consistent. The power function of the two- 
sided “ equal-tails ” test with critical region 

\S-\n\> d H \rfi 

is similarly seen to be 

Q.( p ) - G ^Tpr^p)r} +G {-m-p)H (327) 

which tends to 1 for any P ?£ | as n —♦* oo. This establishes the consistency of the 
two-sided test against general alternatives. 

Dixon (1953b) tabulates the power of the two-sided Sign test for test sizes a < 0*05, 
a < 0-01, n ranging from 5 to 100 and P — 0 05 (0-05) 0-95. MacStewart (1941) gives a 
table of the minimum sample size required to attain given power against given values of P. 

The Sign test in the symmetrical case 

32.6 The power functions (32.6) and (32.7) are expressed in terms of the alter¬ 
native hypothesis value of P. If we now wish to consider the efficiency of the Sign test 
in particular situations, we must particularize the distribution further. If we return 
to the original formulation (32.2) of the hypothesis, and restrict ourselves to the case 
of the median X 0 . s = M, say, we wish to test 

H 0 :M=M 0 . (31.8) 

If the parent distribution function is F(x) as before and the f.f. is /(*)» we have for 
the value of P 

P = F(M 0 ) = p f(x)dx. (32.9) 

J —00 

Suppose that we are interested in the relative efficiency of the Sign test where the 
parent F is known to be symmetrical, so that its mean and median M coincide. We 
may test the hypothesis (32.8) in this situation using as test statistic x, the sample 
mean. If F has finite variance o 2 , x is asymptotically normal with mean M and 
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variance a 2 /n, and in large samples it is equivalent to the “ Student’s ” statistic 

x-M 
s/(n- 1)» 

where r* is the sample variance. For x, we have 

»*(•!*) - 1 - 

var (x | M) = a*/n, 

so that 

_» 

var (x | M) a *’ 

For the Sign test statistic, on the other hand, 

£(S|Af) = nP = n f ^ /(*)<£*, 

J — 00 


so that 

Also 

Thus 


{M} = 

var (S | M 0 ) = Jn. 




= 4«{/(Af)} 2 . 


(32.10) 


(32.11) 


var (51Af) 

From (32.10), (32.11) and (25.27) we find for the efficiency of the Sign test 

A s ., = 4a*{/(M)} 2 , (32.12) 

a result due to Pitman. 


32.7 There is clearly no non-zero lower bound to (32.12), as there was to the 
ARE for the Wilcoxon and Fisher-Yates tests in Chapter 31, since we may have the 
median ordinate f{M) = 0. In the normal case, /(A/) = (2 no*)-' 1 , so (32.12) takes 
the value 2 /jt. Since we are here testing symmetry about M 0 , we may use the Wil¬ 
coxon test, as indicated in 31.78, with ARE 2/it in the normal case and always exceeding 
0*864. There is thus little except simplicity to recommend the use of the Sign test 
as a test of symmetry about a specified median : it is more efficient to test the sample 
mean in such a situation. The Sign test is useful when we wish to test for the median 
without the symmetry assumption. 

Dixon (1953b) tabulates the power efficiency of the two-sided Sign test in the normal 
case (and gives references to earlier work, notably by J. Walsh). He shows that the 
relative efficiency (i.e. the reciprocal of the ratio of sample sizes required by the Sign 
test and the “ Student’s ” t-test to attain equal power for tests of equal size and against 
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the same alternative—cf. 25.2) decreases as any one of the sample size, test size, or the 
distance of P from i increases. 

Witting (1960) uses an Edgeworth expansion to order n ~* and shows that this second- 
order approximation gives results for the ARE little different from (32.12). 


Distribution-free confidence intervals for quantiles 

32.8 The joint distribution of the order-statistics depends very directly upon the 
parent d.f. (cf., e.g., (14.1) and (14.2)) and therefore point estimation of the parent 
quantiles by order statistics is not distribution-free. Remarkably enough, however, 
pairs of order-statistics may be used to set distribution-free confidence intervals for 
any parent quantile. 

Consider the pair of order-statistics x (r) and x (() , r < s, in a sample of n observa¬ 
tions from the continuous d.f. F(x). (14.2) gives the joint distribution of F r — F(x (r) ) 
and F, = F(x (l) ) as 

do = F;-'(F,-F r Y-'-'(i-F,r-yF r dF, 

' B(r,s-r)B(s,n-s+l) " * ( ) 

Xj,, the />-quantile of F(x), is defined by (32.1). Now the interval (x { , )( x (l) ) can only 
cover X p if F r ^ p < F„ and the probability of this event is simply 

l-«- J'j \ dGr ‘ n 

where the first integral refers to F r . This is 

l-a= F \’dG r , n (32.14) 

JoJo J 0 J 0 

and since F r $ F„ (32.14) may be written 

/•F. /• n 

(32.15) 


rr. rp 

dG,',-\ dG ri , 
0 J 0 J 0 


The double integrals on the right of (32.15) are easy to evaluate. In the first of them, 
the integration with respect to F, is over its entire range, and the integration from 
0 to p is therefore on the marginal distribution of F n which by (14.1) is 

= F'-\\-_FrY-'dF r 
B(r,n-r + 1) ’ 

a Beta variate of the first kind whose d.f. is simply an Incomplete Beta Function. 
Hence 

T CdG r , t = [ V dG r = /„(r,n —r+1). (32.16) 

J 0 J 0 Jo 

In the second double integral in (32.15), we make the substitution u = F r /F s , v = F„ 
with Jacobian v, exactly as in 11.9, and find 

P f "JG,. - f'( f ‘< c -'ii Ju)v A,, 

Jo Jo JolJo B(r,n-r+ 1) J 

and on integrating out u over its entire range 0 to 1, we are left as before with a marginal 
distribution, this time of F„ to be integrated from 0 to p. Thus 

* Ft rp rp 

“ (32.17) 


f * [dG = \ P dG, = /„(f,n—f+1). 
J 0 J 0 Jo 
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Putting (32.16-17) into (32.15), we have 

P{* ( D < X 9 < x (#) } = 1—a = /p(r,n-r+l)-/p(f,n-*+l). (32.18) 


32.9 We see from (32.18) that the interval (x (r) , * (f) ) covers the quantile X„ with 
a confidence coefficient which does not depend on F(x) at all, and we thus have a 
distribution-free confidence interval for X 9 . Since 


I,(a,b) - 1-I t . 9 (b,a), 


we may also write the confidence coefficient as 


1 —« = I l -,(n-s+l,s)-I l - 9 (n-r+l,r). (32.19) 


By the Incomplete Beta relation with the binomial expansion given in 5.7, (32.19) may 
be expressed as 


1 —a 




(32.20) 


where q — 1 —p. The confidence coefficient is therefore the sum of the terms in the 
binomial (q +p) n from the (r+l)th to the rth inclusive. 

If we choose a pair of symmetrically placed order-statistics we have s — »-r+l, 
and find in (32.18-20) 

1 -a = /p(r,n-r+l)-/p(n-r + l,r) 

= l-{/ 1 _,(n-r+l,r)+/,(»-r+l,r)}, (32.21) 



(32.22) 


so that the confidence coefficient is the sum of the central (n—2r+l) terms of the 
binomial, r terms at eacfi end being omitted. 


32.10 In the special case of the parent median JV 0 . 6 , (32.21-22) reduce to 

1 -« - 1 —2/ 0 . 6 (n—r + l,r) = 2-“(32.23) 

a particularly simple form. This confidence interval procedure for the median was 
first proposed by Thompson (1936). Nair (1940) gives tables of the value of r required 
for the confidence coefficient to be as nearly as possible 0-95 and 0-99 for n = 6(1)81, 
and gives the exact value of a in each case. For any values of a and n, the confidence 
coefficient attaching to the interval (*(r)»*(»-r+i)) may be calculated from (32.23), if 
necessary using the Tables of the Incomplete Beta Function. The tables of the binomial 
distribution listed in 5.7 may also be used. Exercise 32.4 gives the reader an oppor¬ 
tunity to practise the computation. 


Distribution-free tolerance intervals 

32.11 In 20.37 we discussed the problem of finding tolerance intervals for a 
normal d.f. Suppose now that we require such intervals without making assumptions 
beyond continuity on the underlying distributional form. We require to calculate 
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a randomly varying interval (/,«) such that 

(32.24) 

where f(x) is the unknown continuous frequency function. It is not obvious that such 
a distribution-free procedure is possible, but Wilks (1941, 1942) showed that the 
order-statistics x (r) , x (< ), provide distribution-free tolerance intervals, and Robbins 
(1944) showed that only the order-statistics do so. 

If we write l = x (r)t u = x (t) in (32.24), we may rewrite it 

P[{P(*w)-P(*w)} » 7] - fi- (32,25) 

We may obtain the exact distribution of the random variable JP (jc (#) ) — F(x lr) ) from 
(32.13) by the transformation 

y = FM-FM, 

z — F (X( f )), 

with Jacobian 1. (32.13) becomes 


_ z r - 1 y‘- r - 1 (l — y — z) n ~'dydz 
v * ~ ~B(r,s — r) B\s, n —7+1) ’ 


0 < y+z < 1. 


(32.26) 


In (32.26) we integrate out z over its range (0,1 —y), obtaining for the marginal distri¬ 
bution of y 

dG " “ l)r V, ( 1 -'-*-* (3227) 

We put z — (1 —y) t, reducing (32.27) to 


a r-l (l —y—z) n ~‘dz. 


(32.27) 




- y—T- in _y\n- t+r dy -- 

y U y) v 5(r,*-r)B(*,»-f+l) 

= 2*1— (1 -y) n ~ ,+T Jy 0 < y < 1. (32.28) 

J9(f—r,n—r+r + 1) J v ’ 

Thus y = F(x it) )—F(X( r )) is distributed as a Beta variate of the first kind. If we put 
r = 0 in (32.28) and interpret F(x im ) as zero (so that x m — — oo), (32.28) reduces to 
(14.1), with s written for r. 


0 < y < 1. 


(32.28) 


32.12 From (32.28), we see that (32.25) becomes 


P{y >r)-\ 


iy ,_r " 1 (l-v)"’ ,+, rfy o 
y B(s-r,n-s+r+i) 


(32.29) 


which we may rewrite in terms of the Incomplete Beta Function as 

P{F(.r (t) )-F(x (r) ) Ss y} = l-/ y (r-r,n-f+r+l) = /?. (32.30) 

The relationship (32.30) for the distribution-free tolerance interval (x (T) , x (t) ) contains 
five quantities : y (the minimum proportion of F(x) it is desired to cover), /S (the prob¬ 
ability with which we desire to do this), the sample size n, and the order-statistics’ 
positions in the sample, r and s. Given any four of these, we can solve (32.30) for the 

LL 
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fifth. In practice, /8 and y are usually fixed at levels required by the problem, and r 
and s symmetrically chosen, so that s = n— r+1. (32.30) then reduces to 

I y (n-2r+l,2r) = 1-/3. (32.31) 

The left-hand side of (32.31) is a monotone increasing function of n, and for any 
fixed /3, y, r we can choose n large enough so that (32.31) is satisfied. In practice, we 
must choose n as the nearest integer above the solution of (32.31). If r = 1, so that 
the extreme values in the sample are being used, (32.31) reduces to 

I y (n- 1,2) = 1-/8, (32.32) 

which gives the probability /3 with which the range of the sample of it observations 
covers at least a proportion y of the parent d.f. 

The solution of (32.30) (and of its special cases (32.31-32)) has to be carried out 
numerically with the aid of the Tables of the Incomplete Beta Function, or equivalently 
(cf. 5.7) of the binomial d.f. Murphy (1948) gives graphs of y as a function of n for 
/? = 0-90, 0-95 and 0-99 and r + (n - s + 1) = 1 (1)6(2)10(5)30(10)60(20)100 ; these 
are exact for n < 100, and approximate up to n = 500. 

Example 32.1 

We consider the numerical solution of (32.32) for ». It may be rewritten 

- B { nhi)\'r^- y)dy - ’"’- 1 >{£r£} 

= »/•-»- (n-l)y B . (32.33) 

For the values of /3, y which are required in practice (0-90 or larger, usually), » is 
so large that we may write (32.33) approximately as 

1-/8 - »y" _1 (l — y), 

’-mzr 

or 

log« + (n— 1) logy = log{(l-/8)/(l-y)}. (32.35) 

The derivative of the left-hand side of (32.35) with respect to « is - + log y 

n 

and for large n the left-hand side of (32.35) is a monotone decreasing function of ». 
Thus we may guess a trial value of n, compare the left with the (fixed) right-hand side 
of (32.35), and increase (decrease) n if the left (right) is greater. The value of it satis¬ 
fying the approximation (32.35) will be somewhat too large to satisfy the exact rela¬ 
tionship (32.33), since a positive term y n was dropped from the right of the latter, 
and we may safely use (32.35) unadjusted. Alternatively, we may put the solution of 
(32.35) into (32.33) and adjust to obtain the correct value. 

Example 32.2 

We illustrate Example 32.1 with a particular computation. Let us put 
P = y = 0-99. (32.35) is then 

log» + (»—1) log 0*99 = 0, 



SOME USES OF ORDER-STATISTICS 


521 


the right-hand side, of course, being zero whenever 0 = y. We may use logs to base 
10, since the adjustment to natural logs cancels through (32.35). Thus we have to 
solve 

logi„»-0-00436(»-l) = 0. 

We first guess n = 1000. This makes the left-hand side negative, so we reduce n to 
500, which makes it positive. We then progress iteratively as follows: 


n 

log lo n 

0-00436 (n-1) 

1000 

3 

4-36 

500 

2-6990 

2-18 

700 

2-8451 

3-05 

650 

2-8129 

2-83 

600 

2-7782 

2-61 

640 

2-8062 

2-79 

645 

2-8096 

2-81 


We now put the value n = 645 into the exact (32.33). Its right-hand side is 
645 (0-99)* 44 —644 (0-99) 645 = 1-004 - 0*992 = 0-012. 

Its left-hand side is 1 — = 0*01, so the agreement is good and we may for all practical 

purposes take n = 645 in order to get a 99 per cent tolerance interval for 99 per cent 
of the parent d.f. 

32.13 We have discussed only the simplest case of setting distribution-free tolerance 
intervals for a univariate continuous distribution. Extensions to multivariate tolerance 
regions, including the discontinuous case, have been made by Wald (1943b), Schefte and 
Tukey (1945), Tukey (1947-1948), Fraser and Wormleighton (1951), Fraser (1951, 1953), 
and Kemperman (1956). Wilks (1948) gives an exposition of the developments up to 
that date. 

Point estimation using order-statistics 

32.14 As we remarked at the beginning of 31.8, we cannot make distribution-free 
point estimates using the order-statistics because their joint distribution depends 
heavily upon the parent d.f. F(x). We are now, therefore, re-entering the field of 
parametric problems, and we ask what uses can be made of the order-statistics in esti¬ 
mating parameters. These are two essentially different contexts in which the order- 
statistics may be considered: 

(1) We may deliberately use functions of the order-statistics to estimate parameters, 
even though we know these estimating procedures are inefficient, because of 
the simplicity and rapidity of the computational procedures. (We discussed 
essentially this point in Example 17.13 in another connexion.) In 14.6-7 we 
gave some numerical values concerning the efficiencies of multiples of the 
sample median and mid-range as estimators of the mean of a normal population, 
and also of the sample interquantile range as an estimator of the normal popula¬ 
tion standard deviation. These three estimators are examples of easily com¬ 
puted inefficient statistics. 

(2) For some reason, not all the sample members may be available for estimation 
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purposes, and we must perforce use an estimator which is a function of only 
some of them. The distinction between (1) and (2) thus essentially concerns 
the background of the problem. Formally, however, we may subsume (1) 
under (2) as the extreme case when the number of sample members not available 
is equal to zero. 

Truncation and censoring 

32.15 Before proceeding to any detail, we briefly discuss the circumstances in which 
sample members are not available. Suppose first that the underlying variate x simply 
cannot be observed in part or parts of its range. For example, if x is the distance from 
the centre of a vertical circular target of fixed radius R on a shooting range, we can only 
observe x for shots actually hitting the target. If we have no knowledge of how many 
shots were fired at the target (say, n) we simply have to accept the m values of x observed 
on the target as coming from a distribution ranging from 0 to R. We then say that 
the distribution of x is truncated on the right at R. Similarly, if we define y in this 
example as the distance of a shot from the vertical line through the centre of the target, 
y may range from — R to +R and its distribution is doubly truncated. Similarly, we 
may have a variate truncated on the left (e.g. if observations below a certain value are 
not recorded). Generally, a variate may be multiply truncated in several parts of its 
range simultaneously. A truncated variate differs in no essential way from any other 
but it is treated separately because its distribution is generated by an underlying un¬ 
truncated variable, which may be of familiar form. Thus, in Exercise 17.27, we con¬ 
sidered a Poisson distribution truncated on the left to exclude the zero frequency. 

Tukey (1949) and W. L. Smith (1957) have shown that truncation at fixed points does 
not alter any properties of sufficiency and completeness possessed by a statistic. 

32.16 On the other hand, consider our target example of 32.15 again, but now 
suppose that we know how many shots were fired at the target. We still only observe 
m values of x, all between O and R inclusive, but we know that n—m = r further 
values of x exist, and that these will exceed R. In other words, we have observed the 
first m order-statistics x ( \ )t ..., x (m) in a sample of size n. The sample of x is now 
said to be censored on the right at R. (Censoring is a property of the sample whereas 
truncation is a property of the distribution.) Similarly, we may have censoring on the 
left (e.g. in measuring the response to a certain stimulus, a certain minimum response 
may be necessary in order that measurement is possible at all) and double censoring , 
where the lowest r x and the highest r 8 of a sample of size n are observed, only the other 
m = « —(rj+rj) being available for estimation purposes. 

There is a further distinction to be made in censored samples. In the examples 
we have mentioned, the censoring arose because the variate-values occurred outside 
some observable range; the censoring took place at certain fixed points. This is 
called Type I censoring. Type II censoring is said to occur when a fixed proportion 
of the sample size n is censored at the lower and/or upper ends of the range of x. In 
practice, Type II censoring often occurs when x , the variate under observation, is a 
time-period (e.g., the period to failure of a piece of equipment undergoing testing) and 
the experimental time available is limited. It may then be decided to stop when the 
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first m of the n observations are to hand. It follows that Type II censoring is usually 
on the right of the variable. 

From the theoretical point of view, the prime distinction between Type I and 
Type II censoring is that in the former case m (the number of observations) is a random 
variable, while in the latter case it is fixed in advance. The theory of Type II cen¬ 
soring is correspondingly simpler. 

Of course, single truncation or censoring is merely a special case of double trunca¬ 
tion or censoring, where one terminal of the distribution is unrestricted, while an 
“ ordinary ” situation is, so to speak, the doubly extreme case when there is no restric¬ 
tion of any kind. 

32.17 There is by now an extensive literature on problems of truncation and 
censoring. To give a detailed account of the subject would take too much space. We 
shall therefore summarize the results in sections 32.17-22, leaving the reader who is 
interested in the subject to follow up the references. We classify estimation problems 
into three main groups. 

(A) Maximum Likelihood estimators 

A solution to any of the problems may be obtained by ML estimation ; the likeli¬ 
hood equations are usually soluble only by iterative methods. For example if a con¬ 
tinuous variate with frequency function f{x \ 0) is doubly truncated at known points 
a, b, with a < b, the LF if n observations are made is 

L t (x\6) = nf(x t \0) j { J*/(* 10) </*}*, (32.36) 

the denominator in (32.36) arising because the truncated variate has f.f. 

f{x\0) J ^ J{x\0)dx. 

(32.36) can be maximized by the usual methods. 

Consider now the same variate, doubly censored at the fixed points a, b, with r x 
small and r 2 large sample members unobserved. For this Type I censoring, the LF is 

£,(*!») «{{‘ /(»|«)*}'*T''/(*.l«){j,*/(*l»)*}'. (32.37) 

and r x and r 2 are, of course, random variables. 

On the other hand, if the censoring is of Type II, with r x and r t fixed, the LF is 

(f*(n+u y« ( r® y» 

n /(*,(,10M /W6)*4 . (32.38) 

(32.37) and (32.38) are of exactly the same form. They differ in that the limits of 
integration are random variables in (32.38) but not in (32.37), and that r lt r t are ran¬ 
dom variables in (32.37) but not in (32.38). Given a set of observations, however, the 
formal similarity permits the same methods of iteration to be used in obtaining the 
ML solutions. Moreover, as n— >oo, the two types of censoring are asymptotically 
equivalent. 
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One of the few general investigations in this field is that of Halperin (1952a) who 
showed, under regularity conditions similar to those of 18.16 and 18.26, that the ML 
estimators of parameters from Type II censored samples are consistent, asymptotically 
normally distributed, and efficient—cf. Exercise 32.15. 

Hartley (1958) gives a general method for iterative solution of likelihood equations 
for incomplete data (covering both truncation and censoring) from discrete distributions. 


(B) Minimum variance unbiassed linear estimators 

A second approach is to seek the linear function of the available order statistics 
which is unbiassed with minimum variance in estimating the parameter of interest. 
To do this, we use the method of LS applied to the ordered observations. We have 
already considered the theory when all observations are available in 19.18-21, and this 
may be applied directly to truncated situations, provided that the expectation vector 
and dispersion matrix of the order-statistics are calculated for the truncated distribution 
itself and not for the underlying distribution upon which the truncation took place. 
The practical difficulty here is that this dispersion matrix is a function of the trunca¬ 
tion points a, b, so that the MV unbiassed linear function will differ as a and b van - . 
There has been little or no work done in this field, presumably because of this difficulty. 

When we come to censored samples, a difficulty persists for Type I censoring, since 
we do not know how many order-statistics will fall within the censoring limits (a, b). 
Thus an estimator must be defined separately for every value of r 1 and r 2 and its expec¬ 
tation and variance should be calculated over all possible values of r, and r 2 with the 
appropriate probability for each combination. Again, we know of no case where this 
has been done. However, for Type II censoring, the problem does not arise, since 
r x and r 2 are fixed in advance, and we always know which (n — r x — r 2 ) order-statistics 
will be available for estimation purposes. Given their expectations and dispersion 
matrix, we may apply the LS theory of 19.18-21 directly. Moreover, the expecta¬ 
tions and the dispersion matrix of all n order-statistics need be calculated only once 
for each n. For each r x ,r t we may then select the (n — r x — r t ) expectations of the 
available observations and the submatrix which is their dispersion matrix. 


(C) Simpler methods of estimation 

Finally, a number of authors have suggested simpler procedures to avoid the com¬ 
putational complexities of the ML and LS approaches. The most general results 
have been obtained by Blom (1958), who derived “ nearly ” unbiassed “ nearly ” 
efficient linear estimators, as did Plackett (1958), who showed that the ML estimators 
of location and scale parameters are asymptotically linear, and that the MV linear 
unbiassed estimators are asymptotically normally distributed and efficient. Thus, 
asymptotically at least, the two approaches draw together. 

32.18 We now briefly give an account of the results available for each of the 
principal distributions which have been studied from the standpoint of truncation and 
censoring; the numerical details are too extensive to be reproduced here. 
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The normal distribution 

ML estimation of the parameters of a singly or doubly truncated normal distribu¬ 
tion has been recently discussed by Cohen (1950a, 1957), who gives graphs to aid the 
iterative solution of the ML equations ; Cohen and Woodward (1953) give tables for 
ML estimation in the singly truncated case, for which Hald (1949) and Halperin 
(1952b) had provided graphs. Hald (1949), Halperin (1952b) and Cohen (1957) also 
give graphs for ML estimation in singly Type I censored samples, while Gupta (1952) 
gives tables for ML estimation in singly Type II censored samples. 

Type II censoring has been discussed from the standpoint of MV unbiassed linear 
estimation by Gupta (1952), and by Sarhan and Greenberg (1956, 1958), who give 
tables of the coefficients for these optimum estimators for all combinations of tail cen¬ 
soring numbers r l and r„ and n = 1 (1) 15. The latter authors (1958) also state that 
the tables have been extended (unpublished) to n = 20. Gupta (1952) gives a simpli¬ 
fied method of estimation for the Type II censoring situation, which assumes that the 
dispersion matrix of the order statistics is the identity matrix. He showed this to be 
remarkably efficient (in the sense of relative variance compared to the MV linear esti¬ 
mator) with more than 84 per cent efficiency always for n = 10 and single censoring; 
Sarhan and Greenberg (1958) showed that the efficiency of this alternative method is 
even higher with double censoring, being always over 92 per cent for n = 15. The 
linearized ML estimators proposed by Plackett (1958) never have efficiency less than 
99*98 per cent for n = 10. Dixon (1957) shows that for estimating the mean of the 
population, the very simple unweighted estimator 


t = 


1 "v 1 

n- 2 i ? 2 * (i) 


never has efficiency less than 99 per cent for n = 2(1)20, and presumably for n > 20 
also, while the mean of the “ best two ” observations (i.e. those whose mean is unbiassed 
with minimum variance) has efficiency falling slowly from 86*7 per cent at n = 5 to 
its asymptotic value of 81 per cent. The “ best two ” observations are approximately 
*(u- 27 «) and x<o - 3 ») (cf. Exercise 32.14). Similar simple estimates of the population 
standard deviation o are given by unbiassed multiples of the statistic 

U = 2 
i 

the summation containing 1, 2, 3, or 4 values of i. The best statistic of this type never 
has efficiency less than 96 per cent in estimating a. 

Dixon (1960) shows that if i observations are censored in each tail, the estimator 
of the mean 


J Tfl-i-l 

>». = . 2 *<,) + (» + l)(*u+i +*<»-»)) 

”L« = i-2 


has at least 99*9 per cent efficiency compared with the MV unbiassed linear estimator, 
and that for single censoring of i observations (say, to the right) the similar estimator 

1 fn-f-i -| 

m a = —- Y 2 *(,> + (»+1) *<„-,> + a* (l) , 

n+a- 1 L J 

with a chosen on make m a unbiassed, is at least 96 per cent efficient. 
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Walsh (1950a) shows that estimation of a percentage point of a normal distribution 
by the appropriate order-statistic is very efficient (although the estimation procedure 
is actually valid for any continuous d.f.) for Type II single censoring when the great 
majority of the sample is censored. 

Finally, Saw (1959) has shown that in singly Type II censored samples, the popula¬ 
tion mean can be estimated with asymptotic efficiency at least 94 per cent by a properly 
weighted combination of the observation nearest the censoring point (jc c ) and the simple 
mean of the other observations, and the population standard deviation estimated with 
asymptotic efficiency 100 per cent by using the sum and the sum of squares of 
the other observations about x c . Saw gives tables of the appropriate weights for 

tt < 20 . 

Grundy (1952) made what seems to have been the only study of truncation and 
censoring with grouped observations. 

32.19 The exponential distribution 

The distribution f(x) = exp {—{x—p)/o}/o t n < x < oo, has been studied very 
fully from the standpoint of truncation and censoring, the reason being its importance 
in studies of the durability of certain products, particularly electrical and electronic 
components. A very full bibliography of this field of life testing is given by Menden¬ 
hall (1958). 

ML estimation of a (with /i known) for single truncation or Type I censoring on 
the right is considered by Deemer and Votaw (1955)—cf. Exercise 32.16. Their 
results are generalized to censored samples from mixtures of several exponential dis¬ 
tributions by Mendenhall and Hader (1958). For Type II censoring on the right, the 
ML estimator of a is given by Epstein and Sobel (1953), and the estimator shown to 
be also the MV unbiassed linear estimator by Sarhan (1955)—cf. Exercises 32.17— IS. 

Sarhan and Greenberg (1957) give tables, for sample sizes up to 10, of the coeffi¬ 
cients of the MV unbiassed linear estimators of a alone, and of (jt, a) jointly, for all 
combinations of Type II censoring in the tails. 

32.20 The Poisson distribution 

Cohen (1954) gives ML estimators and their asymptotic variances for singly and 
doubly truncated and (Type I) censored Poisson distributions, and discusses earlier, 
less general, work on this distribution. Cohen (1960b) gives tables and a chart for 
ML estimation when zero values are truncated. Tate and Goen (1958) obtain the 
MV unbiassed estimator when truncation is on the left, and, in the particular case 
when only zero values are truncated, compare it with the (biassed) ML estimator and 
a simple unbiassed estimator suggested by Plackett (1953)—cf. Exercises 32.20 and 
32.22. 

Cohen (1960a) discusses ML estimation of the Poisson parameter and a parameter 0, 
when a proportion 6 of the values “ 1 ” observed are misclassified as “ 0,” and the 
same author (1960c) gives the ML estimation procedure when the zero values and 
(erroneously) some of the “ 1 ” values have been truncated. 
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32.21 Other distributions 

For the Gamma distribution with three parameters 

Chapman (1956) considers truncation on the right, and proposes simplified estimators 
of (a, /?) with fi known and of (a, p) jointly. Cohen (1950b) had considered estima¬ 
tion by the method of moments in the truncated case. Des Raj (1953) and Den Broeder 
(1955) considered censored and truncated situations, the latter paper being concerned 
with the estimation of a alone with restriction in either tail of the distribution. 

Finney (1949) and Rider (1955) discuss singly truncated binomial and negative 
binomial distributions. 

Tests of hypotheses in censored samples 

32.22 In distinction from the substantial body of work on estimation discussed 
in 32.17-21, very little work has so far been done on hypothesis-testing problems for 
truncated and censored situations. Epstein and Sobel (1953) and Epstein (1954) 
discuss tests for censored exponential distributions ; F. N. David and Johnson (1954, 
1956) give various simple tests for censored normal samples based on sample medians 
and quantiles. 

Very recently, Halperin (1960) has extended the Wilcoxon test to the case of two 
samples singly (Type I) censored at the same point, giving the mean and variance, 
and showing that the asymptotic normal distribution is an adequate approximation 
when no more than three-quarters of the samples are censored. Exact tables are given 
for sample sizes up to 8. The test is shown to be distribution-free and consistent 
against a very general class of continuous alternatives. 

Outlying observations 

32.23 In the final sections of this chapter, we shall briefly discuss a problem which, 
at some time or other, faces every practical statistician, and perhaps, indeed, most 
practical scientists. The problem is to decide whether one or more of a set of obser¬ 
vations has come from a different population from that generating the other observa¬ 
tions ; it is distinguished from the ordinary two-sample problem by the fact that we 
do not know in advance which of the set of observations may be from the discrepant 
population—if we did, of course, we could apply two-sample techniques which we 
have discussed in earlier chapters. In fact, we are concerned with whether “ con¬ 
tamination ” has taken place. 

The setting in which the problem usually arises is that of a suspected instrumental 
or recording error; the scientist examines his data in a general way, and suspects 
that some (usually only one) of the observations are too extreme (high, or low, or both) 
to be consistent with the assumption that they have all been generated by the same 
parent. What is required is some objective method of deciding whether this suspicion 
is well-founded. We deal mainly with the case where a single such “ outlying ” 
observation is suspected. 
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32.24 Because the scientist’s suspicion is produced by the behaviour in the tails 
of his observed distribution, the “ natural ” test criteria which suggest themselves are 
based on the behaviour of the extreme order-statistics, and in particular on their devia¬ 
tion from some measure of location for the unsuspected observations; or (especially 
in the case where “ high ” and “ low ” errors are suspected) the sample range itself 
may be used as a test statistic. Thus, for example, Irwin (1925) investigated the 
distribution of (*<„)—*(,,-i))/<r in samples from a normal population, and “ Student ” 
(1927) recommended the use of the range for testing outlying observations. 

Since these very early discussions of the problem, a good deal of work has been done 
along the same lines, practically all of which considers only the case of a normal parent. 
Now it is clear that the distribution of extreme observations is sensitive to the parental 
distributional form (cf. Chapter 14), so that these procedures are very unlikely to 
be robust to departures from normality, but it is difficult in general to do other than 
take a normal parent—the same objection on grounds of non-robustness would lie for 
any other parent. A very full discussion of the problem and of the criteria which have 
been proposed is given by Dixon (1950), who examined the power of the various pro¬ 
cedures against the alternative hypotheses of a (one-sided) location shift or a scale- 
shift in the normal parent. The power comparisons were based on sampling experi¬ 
ments with between 66 and 200 sets of observations in each case. The conclusions 
were: 


(1) that if the population standard deviation a is known, the statistics u and w 
defined by 


y _ X M X 


(« 




to = X(n) * (1 ->, 


(32.39) 


are about equally powerful— u is the standardized extreme deviate. 

(2) that if a is unknown, the situation is more complex, and ratios of the form 


x (n-t)~ x (l) 


(32.40) 


where r and s are small integers, are most efficient, with various values of r and s 
for different situations. (These ratios are more fully discussed by Dixon 
(1951).) The studentized extreme deviate 


t n = 



(32.41) 


where s is the sample standard deviation, is equally efficient if the contamination 
error is in only one direction. 


32.25 The Biometrika Tables include a table of percentage points of the distribu¬ 
tion of /„ of (32.41) in the case where s is obtained from an independent sample (as well 
as a table of the distribution of u in (32.39). Further tables are given by Nair (1948, 
1952), some of whose values are amended by H. A. David (1956), who also extended 
the range of the tables, as did Pillai (1959), using results of Pillai and Tienzo 
(1959). 

Halperin et al. (1955) tabulate upper and lower bounds for the upper 5 per cent 
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and 1 per cent points of the distribution of the studentized maximum absolute deviate 

<■«{(32.42) 
under a similar restriction on s. 

The Biometrika Tables also give percentage points of the studentized range 

q = x JslZM t (32.43) 

s again being independent of the numerator. Slightly corrected values for the upper 
5 and 1 percentiles are given in an Editorial supplement to the paper by Pachares 
(1959) which gives upper 10 percentiles of the distribution. If such an independent 
estimate s is available, Dixon (1953a) recommends statistics (32.41) and (32.43) as the 
best available tests in the one- and two-sided situations respectively. He goes on to 
discuss the optimum estimation of normal population parameters if the degree of con¬ 
tamination by location or scale shift is known to some extent. Dixon (1950) describes 
the tables which have been prepared for other criteria and gives further references. 

The case where s is derived from the same sample as x, x (n) and x (l) (and hence is 
not independent of the numerator of (32.41)) is discussed by Thompson (1935) and 
by E. S. Pearson and Chandra Sekar (1936). H. A. David et al. (1954) tabulate the 
percentiles of the distribution of (32.43) in this case. 

Anscombe (1960) investigated the effect of rejecting outlying observations on sub¬ 
sequent estimation, mainly in the case where the parent a is known. 

Bliss et al. (1956) gave a range criterion for rejecting a single outlier among k normal 
samples of size n, with tables for n = 2 (1) 10, k = 2 (1) 10,12, 15, 20. 


Non-normal situations 


32.26 One of the few general methods of handling the problem of outlying obser¬ 
vations is due to Darling (1952), who obtains an integral form for the c.f. of the dis¬ 
tribution of 


*« 


n 


2 Xi 
X (”) 


(32.44) 


where the n observations x ( are identical independent positive-valued variates with a 
fully specified distribution. In particular cases, this c.f. may be inverted. Darling 
goes on to consider the case of x 2 variates in detail; we shall be returning to this prob¬ 
lem in connexion with the Analysis of Variance in Volume 3. Here, we consider only 
the simpler case of rectangular variates, where Darling’s result may be derived directly. 

Suppose that we have observations x x , rectangularly distributed on the 

interval (0, 6). Then we know from 17.40 that the largest observation x (n) is sufficient 
for 6, and from 23.12 that * (ll) is a complete sufficient statistic. By the result of Exer¬ 
cise 23.7, therefore, any statistic whose distribution does not depend upon 6 will be 
distributed independently of x (n) . Now clearly z n as defined at (32.44) is of degree 
zero in 6. Thus z n is distributed independently of # ()1) , and the conditional distribution 
of z n given * (n) is the same as its unconditional (marginal) distribution. But, given x w , 
any .v (l) (t < n) is uniformly distributed on the range (0, .v (n) ). Thus x (i) /x (n ) t given x (n) , 



530 


THE ADVANCED THEORY OF STATISTICS 


is uniformly distributed on the range (0,1) and we see from (32.44) that z n is distributed 
exactly like the sum of (n— 1) independent rectangular variates on (0,1) plus the 


constant 1 


/ = *n)\ 

\ *m)' 


Since we have seen in Example 11.9 that the sum of n independent rectangular 
variates tends to normality (and is actually close to normality even for n = 3), it fol¬ 
lows that z n is asymptotically normally distributed with mean and variance exactly 
given by 

E(z n ) = (n-lH + 1 = ( 32 45 ) 

var s n = (n-l) T ' a . / V 

Small values of z n (corresponding to large values of x (n) ) form the critical region for 
the hypothesis that all n observations are identically distributed against the alternative 
that the largest of them comes from an “ outlying ” distribution. 


32.27 Darling’s result may be used to test an “ outlier ” for any fully specified 
parent by first making a probability integral transformation (cf. 30.36) of the observa¬ 
tions, thus reducing the problem to a rectangular distribution on (0,1). The smallest 
value X(u may similarly be tested by taking the complement to unity of these rect¬ 
angular variates and testing x (n) as before. This is of particular interest when the n 
variates are all y? with r degrees of freedom, in the context referred to at the beginning 
of 32.26. 


32.28 Finally, we refer to the possibility of using distribution-free methods to 
solve the “ outlier ” problem without specific distributional assumptions. It is clear 
that, if the extreme observations are under suspicion, this would automatically stultify 
any attempt to use an ordinary two-sample test based on rank order, such as were 
discussed in Chapter 31, for this problem. However, if we are prepared to make the 
assumption of symmetry in the (continuous) parent distribution, we are in a position 
to do something, for we may then compare the behaviour of the observations in the 
suspected “ tail ” of the observed distribution with the behaviour in the other “ tail ” 
which is supposed to be well behaved. E.g., for large n, we may consider the absolute 
deviations from the sample mean (or median) of the k largest and k smallest observa¬ 
tions, rank these 2k values, and use Wilcoxon’s test to decide whether they may be 
regarded as homogeneous. The test will be approximate, since the centre of sym¬ 
metry is unknown and we estimate it by the sample mean or median, but otherwise 
this is simply an application of the test of symmetry of 31.78 to the tails of the distri¬ 
bution. If n is reasonably large, and k large enough to give a reasonable choice of test 
size a, the procedure should be sensitive enough for practical purposes. If k is 4, e.g., 

we may have as test sizes multiples of 1 

Essentially similar, but more complicated, distribution-free tests of whether a group 
of 4 or more observations are to be regarded as “ outliers ” have been proposed by 
Walsh (1950b). 
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EXERCISES 


32.1 For a frequency function /(*) which is non-increasing on either side of its 
median M, show that the ARE of the Sign test compared to “ Student’s ” t-test, given 
at (32.12), is never less than and attains this value when f(x) is rectangular. 

(Hodges and Lehmann, 1956) 

32.2 Show that if n independent observations come from the same continuous distri¬ 
bution F(x), any symmetric function of them is distributed independently of any function 
of their rank order. Hence show that the Sign test and a rank correlation test may be 
used in combination to test the hypothesis that F(x) has median M 0 against the alternative 
that either the observations are identically distributed with median # M 0 or the median 
trends upwards (or downwards) for each succeeding observation. 

(Savage, 1957) 


32.3 Obtain the result (32.12) for the ARE of the Sign test for symmetry from the 
efficiency of the sample median relative to the sample mean in estimating the centre of a 
symmetrical distribution (cf. 25 . 13 ). 

32.4 In setting confidence intervals for the median of a continuous distribution using 
the symmetrically spaced order-statistics X( r ) and *(„_ r +i), show from (32.23) that for 
n = 30, the values of r shown below give the confidence coefficients shown: 


r 

1 — a 

8 

0-995 

9 

0-98 

10 

0-96 

11 

0-90 

12 

0-80 

13 

0-64 

14 

0-42 

15 

0-14 


32.5 Show that in testing the hypothesis H 0 : 0 = 0 O against the alternative 

Hi: 0 = > 0 O for a sample of n observations from 

dF = iexp{ — [jc — 0\}dx, — oo ^ jc < oo, 

the one-tailed Sign test is asymptotically most powerful. 

(Cf. Lehmann, 1959) 

32.6 Show from Example 32.1 that the range of a sample of size n = 100 from a 
continuous distribution has probability exceeding 0*95 per cent covering at least 95 per 
cent of the parent d.f., but that if we wish to cover at least 99 per cent with probability 
0-95, n must be about 475 or more. 


32.7 Show from Example 32.1 that if we wish to find a distribution-free tolerance 
interval for a proportion y of a continuous d.f., with probability p near 1, a small increase 


in P from p x to P % requires an increase in sample size from n x to 
approximately. 


--"‘(Hi) 


32.8 F(x|0) is any continuous d.f., F(a|0) = O, F(6J0) « 1, and values 
A 0 , A lt ..., A„ +1 are defined by F(A< 10 O ) = where 0 O is the true value of 0. Con- 
sider a sample of n observations, and divide the sample space into (n+l) n parts, with 
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probabilities P u r = 1,2,. ..,(« + l) n , by the planes xt = A/, i = 1, 2,... n ;/ = 0, 1,. .., 
n + 1. If t is any asymptotically unbiassed estimator of 0, and t r its value at some arbi¬ 
trarily chosen point in the rth of the (n+l) w parts of the sample space, show that, as 
n —► oc, 


var f ~2(f r — 9) % Pr > 

r 




(Blom, 1958) 


dF 

32.9 Show that if is a continuous function of x within the range of x and tends 
cu 


to zero at its extremities, and the integral E 


/aiog/y 
\) 


> 0 exists, where / is the f.f. 


3F(*I0) 

, then the asymptotic lower bound to the variance of an unbiassed estimator 
ox 

given in Exercise 32.8 reduces to the MVB (17.24). 


32.10 Show that in estimating the mean of a rectangular distribution of known 
range, the result of Exercise 32.8 gives an asymptotic bound (2n , )“ 1 for the variance, 
and that this is attained by the sample midrange t = i(*0)+*0i))- 

dF 

32.11 Show that if considered as a function of x, has a denumerable number of 

exists, the asymptotic variance bound of Exercise 32.8 

is of order n~*. 

(Blom, 1958) 


discontinuities, and E 


/ai°g/\ 
\ »> ) 


32.12 For samples of size n from the logistic distribution 

dF = e~*dx/(\ + e - *)*, - oo < x < oo, 

show that the c.f. of the rth order-statistic X( r ) is 

T (r+it)T (n — r +1 - if) 

r(r)r(if-r+l) 

and hence that its cumulants are, for r > J(* + l)» 

1 

i»«-r+l * 


Mt) = 


r-1 

* 1 = s 


k, = ~-(V- t +VlV 

3 .-U*/ 

f-l 1 

K, = 2 E - , 

2n* /'=} 1 yi\ 

“‘"‘W “ 


(Plackett, 1958) 


32.13 A continuous distribution has d.f. F(x) and’f is defined by F(£) = p. Show 
by expanding x in a Taylor series about the value F{.V( f )} that in samples of size h, as 
n—> oo with r — [np], 


E(x(r)) = p + CHn- 1 ) 
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and that 

F[E{* (r+1) }]-F[E{* (r) }] = - + 0(«-»). 

If 

(Plackett, 1958) 

32.14 Show that in samples from a normal population, if we estimate the mean ft by 

t = 4(*<<>+*(«-i+i)). 

we obtain minimum variance asymptotically by choosing t = 0’2703ft. Similarly, if we 
estimate a by 

S = —i+l)-*(.))» 

show that we obtain minimum variance when t = 0 0692n. 

(Benson, 1949; the results were first given by Karl Pearson 

in 1920—cf. also Moore (1956)) 

32.15 Show (cf. (32.37-38)) that censoring has the effect of attaching a discrete 
probability to the original parent distribution /(x |fl) in each range where censoring 
takes place. Hence show that, e.g. for Type I censoring above a fixed point x 0 , the 
asymptotic variance of the ML estimator of 9 is 

where 

p = 

(cf. Halperin (1952a)) 

32.16 Show that for a sample of (if + m) observations from 
dF = 0* _&r , O^jc^oo; 0 > 0, 

n of which are measured between 0 and a fixed value x 0f and m of which are Type I 
censored, having values greater than x 0l the ML estimator of 0 is 

*■*/{ 

and that 

* 0 * / 
varfl ~ — / (1 — exp(-*-0 jc o )}> 

"/ 

so that the asymptotic variance of 6 is a monotonic decreasing function of x 9 . 

(Deemer and Votaw, 1955) 

32.17 In Exercise 32.16, show that if the censoring is Type II, with a fixed number 
m of the sample order-statistics censored on the right, show that the ML estimator of 
A = 1/0 is 

i = 

and that its asymptotic variance is 

var /. ~ A*/n. 

(Epstein and Sobel, 1953) 


2 X(f) + mx 0 
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32.18 a In Exercise 32.17, show that the variance of A is exact for any value of « 
and that A is the MV unbiassed linear estimator of A. 

(Sarhan, 1955) 

32.19 Show that if a Poisson distribution with parameter 0 is truncated on the right, 
there exists no unbiassed estimator of 0. 

(Tate and Goen, 1958) 

32.20 Show that if a Poisson distribution is truncated at the value zero, its parameter 
0 may be estimated unbiassedly by the statistic 

t - is*, 

n 

the summation being of all values of x > 2. Show that 


exactly. 




(Plackett, 1953) 


32.21 For a sample of n observations, Xr, show that 

n n-1 _S 

S X> ■ «**+ E 

r«i r—i r 1) 

where 

r 

Zf 58 2 X(f), r— 1|2|... | >i“l| 

t-i 

and hence, applying the Helmert transformation of Example 11.3 to the n order-statistics 
in the form 

Vt - *r/(Ki’+l)) t . r =» 1, 2,..., n — l, 
y n * n*x, 

show that in samples from a standardized normal population the joint frequency function 
of the z T is 


Defining the functions 


n*(2n)-«*- l >exp|-i^a?/[r(r+l)]|, 0 < *1 < * t < ... < * *(*<„>-x). 

Defining the functions 

Gy(*) = J exp^^(0 dt, G,(x) m 1, 

show that the distribution function of u = (x n —x), say P»(u), satisfies the relationship 

P n (u) = «»(2a)-«— 

(Nair (1948) ; McKay (1935) had obtained an equivalent result) 

32.22 In Exercise 32.20, show that the ML estimator is a root of 

0/(1 -«"•) - x 

where x is the observed mean, and that 

var 6 ~-.(l —«“•)*/(1 —(0 + l)e~®}. 
ft 

Hence show that 

lim n var 9 = 2, lim n var 5 = 1, 

6-^0 0-*oo 

and that n var 6 never lies outside these limits. 


(cf. Cohen, 19606) 
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32.23 Show that the ML estimator in Exercise 32.22 may be expressed as 

a « I V < ^ ,_1 f -r» 


£- L (Se~*T 

r -1 r! 


(Irwin, 1959) 


32.24 In Exercise 32.20, show that an estimate of the number of observations including 
the misting values is given by the ratio (L x)*/Sx(x—1), where the summations are over 
values from 1 to co. Hence show how 0 may be estimated iteratively. 

(Irwin, 1959; the method is due to A. G. McKendrick) 


MM 



CHAPTER 33 


CATEGORIZED DATA 

33.1 For most of this book, we have been concerned with the analysis of measured 
observations, but in Chapter 31 we investigated the use of rank order statistics in testing 
hypotheses; such statistics may be constructed from measured observations or, alter¬ 
natively, may be obtained from the ranks of the observations if no measurements are 
available or even possible. In the present chapter, we shall discuss categorized data \ 
by this we mean data which are presented in the form of frequencies falling into certain 
categories or classes. We have, of course, discussed the problems of grouping variate- 
values into classes, e.g. in connexion with the calculation of moments. There, how¬ 
ever, the grouping was undertaken as a matter of computational convenience or neces¬ 
sity, and we were in any case largely concerned with univariate situations; here, we 
specifically confine ourselves to problems arising in connexion with the statistical 
relationships (whether of dependence or interdependence) between two or more “ vari¬ 
ables ” expressed in categorized form. We have put quotes on the word “ variables ” 
because it is to be interpreted in the most general sense. 

A categorized “ variable ” may simply be a convenient classification of a measurable 
variable into groups, in the manner already familiar to us. On the other hand, it may 
not be expressible in terms of an underlying measurable variable at all. For example, 
we may classify men by (a) their height, (b) their hair colour, (c) their favourite film 
actor ; (a) is a categorization of a measurable variable, but (b) and (c) are not. There 
is a further distinction between (b) and (c), for hair colour itself may be expressed on 
an ordered scale, according to pigmentation, from light to dark ; this is not so for (c). 
Although, of course, one could impose various types of classifications upon the film 
actors named, the actors are intrinsically not ordered in any way. We refer to (b) as 
an ordered classification or categorization, and (c) as an unordered one. As an extreme 
case of an unordered classification, we may consider a classification which is simply a 
labelling of different samples (which we wish to compare in respect of some other 
variable). 

33.2 There is a further point to be borne in mind : on occasion, the two variables 
being investigated may simply be the same variable observed on two different occa¬ 
sions (e.g. before and after some event) or on two related samples (e.g. father and son, 
husband and wife, etc.). We shall refer to such a situation as one with identical cate¬ 
gorizations. Identical categorizations may, of course, be of any of the types (a), (b) 
or (c) in 33.1. 

Association in 2 x 2 tables 

33.3 Historically, a very large part of the literature on categorized variables has 
been concerned with the problems of measurement and testing of the interdependence 
of two such variables, or, as it is generally known, the problem of association. We 
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leave aside entirely the problem of estimating interdependence in the case where the 
form of underlying measurable variables is known or assumed—this has been dis¬ 
cussed for the bivariate normal case in 26.27-33. In other words, we confine ourselves 
to non-parametric problems. 

33.4 Consider in the first place a population classified according to the presence 
or absence of an attribute A. The simplest kind of problem in interdependence 
arises when there are two attributes A, B, and if we denote the absence of A by a and 
the absence of B by (i, the numbers falling into the four possible sub-groups may, 
in an obvious notation, be represented by 


__ i 

B 

not-B 

Totals 

A " ] 

(AB) ~ 


(A) 

not-^4 | 

(«*) 


(«) 

Totals 

"(B) ~ 

-(P) 

! n 

i 


We shall often write this 2x2 table (sometimes called a fourfold table) in a form 
which has already occurred at (26.58): 

a b i a+b 

c d , c+d (33.2) 

a+c b+d ! n 


If there is no association between A and B, that is to say, if the possession of A is 
irrelevant to the possession of B, there must be the same proportion of A's among 
the B’s as among the not-B’s. Thus, by definition, the attributes are independent^*) 
in this set of n observations if 


It follows that 


a _ b _ a+b 
a+c b + d n 


c 

d 

c \-d 

a+c 

b + d 

ft 

a 

c 

a + c 

a+b 

c+d 

n 

b 

d 

b+d 

a+b 

c + d 

n 


(33.3) 


(33.4) 


It would perhaps be better to use a neutral word like “ unassociated ” rather than " inde¬ 
pendent ” to describe the relationship (33.3), since it does not imply (though it is implied by) 
the stochastic independence of numerical variables which may have generated the 2x2 table. 
The distinction we are making is precisely analogous to that between lack of correlation and 
independence—cf. 26.10. However, historical usage is against us here, and in any case there is 
some danger of confusion between “ unassociated ” and “ dissociated,” to be defined at the 
end of 33.4. We shall therefore continue to use “ independence,” as applied to categorized 
variables, to mean “ lack of association.” 
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(33.3) may be rewritten 

a = ( a + b )( a + c ) 

n 

If now, in any given table, 

(a+6)(a+c) 
a > n , 

there are relatively more A *s among the B’s than among the not-fl’s, and 
say that A and B are positively associated, or simply associated. Per contra , 

a < («+*)(*+*) 

n 

we shall say that A and B are negatively associated or dissociated. 

Example 33.1 

The following table (Greenwood and Yule, 1915, Proc. Roy. Soc. Medicine, 8. 
113) shows 818 cases classified according to inoculation against cholera (attribute A) 
and freedom from attack (attribute B). 


(33.5) 


(33.6) 

we shall 
if 

(33.7) 


\ 

Not attacked 

Attacked 

| Totals 

Inoculated 

276 

3 

279 

Not-inoculated 

473 

66 

539 

Totals 

749 

1 

69 

818 

i 


If the attributes were independent, the frequency in the inoculated-not-attacked 
279 x 749 

class would be — = 255. The observed frequency is greater than this and 

olo 

hence inoculation is positively associated with exemption from attack. 


Measures of association 

33.5 If we are to sum up the strength of association between two attributes in 
a single coefficient, it is natural to require that the limits of variation of the coefficient 
should be known, and that it shall take the central value or the lowest value of its range 
when there is no association (“ independence ”). We may always make location and 
scale changes in any coefficient to bring it within the range ( —1, +1); independence 
should then correspond to a value of zero for the coefficient. This convention has 
the advantage of agreeing with the properties of the product-moment correlation 
coefficient (cf. 26.9). Alternatively, the range (0,1) may be preferred, zero being the 
value taken in the case of independence. 

Another obvious desideratum in a measure of association is that it should increase 
as the relationship proceeds from dissociation to association. Consider the difference 
between observed and " independence ” frequencies in the cell corresponding to (AB), 

D = „_(?+»)(«+£) = (33.8) 


n 
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For constant marginal frequencies, it is evident that the difference in any cell between 
observed and “ independence ” frequencies is ± D and thus D determines uniquely 
the departure from independence. We thus require that our coefficient should increase 
with D. 


33.6 Following Yule (1900, 1912) we define a coefficient of association, Q, by 
the equation 


Q = 


ad—be 
ad+bc 


nD 

ad+bc' 


(33.9) 


It is zero if the attributes are independent, for then D = 0. It can equal +1 only 
if be — 0, in which case there is complete association (either all A's are B's or all fi’s 
are A's), and — 1 only if ad — 0, in which case there is complete dissociation. Further¬ 
more, Q increases with D, for if we write e = bc/(ad), we have 


0 = (l-*)/(l+*) = 2/(l+*)-l, 

so that 


dO _ 1_ n 

de (1+ej* < 


and as ~ is also negative, ^ is positive. 


Yule also proposed a so-called coefficient of colligation 

•iSL 

m “ 

but it is easy to show that 


Y = 


1 + 1 


(ady-(bc)i 

(ady+(bcf’ 


Q=- Y - 

* 1+ F* 


(33.10) 


(33.11) 


and nothing much seems to be gained by the use of Y. It is easily seen to satisfy 
our conditions. 

Yet a third coefficient, to which we shall return in 33.17 below, is 


(ad—be) 

{(a+b)(a+c)(b + d)(c+d)f 


(33.12) 


This is evidently zero when D = 0 and increases with D. If V 2 = 1, we have 


(a+6)(fl+c)(6+d)(c+d) = (ad-be)*, 


giving 

Aabcd+a*(bc + bd+cd)+b t (ac+ad+cd) + c i (ab+ad+bd) + d i (ac+ab + bc) = 0. 


Since no frequency can be negative, this can only hold if at least two of a, b, c, d are 
zero. If the frequencies in the same row and column vanish, the case is purely nuga¬ 
tory. We have then only to consider a = 0, d = 0 or b = 0, c = 0. In the first 
case V = — 1, in the second V = +1. It cannot lie outside these limits. 
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33.7 It will be observed that whereas | V\ = 1 only if two frequencies in the 
2x2 table vanish, | Q | and | Y | are unity if only one frequency vanishes. This raises 
a point in connexion with the definition of complete association. We shall say that 
association is complete if all A’s are B’s, notwithstanding that all B’s are not A’ s. 
If all dumb men are deaf, there is complete association between dumbness and deafness, 
however many deaf men there are who are not dumb.( # ) The coefficient V is unity 
only if all A’s are B’s and all B’s are A’s, a condition which we could, if so desired, 
describe as absolute association. 

We must point out in this connexion that statistical association is different from 
association in the colloquial sense. In current speech we say that A and B are associated 
if they occur together fairly often; but in statistics they are associated only if A occurs 
relatively more frequently among the B’s than among the not-fi’s. If 90 per cent 
of smokers have poor digestions, we cannot say that smoking and poor digestion are 
associated until it is shown that less than 90 per cent of non-smokers have poor digestions. 


Standard errors of the coefficients 


33.8 We now consider the 2x2 table as a sample, and derive the standard errors 
of the coefficients of 33.6 on the hypothesis of independence. We have, writing d for 
the differential to avoid confusion with d, 

de _ db dc_da_dd 
e bead’ 

whence 


vare 

e 


var u 

=?^ +2s 


r cov (u, v) 'I 

'C.r " V 


(33.13) 


where u and v are to be summed over a % b 9 c , d . Using multinomial results typified by 


a(n — a) 
var a = -- 


cov (a, b) 


ab 

7T 


we find, on substitution in (33.13), 


vare = e* fl + i + -+iV 
\a b c d) 

(33.1+) 

It is then easy to derive 



(33.15) 


(33.16) 


<*) If this asymmetrical convention is followed, complete association between A and B is not f 
in general, the same as complete association between B and A. 
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The sampling variance of V may be found similarly, but involves rather more lengthy 
algebra. We have 


var V = 


\-V*+(V+\V*) 


0 a-d)*-(b-c )* 
{(a+A)(a+c)(6+d)(c+d)}i 


l V2 ((a+b-c-dy_{a+c-b-d)'Y\ 
4 \(a+b)(c+~d) (a+c)(b+d) J J* 


(33.17) 


These formulae assume, as usual in large-sample theory, that the observed frequen¬ 
cies may be used instead of their expectations in the sampling variances. 


Partial association 


33.9 The coefficients described above measure the interdependence of two attri¬ 
butes in the statistical sense, but in order to help us to decide whether such dependence 
has any causal significance it is often necessary, just as in 27.1 for correlations, to con¬ 
sider association in sub-populations. Suppose, for example, that a positive association 
is noticed between inoculation and freedom from attack. It is tempting to infer that 
the inoculation confers exemption, but this is not necessarily so. It might be that the 
people who are inoculated are drawn largely from the richer classes, who live in better 
hygienic conditions and are therefore better equipped to resist attack or less exposed 
to risk. In other words, the association of A and B might be due to the association 
of both with a third attribute C (wealth). We therefore consider the association of 
A and B conditional upon C being fixed. 

Associations in sub-populations are called partial associations. Analogously to 
(33.6), A and B are said to be positively associated in the population of C's if 

(ABC) > (33.18) 

where (ABC) represents the number of members bearing the attributes A, B and C; 
and so on. We may also define coefficients of partial association, colligation, etc., 
such as 


(ABC) (*pC) - (ApC) (a BC) 
(ABC)(*pC)+(ApC) (< xBC )’ 


(33.19) 


which is derived from (33.9) by adding C to all the symbols representing the fre¬ 
quencies. 


Example 33.2 

The following example, though not in line with modern genetical thought, has a 
historical interest as showing some early attempts at discussing heredity in a quanti¬ 
tative way. 

Gabon’s Natural Inheritance gives particulars, for 78 families containing not less 
than six brothers or sisters, of eye-colour in parent and child. Denoting a light-eyed 
child by A, a light-eyed parent by B and a light-eyed grandparent by C, we trace every 
possible line of descent and record whether a light-eyed child has light-eyed parent 
and grandparent, the number of such being denoted by (ABC) and so on. The symbol 
(A/iy), for example, denotes the number of light-eyed children whose parents and 
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grandparents have not-light eyes. The eight possible classes are 

(ABC) = 1928 (xBC) = 303 

(ABy) = 596 (xBy) = 225 

(A/ZC) = 552 (xpC) « 395 

(Apy) = 508 (xpy) = 501. 


The first question we discuss is : does there exist any association between parent and 
offspring with regard to eye-colour ? We consider both the grandparent-parent group 
(association of B’s and C’s) and the parent-child group (association of A’s and B's). 

The proportion of light-eyed among children of light-eyed parents is (BC)/(C) 
= 2231/3178 = 70*2 per cent. That of light-eyed among children of not-light-eyed 
parents, ( By)/(y ), is 821/1830 = 44*9 per cent. Likewise (AB)/(B) = 82*7 per cent 
and (AfZ)/(fZ) = 54-2 per cent. Evidently there is some positive association in this 
set of observations between parent and offspring in regard to eye-colour. 

Consider now the relationship between eye-colours of grandparents and grand¬ 
children. The proportion of light-eyed among grand-children of light-eyed grand- 


(AC) 2480 

parents is L —L = __ = 78-0 per cent. That among grand-children of not-light- 
(C) J17o 

eyed grandparents, (Ay)/(y) is 1104/1830 = 60-3 per cent. 

Thus the association between eye-colour in grandparents and grand-children is 
also positive. In tabular form, the data are: 


Attributes 

A 


Totals 

Attributes 

C 

V 

Totals 

Attributes 

c 

y 

Totals 

B 

2524 

528 

3052 

I B 

2231 

821 

3052 

A 

2480 

1104 

3584 

P 

1060 

896 

1956 

P 

947 

1009 

1956 

a 

698 

726 

1424 

Totals 

3584 

1424 

5008 

1 

3178 

1830 

5008 ; 


3178 

1830 

5008 


The coefficients of association and colligation Q and Y are 

Q Y 

Grandparents-parents .. 0-487 0-260 

Parent8-children .. .. .. 0*603 0*336 

Grandparents-grand-children .. 0*401 0*209 


Now the question arises: is the resemblance between grandparent and grand¬ 
child due merely to that between grandparent and parent, parent and child ? To 
investigate this, we consider the associations of grandparent and grand-child in the 
sub-populations “ parents light-eyed ” and “ parents not-light-eyed ” ; that is, the 
associations of A and C in B and /S. 

Among light-eyed parents, the proportion of light-eyed amongst grand-children 


of light-eyed grandparents = 


(ABC) 1938 
(BC) 2231 


= 86*4 per cent, while the proportion 


of light-eyed amongst grand-children of not-light-eyed grandparents 


(ABy) _ 596 
(By) 821 


= 72*6 per cent. 

Among not-light-eyed parents, the proportion of light-eyed amongst the grand¬ 
children of light-eyed grandparents = = 57 = = 58*3 per cent, and the pro- 

(pC) V47 
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portion of light-eyed amongst the grand-children of not-light-eyed grandparents 
(A0y) 508 _ n , 

“ w " low = 50 3 per “ nt - 

In both cases, the partial association is well marked and positive. The association 
between grandparents and grand-children cannot, then, be due wholly to the associa¬ 
tions between grandparents and parents, parents and children. This was interpreted 
to indicate the existence of ancestral heredity, as it is called, as well as parental heredity. 
The relevant tables are: 


Table 33.1 


Parents light-eyed 
Grandparents 


Parents not-light-eyed 
Grandparents 


| BC 

By ! 

I 

Totals 

S 

pc 

By Totals 



- — 

•S 

- — - - — ■ 


AB 1 1928 

596 

2524 

1 

Ap 552 

508 1060 

a B | 303 

225 

428 

1 

1 

«P 395 

501 896 

Totals ! 2231 

821 

3052 

O 

Totals 947 

1009 1956 


The coefficients of association and colligation are: 

Qac.b — 0412, Qac.p — 0-159, 

Y A c.b = 0-216, Y ac . p = 0-080. 

33.10 If there are p different attributes under consideration, the number of partial 
associations can become very large, even for moderate p. For example, we can choose 

two in ways and consider their associations in all the possible sub-populations 

of the other (/>—2), which are seen to be Z p -* in number. Thus there are 3 P_ * 
associations. 

One of the principal difficulties, in fact, in discussing data subject to multiple 
dichotomy (and, even more, multiple polytomy) is the sheer volume of the large number 
of tables which results. 

One result in this connexion is worth noticing. We have, generalizing D in equa¬ 
tion (33.8), 


D AB .c+D ABv = {(^5C)-^W C) }+{(^By)- 




= (AB) - I (AC) (BC )( BC ) 

n (C7) (y) n 

_(B)(C)(AC) + (A)(B)(C)*} 


= Dab—jj^t-p-tDacDbc- 


( 33 . 20 ) 
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If, then, A and B are independent in both (C) and (y), D^b.c = D AB .y = 0 and 
(33.20) gives 

Dab - jg* j^DacDbc, ( 33 . 21 ) 

i.e., A and B are not independent in the population as a whole unless C is independent 
of A or B or both in that population. Compare (27.67) for partial correlation, where 
it follows that p 12 . 3 = 0 only implies p lt = 0 if p l3 or p 33 = 0. 

This result indicates that illusory associations may arise when tw'o populations 
(C) and (y) are amalgamated, or that real associations may be masked. If A and C, 
B and C, are associated, we have, from (33.20) 

Dab = jgjiyjDACD bc+D ab c +D AB y , ( 33 . 22 ) 

so that if A and B are associated positively in (C) and negatively in (y), Dab may be 
zero, that is to say, A and B may appear independent in the whole population. 

Example 33.3 

Consider the case in which some patients are treated for a disease and others not. 
If A denotes recovery and B denotes treatment, suppose that the frequencies in the 
2x2 table are: 


B 

P 

Totals 

A ! 100 

200 

1 300 

a 50 

100 

! 150 

Totals ! 150 

300 

450 


Here (AB) = 100 = so that the attributes are independent. So far as can 

be seen, treatment exerts no effect on recovery. 

Denoting male sex by C and female sex by y, suppose the frequencies among males 
and females are: 



Males 



Females 



BC 

pc 

Totals 


By 

Py 

Totals 

AC | 

80 

100 

180 

~a y ~ 

20 

100 

120 

aC 

40 

80 | 

120 

*r 

10 

20 

30 

Totals 

120 

180 

300 

Totals I 

30 

120 

150 


In the male group we now have 

Q 

and in the female group 


G (80 x 80) - (100 x 40) 

(80 x 80) + (100 x 40) 


Qab. y = -0-429. 


0-231, 
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Thus treatment was positively associated with recovery among the males and nega¬ 
tively associated with it among the females. The apparent independence in the 
combined table is due to the cancelling of these associations. 

Probabilistic interpretations of measures of association 

33.11 The measures of association discussed in 33.5-10 were developed from 
1900 onwards, and set out to summarize the strength of association in a single compre¬ 
hensive coefficient. But, just as we saw in 26.10 for the correlation coefficient, it is 
not always reasonable to suppose that any single coefficient can do this adequately. 
Goodman and Kruskal (1954, 1959), in addition to giving a detailed discussion of the 
history of measures of association and a very full bibliography, make a powerful plea 
for choosing a measure which is interpretable for the purpose in hand. Most of their 
discussion is couched in terms of polytomized tables, i.e. tables with two or more cate¬ 
gories in the row and column classifications, and we shall refer to their work in 33.35, 
33.40 below when considering polytomies. Here, however, we remark that in a 
2x2 table the coefficients Q and Y defined at (33.10-11) can be given operational 
interpretations, in certain conditions. 


33.12 Consider the selection at random of two individuals from a population of 
n individuals classified into a table (33.1), so that each individual will fall into one of 
the four categories in the body of the table. Let us score for * = 1,2, 

individual possesses A, 


( = +1 if an indivic 
'\ = 0 otherwise, 

^ ( — +1 if an individual possesses B, 
*\ = 0 otherwise, 


and Qq — 

Define the probabilities 

n t = P{a 0 b 0 =1}, 

— P {°0 b<> = ~ 1 }» 

= P{a 0 b 0 = 0}. 

Then the coefficient 


y = 


n^—n& 

1 — 7l t 


(33.23) 


is the probability 3T,/(1 —n t ) that the two individuals selected from the population have 
their A- and 5-categories different and in the same order (if we sense the table (33.1) 
from left to right and top to bottom) minus the probability n d /(l —7i t ) that they have 
different A- and 5-categories in opposite orders. Clearly, using the notation (33.2), 

ad—be „ 

7 ~ ad+bc ~ ® 

as defined at (33.9). Q therefore has a direct probabilistic interpretation as above. 


33.13 Similarly, consider choosing a single individual at random from the 
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population, and suppose that we are asked (without prior knowledge) to guess whether 
it is A or not-A The best estimate we can make is to guess that the individual 
comes from the larger of the frequencies (A), (a) in (33.1); the probability that this 
estimate is correct is, from (33.2), 

Pm. = -ma x(a+b,c+d). 

It 

Similarly, if we have to guess whether the individual is 5 or not-5, we guess the larger 
of (5), (/?), with probability of success 

p.m = - max (a+c,b+ d). 

It 

Thus if we are asked to guess the ^-category half of the time and the 21-category the 
other half of the time, the probability of success is £ (p m .+p. m ) and the probability of 
error is 

(p m . + p.m)- (33.24) 

Suppose now that we know the individual's 5-category and are asked to guess the 
^-category. The best guess is now the larger category in the appropriate column of 

the table, with probability of success equal to or in the respective 

columns. Since these columns will occur in random sampling with probabilities 
( a+c)/n , (b+d)/n respectively, the overall probability of success in guessing the A- 
category given the 5-category is 

ji a = - { max (a, c) +max (b, d) }. (33.25) 

If 

The overall probability of success in guessing the 5-category given the ^-category 
will similarly be 

3ib = - { max (a, b) + max (c, d )}. (33.26) 

If 

If, as in the no-information situation above, we had to guess the categories alternately 
the probability of success would be the mean of (33.25) and (33.26) and the probability 
of error therefore would be 

3ix = 1 — ^-{max(a,6) + max(<i,c) + max(6,d) + max(c,d)}. 

Zft 

33.14 We now define the coefficient, from (33.24) and (33.27), 

X _ n a~ 7 l i 

which is the relative reduction in error-probability produced by knowledge of one 
category in predicting the other. Clearly, 3t 0 ^ n x> so we have 

0 < A < 1. (33.29) 

Now Yule (1912) suggested that the value of a “ reasonable ” measure of association 
should not be affected if each row and each column of the 2x2 table is separately 
multiplied through by an arbitrary positive constant. This invariance principle, which 


( 33 . 27 ) 

( 33 . 28 ) 
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itself is reasonable, enables us to relate A at (33.28) to Yule’s coefficient Y defined at 
(33.10). 

If we multiply the table (33.2) by the constants: 

First row : (i cdy/n , 

Second row: (aby/n, 

First column : ( bdy/n , 

Second column: (acy/n, 

we transform it (neglecting constants common to all four frequencies) to 

(ady (bey \m 

(bey (ady | \m (33.30) 


\m \m m 

For the moment, suppose ad > be. From (33.28), we then have for the transformed 
table (33.30), 



’l -hod)' 


HI 


h 

2 (ady — \m 
\m 


which since (ady + (bey = \m becomes 

- W-gtf. (33.31) 

(ady + (be) 1 v 

(33.31) is identical with the definition of Y at (33.10), but we have chosen its sign arbi¬ 
trarily by taking ad > be. Thus, generally, 

A = | Y|, (33.32) 

conferring a probabilistic interpretation upon the magnitude of Y. 


Large-sample tests of independence in a 2 x 2 table 

33.15 We now consider the observed frequencies in a 2 x 2 table to be a sample, 
and we suppose that in the parent population the true probabilities corresponding to 
the frequencies a, b, c, d are p lt , p tl , p i% respectively. We write the probabilities 

Pu Pit Pi. 

P»i Ptt Pt. (33.33) 

P.i P.t | 1 

with = Pn+Pit, and so forth. We suppose the observations drawn with replace¬ 
ment from the population (or, equivalently that the parent population is infinite). 
We also rewrite the table (33.2) in the notationally symmetrical form 


»n 


»i* , »i. 
»tt ; »*. 


».t 


n 
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The distribution of the sample frequencies is given by the multinomial whose 
general term is 

L - sto-Lto***** (33J4) 

To estimate the p iit we find the Maximum Likelihood solutions for variations in 
the p it subject to = 1. If A is a Lagrange multiplier, this leads to 


£l!-A = 0 or n xx = Xpu 
Pn 


and three similar equations. Summing these, we find A — n and the proportions p it 
are simply estimated by 

Pn = ”u/n ( 33 . 35 ) 

and three similar equations. This is as we should expect. The estimators are un¬ 
biassed. 

We know, and have already used the fact in 33.8, that the variances of the n (i are 
typified by 

var» u = np n (l-p u ) 

and the covariances by 


cov (»„,»„) — —npiipif 


These are exact results, and we also know (cf. Example 15.3) that in the limit the joint 
distribution of the n„ tends to the multinormal with these variances and covariances. 
We may now also observe that the asymptotic multinormality follows from the fact 
that these are ML estimators and satisfy the conditions of 18.26. 


33.16 Now suppose we wish to test the hypothesis of independence in the 2x2 
table, which is 

Ho -puPti ™ PitPu • ( 33 . 36 ) 

This hypothesis is, of course, composite, imposing one constraint, and having two 
degrees of freedom. We allow p xx and p xt to vary and express p tx and p it by 


i'll T 7T > 

Pii+Pi» 


p ^ Pit(}~Pji~Pit) 
Pn+Pi, 


( 33 . 37 ) 


The logarithm of the Likelihood Function is therefore, neglecting constants, 
logL = Wiilogpu+nmlogpu+nMlogp^+nMlogp,, 

= »ulog/»u+»i«logp lt +n tl {logp u +log(l-p u -p 1I )-log(p u +p ll )} 
+ w *«{l°g^it+l°g(l ~Pn~ Pit)~ l°g(^ii+^i«)} 


= « 1 log j>n + ». s logp lt +»*. {log (1 -pu)- logp!.}. 

To estimate the parameters, we put 

0 = aiogL^*, f 1 n t . 

*Pn Pn , U -Pi Pu! Pn Pi.V-pJ 

0 = = ?•*_ "t- 

dPit P\% Pi. (l-^i.) 


( 33 . 38 ) 


( 33 . 39 ) 
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giving for the ML estimators under H 0 


hx 


n \. £ 

IT plt 


*1. ».* 
n n ' 


(33.40) 


(33.37) gives analogous expressions for $ tl and $ tt . Thus we estimate the cell prob¬ 
abilities from the products of the proportional marginal frequencies. This justifies 
the definition of association by comparison with those products in 33.4-5. 

Substituting these ML estimators into the LF, we have 

£(»«l Htop iS ) cc («,.«.i)"“(»i.«.i)"»(«t. n.i)"*'(« 2 . «.,) m **/« 2b » (33.41) 

while the unconditional maximum of the LF is obtained by inserting the estimators 
(33.35) to obtain 

L (««I f>u) « «xl‘ f*Sl‘ 

(33.41-2) give for the LR test statistic 

/ = ( ’hi ”A "“ ( "i- ”■» V** / ”«• ”.x V ,t / ”»• gj \"“ 

\ nn n) \nn l% ) \nn tl ) \nn tl ) 

Writing nf ti = n u n.,/n = e fh this becomes 

/ - (i HWiyWfllWfllV" 

\»n/ \»x*/. U«x/ \»*J 


(33.42) 

(33.43) 

(33.44) 


33.17 The general result of 24.7 now shows that —2 log / is asymptotically dis¬ 
tributed as %• 1 with one degree of freedom. This is easily seen directly. Writing 
Du = n (i —e i; (cf. (33.8)), and expanding as far as D\ = D%, all i, j), we have 




(33.45) may be rewritten 


= Z)*S2—, 

«■ i e u 


—2 log / = ^ = X*. 

6 i i 


(33.45) 


(33.46) 


We have thus demonstrated in a particular case the asymptotic equivalence of the LR 
and X * goodness-of-fit tests which are remarked in 30.5. (33.46) could have been 
derived directly by observing that the composite H 0 implies a set of hypothetical fre¬ 
quencies e i)t and that the test of independence amounts to testing the goodness-of-fit 
of the observations to these hypothetical frequencies. As in 30.10, the number of 
degrees of freedom is the number of classes (4) minus 1 minus the number of parameters 
estimated (2), i.e. one. 

It is a simple matter to show that the X * statistic at (33.46) is identically equal to 
nV a , where V is the measure of association defined at (33.12). We leave this to the 
reader. 


Exact test of independence : models for the 2x2 table 

33.18 The tests of independence derived in 33.15-17 are asymptotic in rt, the 
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sample size. Before we can devise exact tests of independence in 2x2 tables, we 
must consider some distinctions first made by Barnard (1947) and E. S. Pearson (1947). 

It will be recalled that the expected values in the cells of the 2x2 table on the 
hypothesis of independence of the two categorized variables are 

i,i = 1.2, (33.47) 

71 

depending only on the four marginal frequencies and upon the sample size, n. Since 
we are now concerned with exact arguments, we must explicitly take account of the 
manner in which the table was formed, and in particular of the manner in which the 
marginal frequencies arose. Even with n fixed, we still have three distinct possibilities 
in respect of the marginal frequencies. Both sets of marginal frequencies may be 
random variables, as in the case where a sample of size n is taken from a bivariate dis¬ 
tribution and subsequently classified into a double dichotomy. Alternatively, one set 
of marginal frequencies may be fixed, because that classification is merely a labelling 
of two samples (say, Men and Women) which are to be compared in respect of the other 
classification (say, numbers infected and not-infected by a particular disease). If the 
numbers in the two samples are fixed in advance (e.g. if it is decided to examine fixed 
numbers of Men and of Women for the disease), we have one fixed set of marginal 
frequencies and one set variable. When we are thus comparing two (or more) samples 
in respect of a characteristic, we often refer to it as a test of homogeneity in two (or k) 
samples. 

Finally, we have the third possibility, in which both sets of marginal frequencies 
are fixed in advance. This is much rarer in practice than the other two cases, and the 
reader may like to try to construct a situation to which this applies before reading on. 
The classical example of such a situation (cf. Fisher (1935a)) concerns a psycho-physical 
experiment: a human subject is tested n times to verify his power of recognition of 
two objects (e.g. the taste of butter and of margarine). Each object is presented a cer¬ 
tain number of times (not necessarily the same number for the two objects) and the 
subject is informed of these numbers. The subject, if rational, then makes the marginal 
frequencies of his assertions (“ butter ” or “ margarine ”) coincide with the known 
frequency with which they have been presented to him. 

Example 33.4 

To make the distinction of 33.18 clearer, let us discuss some actual examples. The 
table in Example 33.1 above is certainly not of our last type, with both sets of marginal 
frequencies fixed, but it is not clear, without further information, which of the other 
types it belongs to. Possibly 818 persons were examined and then classified into the 
2x2 table. Alternatively, two samples of 279 inoculated and 539 not-inoculated per¬ 
sons were separately examined and each classified into “ attacked ” and “ not-attacked.” 
It is also possible that two samples of 69 attacked and 749 not-attacked persons were 
classified into “ inoculated ” and “ not-inoculated.” There are thus three ways in 
which the table might have been formed, one of the double-dichotomy type and two 
of the homogeneity type. Reference to the actual process by which the observations 
were collected would be necessary to resolve the choice. 
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To illustrate the last type in 33.18, we give a fictitious table referring to the butter- 
margarine tasting experiment there described: 


Object actually /Butter 
presented \Margarine 


Identification made by subject 


Butter 

Margarine 


4 

11 

15 

11 

14 

25 

15 

25 

[ 40 


33.19 We have no right to expect the same method of analysis to remain appro¬ 
priate to the three different real situations discussed in 33.18 (although we shall see 
in 33.24 below that, so far as tests of independence are concerned, the Case I test 
turns out to be optimum in the other two situations). We therefore now make prob¬ 
abilistic formulations of the three different situations. We begin with the both- 
margins-fixed situation, since this is the simplest. 


Case I: Both margins fixed 

On the hypothesis, which we write 

(33.48) 

Pi- P*. 

the probability of observing the table 


»u »» ! *i. 
n ti n tt i n t. 




n. 


(33.49) 


when all marginal frequencies are fixed is 

Pi = P{n u \n>n x .,n.i} * P{n„|n,» 1 . }/P{n tl |n} 


(»u)(»«)/(»-i) 


= -- 1 - 1! L . (33.50) 

n! n u ! Ri t l n u ! »ts' 

(33.50) is symmetrical in the frequencies n u and in the marginal frequencies, as it 
must be from the symmetry of the situation. Since all marginal frequencies are fixed, 
only one of the n ti may vary independently, and we may take this to be n xx without 
loss of generality. Regarding (33.50) as the distribution of n n , we see that it is a 
hypergeometric distribution (cf. 5.18). In fact, (33.50) is simply the hypergeometric 
f.f. (5.48) with the substitutions 

IV as n, n a w x ., Np a ». x , Nq = n.„ N-n m 
j a » u , n-j a » lt , Np-j a n„, Nq-(n-j) a n M . 

The mean and variance of » x , are therefore, from (5.53) and (5.55), 

P(n n ) = n x . n.i/n, 


£(» n ) = Ri.n.x/n, 'i 

varn xl __,J 


(33.51) 


NN 
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and n n is asymptotically normal with these moments. Thus 

t - (33.52) 

l » 2 (»-1) / 

is asymptotically a standardized normal variate. Replacing (»—1) by n, we see that 
(33.52) is equivalent to V, where V is defined at (33.12) and hence (cf. 33.17) is 
equivalent to the X * statistic defined at (33.46). This confirms that the general large- 
sample test of 33.17 applies in this situation. 

33.20 We may use (33.50) to evaluate the exact probability of any given configura¬ 
tion of frequencies. If we sum these probabilities over the “ tail ” of the distribution 
of » ll( we may construct a critical region for an exact test, first proposed by R. A. 
Fisher. The procedure is illustrated in the following example. 

Example 33.5 (Data from Yates, 1934, quoting M. Heilman) 

The following table shows 42 children according to the nature of their teeth and 
type of feeding. 



Normal teeth 

Mal-occluded teeth 

: Totals 

Breast-fed 

4 

16 

i 20 

Bottle-fed 

1 

21 

! 22 

Totals 

5 

37 

i 42 


These data evidently do not leave both margins fixed, but for the present we use them 
illustratively and- we shall see later (33.24) that this is justified. 

We choose as n n a frequency with the smallest range of variation, i.e. one of the 
two frequencies having the smallest marginal frequencies. In this particular case, given 
the fixed marginal frequency n. t = 5, the range of variation of » n is from 0 to 5. 

The probability that » n = 0 is, from (33.50), 


5137120^22! 
4212010151171 


0-030,96. 


The probabilities for n n = 1,2,... are obtained most easily by multiplying by 

5x20 4x19 3x18 ^ 

1x18’ 2x19’ 3x20’ ’ 

and are as follows: 


Number of normal 


Probabilities 

breast-fed children (n,,) 

Probability 

cumulated upwards 

0 

0 0310 

1-0001 

1 

01720 

0-9691 

2 

0-3440 

0-7971 

3 

0-3096 

0-4531 

4 

0-1253 

0-1435 

5 

0-0182 

1-0001 

0-0182 



CATEGORIZED DATA 


553 


To test independence against the alternative that normal teeth are positively associ¬ 
ated with breast-feeding, we use a critical region consisting of large values of n u (the 
number of normal breast-fed children). We have a choice of two “ reasonable ” values 
for the size of the exact test. For « = 0*0182, only n u = 5 would lead to rejection of 
the hypothesis; for « = 0*1435, » u = 4 or 5 leads to rejection. Probably, the former 
critical region would be used by most statisticians, leading in this particular case 
(»u = 4) to acceptance of the hypothesis of independence. 

33.21 Tables for use in the exact test based on (33.50) have been computed. Finney 
(1948) gives the values of n tl (his 5) required to reject the hypothesis of independence for 
values of n t ., n,. (or n.i, n. t ) and n„ up to 15 and single-tail tests of sizes a < 0*05, 
0*025,0*01,0*005, together with the exact size in each case. Finney’s table is reproduced 
in the Biometrika Tables. Latscha (1953) has extended Finney's table to n v , n t , — 20. 
Armsen (1955) gives tables for one- and two-tailed tests of sizes a < 0*05, 0*01 and n 
ranging to 50. Bross and Kasten (1957) give charts for one-sided test sizes a = 0*05, 
0*025, 0*01, 0*005 or two-sided tests of size 2a, and minimum marginal frequency 
(say n.j) $ 50, based on the approximation of the hypergeometric (33.50) by the binomial 

. The critical values in the charts are conservative unless n. x /n 

is small. 



Case II: One margin fixed; homogeneity 

33.22 We write the hypothesis (which is now one of equality of probabilities in 
two populations) in the form (33.48) as before, but n u and n t . are fixed and n u ,n tl 
are independent random variables, so that n A (and hence its complement n, t ) is a 
random variable. We test the hypothesis (33.48) by considering the corresponding 
difference of proportions 

u - (33.53) 

«i. »*. 

On the hypothesis, this is asymptotically normal with mean zero and variance 

varu = P( 1 ~P)(^- + ~)> 

V*i. n tJ 


where p is the hypothetical common value of —, —. 

P i. Ps- 

We estimate p{\ —p) unbiassedly by the pooled estimator 




so the estimated variance of u is 

^ n.i ft « / 1 1 \ ft i ft « 

vara = / - 1 - •: (— + —) = — \ 

»(« 1) \«1. «2./ (»-l)«!.«,. 

Thus we have an asymptotic standardized normal variate 


fty _ft21 

u — E(u) _ «). «2. 

(Vart/) 1 f n.t V 1 ’ 

((«-!)«!. n t J 


(33.54) 
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and this is identical with (33.52). The large-sample tests are therefore identical in 
the two cases. 

But for small samples the test is different. On the hypothesis, we now have 
Pn = P{nn\p,n u }P{n tl !/>,»,.} 

- (1 -?)"■ (£;)>■“(1 -/>)-, (33.55) 

that is to say, to P x defined at (33.50) multiplied by a binomial factor 

This must evidently be so, for we have the original probability for fixed n. x now multi¬ 
plied by the probability of n. x itself. Unlike (33.50), (33.55) depends on an unknown 
parameter, p, and cannot be evaluated. 

Case III: No margin fixed; double dichotomy 

33.23 We now turn to the case where n is fixed, but none of the marginal totals. The 
hypothesis is now genuinely one of bivariate independence. We have already derived 
the large-sample test in this context in 33.15-17. The exact probability of n u is now 

Pm = P{»ul»i.,».i,»}P {n. x \p,n}P{n x . |/>',»}, (33.56) 

where p' is the hypothetical common value of p xx /p. x , pn/p.t- The first two factors 
on the right of (33.56) are equivalent to (33.55), and the third is 

/>{*.. ip'.*} = („")<>')■■•<« -nr-- (33.57) 

Thus (33.56) depends on two unknown parameters (/>,/>') and cannot be evaluated. 


The optimum exact test for 2 x 2 tables 

33.24 We may now demonstrate the remarkable result, first given by Tocher 
(1950), that the exact test based on the Case I probabilities (33.50) actually gives UMPU 
tests for Cases II and III. The argument can be made very simple. (33.55), the 
Case II distribution of n xl given H 0 , contains a single nuisance parameter p, the hypo¬ 
thetical common value of p xx /p u , p tx /p a .. It is easily verified that when H 0 holds, the 


pooled estimator p = = —A is sufficient for p. By 23.10, it is complete and 

ft i, + n%. ft 

distributed in the linearized exponential form (23.17). Thus the one- and two-sided 
UMPU test of H 0 will, by 23.30-1, be based on the conditional distribution of n xl 
given n. u i.e. (since is already fixed) upon (33.50). 

Similarly, in Case III, we have two nuisance parameters {p,p') in (33.56) for which 



are jointly sufficient and complete when H 0 holds. 


Thus, again from 23.10 


and 23.30-1, the UMPU tests of H 0 will be based on the conditional distribution of n xx 
given (n.i,«i.), i.e. upon (33.50). 

Thus the conditional Case I distribution (all marginal frequencies fixed) provides 
UMPU tests for both the homogeneity and double-dichotomy situations. 
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33.25 It should be remarked that the results of 33.24 only hold strictly if ran¬ 
domization is permitted in order to obtain tests of any size a; the discreteness of the 
distributions in a 2 x 2 table limits our choice of test size—cf. Example 33.5 and also 
20.22. Unless the frequencies are very small, however, there is usually at least one 
“ reasonable ” value of a available for the conditional exact test based on (33.50), so 
that the difficulty is theoretical rather than practical. 


33.26 Although the same test is valid in the three situations, its power function 
will differ, since the alternative to independence must obviously be different in the 
three situations. For Case II (homogeneity), Bennett and Hsu (1960) give charts of 
the power function using the Finney-Latscha tables (cf. 33.21). Patnaik (1948) gave 
approximations adequate for larger samples. E. S. Pearson and Merrington (1948) 
carried out sampling experiments on the power functions of the exact and asymptotic 
tests in Case I (both margins fixed). 


Continuity correction in the large-sample X * test 

33.27 As always when using a continuous distribution to approximate a discrete 
one, a continuity correction improves the large-sample test based on (33.46). In this 
case, the continuity correction, first suggested by Yates (1934), requires (using (33.12)) 
that 


Xs = nV 2 = - 

0 a + b)(a+c)(b + d)(c+d) 


(33.58) 


should have the term (ad-be) in its numerator replaced by \ad—bc\ — \n, which is 
the same as increasing (if ad > be) b and c by $, and reducing a and d by Thus the 
corrected test statistic is 

X i _ n{\ad—bc\ — \n }* 

(a+6)(a+c)(6+d)(c+d)' 

The effect is illustrated-in Example 33.6. 


(33.59) 


Example 33.6 

In Example 33.5, we found the probability that » u ^ 4 to be O’1435. Let us 
compare this with the result obtained by using the asymptotic %* distribution with 
one degree of freedom. 

From the table of Example 33.5 we have, for (33.58), 

VI 42 { + P 1 )-16(1)}‘ _ 2-386 
20.22.5.37 2 386 ' 

From Appendix Table 4b, P{X 2 ^ 2*386} = 0*122, a more exact value being 0*1224. 
This, however, is the probability associated with a two-tailed test, because X * is the 
square of a normal deviate. For comparison with the exact test, we have to halve 
this, obtaining 0*0612. The approximation to the exact value of 0*1435 is very poor. 
If we apply a correction for continuity, the corrected value X\ is then, by (33.59), 

42(68—21)* 1.140 

20.22.5.37 
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The corresponding probability from the % 2 table is 0*2854, one half of which is 0*1427, 
this time in excellent agreement with the exact value of 0*1435. 

Lancaster (1949a) examined the effect of continuity corrections in cases where a 
number of X* values from different tables are added together. In such circumstances, 
each X* should not be corrected for continuity, or a serious bias may result. Lancaster 
shows that where the original tables cannot be pooled, the best procedure is to add the 
uncorrected X* values. Similar results for one-tailed tests are given by Yates (1955). 

The general r x c table : measurement of association 

33.28 We now consider the more general situation in which two variables are 
classified into two or more categories. We extend our notation to write the r x c table 
in the form: 


n n »!*... n u n u 

»*i * * * »*c «a. 

• • ♦ • 

• ♦ ♦ • 

• • • • 

ftfl ^r* • • • ' ®r. 

n.i n. e n 


(33.60) 


In the older literature, (33.60) is called a contingency table. The discussion of 33.1-2 
applies to this general two-variable categorization. 

The problem of measuring association in such a table presents severe difficulties 
which are, in a sense, inherent. In Chapter 26 we found in the case of measured 
variates that it may be impossible to express a complicated pattern of interdependence 
in terms of a single coefficient, and this holds similarly in the present situation. The 
most successful attempts to do so have been based on more or less latent assumptions 
about the nature of underlying variate-distributions. 


33.29 In (33.60), if the two variables were independent, the frequency in the »th 
row and jth column would be n { . n.j/n. The deviation from independence in that 
particular cell of the table is therefore measured by 


D (j *»«—»<. n.f/n, (33.61) 

the generalization of (33.8). We may define a coefficient of association in terms of 
the so-called square contingency 'ZDf i /(n i .n. s ) and shall write 


X i = S 


Dh 


U i n u n .i ) 


— _ _ / n ~ \ “ n n * f» (33.62) 

i,j »(. n .j/ n Ui n i- n -i J 

the generalization of (33.46). On the hypothesis of independence, X * is asymptotically 
distributed in the form, as is easy to see from the goodness-of-fit standpoint men¬ 
tioned in 33.17 above; the degrees of freedom are given by 


(rc—1)—(r—1)—(c—1) = (r—l)(c—1), 
the number of classes minus 1 minus the number of parameters fitted. 
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33.30 X* itself is not a convenient measure of association, since its upper limit 
is infinite as n increases. Following Karl Pearson (1904), we put 

'-{£*)'• < 33 - 63 > 
and call P Pearson’s coefficient of contingency . It was proposed because it may be 
shown that if a bivariate normal distribution with correlation parameter p is classified 
into a contingency table, then P* —► />* as the number of categories in the table increases. 
For finite r and c, however, the coefficient P has limitations. It vanishes, as it should, 
when there is complete independence; and conversely, if P = 0 , we have X* - 0 
so that every deviation D i} is zero. Clearly 0 < P < 1. But in general, P cannot 
attain the same upper limit, and therefore fails to satisfy a desideratum mentioned in 
33.5. Consider, for example, a “ square ” table with r = c, in which only the leading 
diagonal frequencies n ti are non*zero. Then n t . = n , = »«, all f, and by (33.62) 

X * = n(r-l) 

so that, from (33.63), 

M^)‘ 

Thus even in such a case of complete association —cf. 33.7—the value of P, its maxi¬ 
mum, depends on the number of rows and columns in the table. 

To remedy this, Tschuprow proposed the alternative function of X* 

r ’k4--w}' (33M) 

which attains +1 when r = c in a case of complete association as above, but cannot 
do so if r / c. In fact, it is easy to see, just as above, that the maximum attainable 
value for X 8 is n x min(r— 1 , c— 1 ) (attained when all the frequencies lie in a longest 
diagonal of the table) and thus the attainable upper bound for P is 

( min(r— l,c— 1 ) V 
(l + min(r— l,c— 1 )/ ’ 

while that for T is 


fmin(r —l,c — 1)V _ fmin( r—l,c— 1)"!* 

XUr-lW-m ~ Imax^lT^T)/ ‘ 

Following Cramer (1946), we may define a further modification, which can always 
attain +1, by 


C 


= /__y. T [ 

\»min(r—l,c—1)/ \ 


max (r -1, c -I) ')* 
min(r— l,c— 1)/ ’ 


(33.65) 


Evidently C = T when the table is square but C > T otherwise, although the difference 
will not be very large unless r and c are very different. We also see that 

I* _[('-<)(*-1)1* 
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so that as n increases we expect to have P > T if independence holds, when X 4 has 
expectation (r-l)(c—1). The difference P— T is often substantial. Cf. Exercise 
33.4 below. 

Example 33.7 

The table (from W. H. Gilby, Biometrika, 8, 94) shows the distribution of 1725 
school children who were classified (1) according to their standard of clothing, and (2) 
according to their intelligence, the standards in the latter case being A = mentally 
deficient, B = slow and dull, C = dull, D = slow but intelligent, E = fairly intel¬ 
ligent, F = distinctly capable, G = very able. 

Table 33.2 


Totals 


Very well clad «. .. 

33 

48 

113 

209 

194 

39 

636 

Well clad. 

41 

100 

202 

255 

138 

15 ! 

751 

Poor but passable 

39 

58 

70 

61 

33 

4 

265 

Very badly clad .. .. 

17 

13 

22 

10 

10 

1 

73 

Totals 

130 

219 

407 

535 

375 

59 1 

1725 


Standard 
of clothing 


Intelligence 
class 


A and B C 


We investigate the association between standard of clothing and intelligence. We 
first work out the “independence” frequencies n t .n. f /n. For example, n.j/it is 
636x130/1725 = 47*930. The term nD^y/tty.n.y in (33.61) is then 

(33 - 47-930)747*930 = 4*651. 

The sum of the 24 such terms in the table will be found to be X * = 174*92. 

It is quicker to calculate X s from the extreme right-hand side of (33.62), i.e. to 
calculate. 

<»•<*> 

and with a calculating machine this is expeditiously evaluated by first dividing even- 
frequency in the ith row by its row total, and then dividing all the resulting quotients 
in the jth column by that column’s original total frequency. We should, in this case, 
first have 

33 48 113 209 194 39 

636 636 636 636 636 636’ 

41 100 202 255 138 15 

752 751 751 751 751 751’ 

and two further rows, and then divide the columns of this array by 130, 219, etc. We 
then have only to subtract 1 from the total of the 24 entries in the final array, and 
multiply by 1725 (= n) to have (33.66). The reader should check the computation 
by both methods. 
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With X 2 = 174-92, we now have, from (33.63-5), the coefficients 

P = / J7i92_V = 0 . 303 

Vl725+ 174-92/ ’ 


MlSS}'-* 


The relationship between the three coefficients is as we should expect from the remarks 
at the end of 33.30, with C little larger than T, but P nearly twice as large, even though 

its attainable upper bound here is = 0-866 against QY = 0-880 for T (and, of 


course, 1 for C). Thus it happens that the attainable upper bounds for P and T are 
almost the same in this particular case, but P gives the impression of a considerably 
stronger association between the variables. Exercise 33.3 finds similar results for 
another set of data. 

All three coefficients are monotone functions of X 2 , and we may therefore test 
independence directly by X 2 , which we have seen to be 174-92. As there are 
(r—l)(c—1) = 15 degrees of freedom, this far exceeds any critical value likely to be 
used in practice—a test of size a = 0-001 would use a critical value of 37-697. 


Models for the r x c table 

33.31 In discussing measures of association in the rxc table, distinctions as to 
the underlying model, similar to those made for the 2x2 table in 33.18-23, are neces¬ 
sary. S. N. Roy and Mitra (1956) have explicitly extended that discussion of the three 
types of table (both sets of marginal frequencies fixed, one set fixed, neither set fixed) 
to the general rxc table ; no new point arises. Roy and Mitra go on to show (as we 
did for the 2x2 table) that, on the hypothesis of independence, X 2 defined at (33.62) 
is asymptotically distributed in the X 2 form with (r—l)(c—1) degrees of freedom 
under all three models. It is intuitively obvious that the differences between the 
models, given the hypothesis of independence, vanish asymptotically, since any marginal 
frequencies which are random variables will converge in probability to their expectations. 

Exact treatment of the rxc table on the lines of 33.20 is necessarily a tedious piece 
of enumeration. Freeman and Halton (1951) give details of the method. 


Standard errors of the coefficients and of X 2 

33.32 The coefficients of association (33.63-5) are all monotone increasing func¬ 
tion of X 2 , and their standard errors can therefore be deduced from the standard error 
of X 2 by the use of (10.14). For example, the standard error of (X 2 )*, to which both 
(33.64) and (33.65) reduce apart from constants, is, to order « _1 , 

var{(**)i} = { i (X s ) —1 } 2 vzrX 2 = ~varA’, (33.67) 

where X 2 is the population value of X 2 , i.e. (33.62) calculated from the population 
frequencies. Clearly, the first approximation (33.67) is only valid if X 2 j= 0, i.e. it 
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does not hold in the case where the two categorized variables are independent in the 
population. This is because the sample X* converges in probability to the popula¬ 
tion X 2 , and since X* > 0 its distribution has a singularity when X 2 = 0 and its vari¬ 
ance is of order » - 2 —cf. the analogous situation for the squared multiple correlation 
coefficient in 27.33. Fortunately, we need not pursue the case of independence, since 
we may then test with X 2 itself. If we wish to estimate non-zero population coefficients 
T and C defined in terms of X 2 by the population analogues of (33.64-5), and set stan¬ 
dard errors to the estimates, we have 


VarT 4n[(r—1)>—i)] 2 T* Var **’ T * °’ 

VarC “ 4«min(r— l,c— 1)C 2var ^ 8 ’ C * 


(33.6S) 


For Pearson’s coefficient (33.63), the same difficulty arises in the case of independence, 
since 


/ dP \*_ » 2 

\d(X 2 )) 4 X 2 (n+X 2 ) 2 ' 

so that we may only write 


varP = 


. var X 2 if X 2 * 0. 


(33.69) 


4X 2 (n+X 2 ) 3 

This, unlike the expressions (33.68), cannot be written in terms of a parent coefficient P 
alone. 


33.33 From 33.32, we see that we need only calculate the variance of X 2 to obtain 
the standard errors we require. The variance of X 2 in the case of non-independcnce 
is complicated, but was worked out by K. Pearson (1915) for a table with fixed marginal 
frequencies, and more accurately by Young and Pearson (1915, 1919) who gave the 


variance to order i. Kondo (1929) gives the mean and variance to order when the 
» s n- 

marginal frequencies are random variables, and shows explicitly that the variance is of 
order ^ in the case of independence. (The exact variance of X 2 in the independence 


case Is given by Haldane (1940)—a specialization of his result is given as Exercise 33.9.) 
The formulae are lengthy, and we shall quote only the first approximation given by 
K. Pearson (1915): 


estimated var X* - -(?)'}• (33.70) 

If (33.70) is substituted into (33.68-9) and X 2 , T, C, written for X 2 , T, C, we have 
the required standard errors. 


33.34 The summation on the right of (33.70) differs from the definition of X 2 
at (33.62) only in that the denominator term is squared. If the marginal frequencies 
all increase with », this implies that the dominating term on the right of (33.70) will 
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be the middle one in the braces, so that asymptotically we may estimate the variance 
X 2 

of X s by 4m— = 4X*. This may also be seen directly. Under the conditions of 

71 

30.27, we have that X * will be distributed asymptotically in the non-central % 2 form, 
in this context with v = (r—l)(c— 1 ) degrees of freedom and non-central parameter 
(30.62), where the p oi here are the “ independence ” frequencies. By Exercise 24.1, 
the variance of such a distribution is 


2(v+2A) = 21 (r -1) (c — 1)+ 2n S S ~ "p t y } • 

For large », the first term on the right is negligible/*) and the second is estimated by 

4 nSS (V?-»>”-f/’-T = 4Ar ,. 

i } tt. f/71 

Thus the leading term in the standard error of X 2 derives from its asymptotic non-central 
y 2 distribution. It is worth noting that the non-central parameter A in the distribution 
of X 2 is estimated by X 2 itself, so that the use of X 2 and its standard error is equivalent 
to setting approximate limits for A. Bulmer (1958) discusses confidence limits for A 1 , 
which is a natural “ distance ” parameter. 


Other measures of association 

33.35 It cannot be pretended that any of the coefficients (33.63-5) based on the 
X 2 statistic has been shown to be a satisfactory measure of association, principally 
because their values have no obvious prababilistic interpretations. We are, therefore, 
led to seek a more readily interpretable measure. A number of these were proposed 
by Goodman and Kruskal (1954, 1959). We have already seen in 33.11-14 that two 
of their principal suggestions reduce in the case of a 2 x 2 table to two of the conven¬ 
tional measures of association. For the general rxc table, this is not so, and the 
Goodman-Kruskal coefficients are not functions of the X 2 statistic, unlike the 
measures so far discussed. For example, generalizing the approach of 33.13-14, they 
define a population coefficient which is the relative decrease in the probability of cor¬ 
rectly predicting one variable when the second variable is known, and a symmetrized 
coefficient which takes both predictive directions into account. For ordered classifica¬ 
tions, the approach of 33.12 generalizes similarly—we refer to it in our discussion of 
ordered tables in 33.40 below. In an as yet unpublished third part of their work, 
Goodman and Kruskal (1960) develop formulae for the standard errors of some of 
their coefficients under various sampling models. 


Ordered tables : rank measures of association 

33.36 If there is a natural ordering (cf. 33.1) of row- and of column-categories 
in a rxc table, we are presented with a new situation, which was not distinguished in 
the 2 x 2 table case because with only two categories the two possible orders of the 
categories can only change the sign of any measure of association. With three or more 


Except in the case of independence, when the second term is zero—this is the singularity 
referred to in 33.32 above. 
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categories, the knowledge that there is an order between the categories conveys new 
statistical information which we may use in measuring association. Generally, we are 
unable to assume any underlying metric for the categories; we know that the cate¬ 
gories proceed, say, from “ high ” to “ low ” values of an underlying variable, but 
we can attach no numerical values to them. In such a case, we may make what is 
perhaps a slightly unexpected application of the rank-order statistic t discussed in 
31.24. For we may regard an r x c table with a grand total of n observations as a way 
of displaying the rankings of n objects according to two variables, for one of which 
only r separate ranks are distinguished and for the other of which only c separate ranks 
are distinguished. From this point of view, the marginal frequencies in the table are 
the numbers of observations “ tied ” (cf. 31.81) at the different rank values distinguished. 
The case where there are no “ ties ” corresponds to a table of all whose marginal 
frequencies are unity. 


33.37 The measurement of association is now seen to be simply the problem of 
measuring the correlation between the two rankings. Either of the coefficients t and 
r, defined at (31.23), (31.40) may be used, but we shall discuss only the former. 

Some slight problems are produced by the fact that we are interested here in rank¬ 
ings with many ties. In the first place, we can no longer define the rank correlation 
coefficient in terms of a simple 0-1 scoring system as in the definition of h u at (31.36). 
for we now have three possibilities instead of two. We therefore define, for the 
variable x. 


r+i 


«« = 


u 


if x t < x jt 
if x t = x h 
if xi > x it 


and similarly for the other variable, y. 


bu = 


f+1 

0 

-1 


if yi < y» 
if yt - y» 
if yi > y^ 


Our measure of rank correlation is now to be based on the sum 


5 = 2 a i} b ilt ij = 1,2,...,» ; i + j. 

f. j 


(33.71) 


If we wish to standardize 5 to lie in the range (—1, +1) and attain its endpoints in 
the extreme cases of complete dissociation and complete association, thus satisfying 
the desideratum of 33.5, we have a choice of several possibilities: 

(1) If there were no ties, no a i} or b 0 could be zero, and (33.71) would vary between 
+ n(n—1) inclusive. The measure of association would then be 5/{n(»—1)}. The 
reader may satisfy himself that this is identical with t of (31.23), from the definitions 
of h i} and a ih b i} . If some scores a ih b () are zero, this measure, which we shall now 
write 


t a - 


(33.72) 

n(n — 1 ) 

can no longer attain +1 ; its actual limits of variation depend on the number of zero 
scores. 
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(2) If we rewrite the denominator (33.72) for the case of no ties as 

»(»-!)- {SaJSJJJl, 

which makes clear that f is a correlation coefficient between the two sets of scores (cf. 
Daniels (1944)), we may define 

E a ti bn 

= {OifLbzy ‘ (33J3) 

i.i V 

t„ and t t are identical when there are no zero scores, but otherwise the denominator 
of (33.73) is smaller than that of (33.72) and thus t b > t a . Even so, t b cannot attain 
± 1 generally, for the Cauchy inequality 

only becomes an equality when the sets of scores a a , b i} are proportional, which here 
means that all the observations must be concentrated in a positive or negative leading 
diagonal of the table (i.e. north-west to south-east or north-east to south-west). If 
no marginal frequency is to be zero, this means that only for a square table (i.e. an 
rxr table) can t b attain ±1. 

(3) For a non-square rxc table (r / c), | 2 a„b (j [ attains its maximum when all 

i 

the observations lie in cells of a longest diagonal of the table (i.e. a diagonal containing 
m = minfr.c) cells) and are as equally as possible divided between these cells. If 
n is a multiple of m (as we may suppose here, since n is usually large and m a small 
integer), the reader may satisfy himself that this maximum is n z (m—l)/m, and thus 
a third measure is 

mha {f b it 

( 33 - 74 > 

t e can attain ± 1 for any rxc table, apart from the slight effect produced by n not being 
a multiple of m. For large n, (33.72) and (33.74) show that t e is nearly mt a /(m—\). 


33.38 The coefficients t b and t c do not differ much in value if each margin contains 
approximately equal frequencies. For 


and similarly 


= n(»-l)- 2 1) 

i.i J>“1 

= «*- 2 n %, 

i»=i 


2^ = n 2 - 2 <. 


Thus the denominator of t b is 


(2 2 %)'' = |^n* - Z ^ n%j ^n* - X 


l-lr± 




(33.75) 


( 33 . 76 ) 
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while that of t e is 


(*»- 1 ) 




(33.7! 


If all the marginal column frequencies n.„ 
quencies n„. are equal, (33.76) reduces to 


are equal, and all the marginal row fre- 


-{("M 


(33.7S) 


approximately. (33.78) is the same as (33.77) if the table is square (r = c = m) ; 
otherwise (33.78) is the larger and thus t„ the smaller. This tends to be more than 
offset by the fact that if the marginal frequencies are not precisely equal, the sums of 
squares will be increased, and (33.76), the denominator of t b , therefore decreases. 

The following example (cf. also Kendall (1955)) illustrates the computations of the 
coefficients. 


Example 33.8 

In the table below, we are interested in the association between distance vision in 
right and left eye. 

Table 33.3—3242 men aged 30-39 employed in U.K. Royal Ordnance factories 

1943-6 : unaided distance vision 


^ Left eye 

Highest 

Second 

Third 

Lowest 

i 

Right eye Ns \ 

grade 

grade 

grade 

grade 

Totals 

Highest grade 

821 

112 

85 

35 

1053 

Second grade 

116 

494 

145 

27 

782 

Third grade 

72 

151 

583 

87 

893 

Lowest grade 

43 

34 

106 

331 

514 

Totals 

1052 

791 

919 

480 

3242 


The numerator of all forms of t is calculated by taking each cell in the table in turn 
and multiplying its frequency positively by all frequencies to its south-east and nega¬ 
tively by all frequencies to its south-west. Cells in the same row and column are 
always ignored. (There is no need to apply the process to the last row of the table, 

which has nothing below it.) is twice the sum of all these terms, because 

U 

we may have i < j or i > j. For this particular table, we have 
821 (494+145 + 27+151+583 + 87 + 34+106 + 331) 

+ 112(145 + 27 + 583 + 87+106 + 331-116 - 72 - 43), 

and so on. As we proceed down the table, fewer terms enter the brackets. The 
reader should verify that we find, on summing inside the brackets, 

821 (1958)+ 112 (1048)+ 85 (-465)+ 35 (-1744) 

+ 116 (1292)+494 (992) +145 (118)+27 (- 989) 

+72 (471) +151 (394) + 583 (254)+ 87 (-183) 

= 2,480,223. 
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Thus the numerator is 

= 4,960,446. 

From (33.75), the denominator of t b is 

[ {3242* - (1052*+ 791»+919*+480*)} {3242* - (1053*+782*+893*+514*)} ]* 

= [7,728,586 x 7,703,218]». 

Thus 


th = 


4,960,446 


[ 7,728,586 x 7,703,218 ]» 
From (33.74), on the other hand, 


- 0-643. 


U = 


4 x 4,960,446 
3242*x3 


0-629. 


We therefore find t b a trifle larger in this case, where both sets of marginal frequencies 
vary by about a factor of 2 from largest to smallest. A similar result is found in Exer¬ 
cise 33.10, where the range of variation of marginal frequencies is about threefold. 


33.39 Apart from the question of attaining the limits ±1 discussed in 33.37 
above, the main difference between the forms t b and t e is that an upper bound (see 
(33.81) below) can be set for the standard error of t e in sampling n observations, the 
marginal frequencies not being fixed; in such a situation, t b is a ratio of random vari¬ 
ables and its standard error is not known. If the marginal frequencies are fixed, t b 
is no longer a ratio of random variables, but its distribution has only been investigated on 
the hypothesis of independence of the two variables categorized in the table—of course, 
if we wish only to test independence, we need concern ourselves only with the common 
numerator 2 a Sj b {i —the details of the test are given by Kendall (1955). Stuart (1953) 
showed how the upper bound for the variance of t e may be used to test the difference be¬ 
tween two values found for different tables. This is fairly obvious, and we omit it here. 


33.40 Goodman and Kruskal (1954) proposed a measure of association for ordered 
tables which is closely related to the t coefficients we have discussed. It has the same 
numerator, but yet another different denominator, and is 


G = 




£ n z 


(33.79) 


Pt 


«*- i n%- in z + i 

P= 1 p= 1 p= 1 

If we compare the denominator of G with that of t b at (33.75), which is identically 
equal to 

{[»•-}(£ »i+S<)]«-}(2^-S<)*}*- 

P P V P 

and is thus very nearly n*—|(Zn*+Z«J), it will be seen that the denominator of G 

p p 

is in practice likely to be smaller always. What is more, it is easily seen that G can 
attain its limits +1 if all the observations lie in a longest diagonal of the table. Thus 
G is rather similar to t e . Goodman and Kruskal (1960) give the standard error of G, 
a method of computing it, and a simple upper bound for it which is estimated from 

< IW- (3380) 
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where D G is the denominator of G at (33.79). This compares with the upper bouna 
for the variance of t e 

var '- < (33 - 81 

Goodman and Kruskal (1960) show in two worked examples that G tends to be large: 
than t e , but that the upper bound for its standard error is considerably smaller ; the 
details are given in Exercise 33.11. If this is shown to be true in general, this fact, 
together with the direct interpretability of G in terms of order-relationships in random 
sampling (it gives the probability of the orders of x and y agreeing minus that of their 
disagreeing, conditional upon there being no ties—cf. 33.12 for the 2x2 case) would 
make it likely to become the standard measure of association for the ordered case. 

Ordered tables : scoring methods with pre-assigned scores 

33.41 Returning to our general discussion of ordered tables in 33.36, we now 
consider the possibilities of imposing a metric on the categories in the table. If we 
assign numerical scores to the categories for each variable, we bring the problems of 
measuring interdependence and dependence back to the ordinary (grouped) bivariate 
table, which we discussed at length in Chapter 26. Thus, we may calculate correla¬ 
tion and regression coefficients in the ordinary way. The difficulty is to decide on 
the appropriate scoring system to use. We have discussed this from the standpoint 
of rank tests in 31.21-4, where we saw that different tests resulted from different sets 
of “ conventional numbers ” (i.e. “ scores ” in our present terminology). Here, the 
difficulty is more acute, as we are seeking a measure, and not merely a test of 
independence. 

The simplest scoring system uses the sets of natural numbers 1, 2,..., r and 
1,2 ,,c for row and column categories respectively. Alternatively, we could use 
the sets of normal scores E(s,r) and E(s,c) discussed in 31.39. Example 33.9 illus¬ 
trates the procedures. 

Example 33.9 

Let us calculate the correlation coefficients, using the scoring systems of 33.41, for 
the data of Example 33.8. For the natural numbers scoring, we assign scores 1,2, 3, + 
to the categories from “ highest ” to “ lowest ” for left eye (x) and (because the table 
here happens to be square) similarly for right eye ( y ). We find, with n = 3242, 

2* = (1052x1)+ (791x2)+ (919 x 3)+ (480 x 4) = 7311, 

'Ey = (1053x1)+ (782x2)+ (893x3)+ (514x4) = 7352, 

Ex* = (1052 x 1 2 )+ ... = 20,167, 

2y 2 = (1053 x 1*)+ ... = 20,442, 

Xxy = (821x1 xl) + (112x 1x2)+ ... = 19,159. 

Thus the correlation coefficient is, for natural number scores, 

_ 19,159 — (7311) (7352) /3242 

fl [{20,167-"(7311)73242}{20,442- (7352)73242}]* 

2579 

__ / 7 __ a zq 

(3677x3772)*“ 



CATEGORIZED DATA 


567 


This is not very different from the values of the ranking measures t b — 0*64, t e = 0-63 
found in Example 33.8, and we should expect this since the “ natural numbers ” scor¬ 
ing system is closely related to the rank correlation coefficients, as we saw in Chapter 31. 
Suppose now that we use the normal scores 

£(1,4) = -1-029, 

£(2,4) = -0-297, 

£(3,4) = +0-297, 

£(4,4) - +1-029, 

obtained from the Biometrika Tables , Table 28. 

We now simplify the computations into the form 

2* - 1 -029(480-1052) + 0-297(919 - 791) - -550-6, 

I,y - 1-029(514-1053)+0-297 (893 - 782) = -521-7, 

2** = (1-029)* (480 +1-052)+(0-297)* (919 + 791) = 1773, 

5/y* = (1 -029)* (514+1053) + (0-297)* (893 + 782) « 1807, 

2 xy = (1 -029)* (821 + 331—35—43) + (0-297)* (494+583 — 145 — 151) 

+ (1 -029) (0-297) (116+112+106 + 87 - 72 - 34 - 85 - 27) 

= 1268. 

Thus the correlation coefficient for normal scores is 

1268-_(55<h6) (52i •7)/3242 

f * [{'1773 - (550-6)*/3242 } {1807 - (521 -7)73242 }]» 

H79 _ 

(1680 x 1723)* * 

exactly the same to two decimal places as we found for natural number scores. It 
hardly seems worth the extra trouble of computation to use the normal scores, at least 
when the number of categories is as small as 4. 

33.42 If one were strictly trying to impose a normal metric upon the rxc table, 
a more reasonable system would be to assign scores to the categories which correspond 
to the proportions observed in sampling from a normal distribution. Thus, in Example 
33.9, we should calculate the “ cutting points ” of a standardized normal distribution 
which give relative frequencies 

1052 791 919 480 

3242 ’ 3242 ’ 3242 ’ 3242’ 

and use as the “ left eye ” scores the means within these four sections of the normal 
distribution. 

We need not make the calculation for the moment, but it is clear that the set of 
scores obtained will differ from the crude normal scores used in Example 33.9. We 
return to this scoring system in 33.50 below. 

33.43 We do not further pursue the study of scoring methods with pre-assigned 
scoring systems, because it is clear that by putting “ information ” into the table in 

oo 
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this way, we are making distributional assumptions which may lead us astray if they 
are incorrect. On the whole, we should generally prefer to avoid this by using the 
rank order methods of 33.36-40. Yates (1948) first proposed the natural numbers 
scoring system of 33.41, and E. J. Williams (1952) surveyed scoring methods generally. 

The choice of “ optimum ” scores : canonical analysis 

33.44 However, we may approach the problem of scoring the categories in an 
ordered rxc table from quite another viewpoint. We may ask: what scores should 
be allotted to the categories in order to maximize the correlation coefficient between 
the two variables ? Surprisingly enough, it emerges that these “ optimum ” scores 
are closely connected with the transformation of the frequencies in the table to bivariate 
normal frequencies. We first prove a theorem, due to Lancaster (1957), for ungrouped 
observations. 

Let x and y be distributed in the bivariate normal form with correlation p. Let 
*' = x' (x) and y’ = y’ (x) be new variables, functions respectively of x alone and y 
alone, with £{(*')*} and £{(y') s } both finite. Then we may validly write 

x’ = a 0 +*i#i (*)+«* #*(*)+ • • •» (33.82) 

where the H r are the Tchebycheff-Hermite polynomials defined by (6.21), standardized 
so that 

f” Hf{x)x{x)dx = 1. 

J — GO 

00 

2 of will be convergent. The correlation is unaffected by changes of origin or scale, 
<*1 

so we may write a 0 = 0, and hence 

*' - 2 a ( H u 2 a* = 1, 

i-l i-l 

and similarly we may write 

/ = S btHt, 2 6? = 1. 

i-l i=l 

Now H r (x) is, by 6.14, the coefficient of f/r\ in exp (tx— $**). Since the expectation 
of exp(*x-$**+uy-$u a ) equals exp (ptu), we have 

L ={s;<**> 

where / is the bivariate normal frequency. 

The variances of x’ and y’ are unity in virtue of the orthogonality of the H r , and 
hence their correlation is 

cov (x',y') = £ a { b tP <. (33.84) 

Now this is less than | p | unless a\ — b\ = 1. The other a’s and V s must then vanish. 
Hence the maximum correlation between x' and y' is | p | and we have Lancaster’s 
theorem: if a bivariate distribution of (x, y) can be obtained from the bivariate normal 
by separate transformations on x and y, the correlation in the transformed distribution 
cannot in absolute value exceed />, that in the bivariate normal distribution. 
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33.45 Suppose now that we seek a second pair of such transforms of * and y 
separately, say x” and y". If we require these to be standardized and uncorrelated 
with the first pair ( x',y'), the Tchebycheff-Hermite representation 


*" = S c t H t {x), y" = 2 dtHtiy), 

i=l »-l 

together with the orthogonality laid down requires at once that 


Thus we obtain 


and, as at (33.84), 


Cj = di = 0. 

*" = 5 c { H it y" = 2 d t H u 

i-2 i=2 


cov (*",/') - 2 c i d i p i , 


(33.85) 


which is maximized in absolute value only if cf = d\ = 1 and all other c„ d r = 0, when 
the correlation is p % . We may proceed similarly to further pairs of variables (x'",y"'), 
(x ( ' v) ,y i,) ), etc., obtaining maximized correlations | p | s , p A , etc. 

The transformed pairs of variables are known as the canonical variables. What we 
have shown is that the rth pair of canonical variables has canonical correlation |/>| r . 
Evidently, from our proof, the canonical variables themselves are simply the 
Tchebycheff-Hermite forms in the bivariate normal variables (x,y), i.e. 

(«">. /'') - (33.86) 

Lancaster (1958) further extends this type of analysis. 


33.46 The results of 33.44-5 are formal. In practice, given an ordered rxc table, 
there is no difficulty in making separate transformations of the variables to achieve 
marginal univariate normal distributions for them—this is essentially what we dis¬ 
cussed in 33.42—but we should be fortunate if we found these separate transformations 
to result in a bivariate normal distribution of the frequencies in the body of the table. 
However, the theoretical implication of the result is clear: if we seek separate scoring 
systems for the two categorized variables such as to maximize their correlation, we are 
basically trying to produce a bivariate normal distribution by operation upon the 
margins of the table. 


33.47 Suppose, then, that we allot scores x u y f (i = 1, 2,..., r ; j = 1, 2,..., c) 
to the categories of an r x c table. Without loss of generality we may take them to be 
in standard measure (zero mean, unit variance). Then we have 

varx = 2n<. xf/« = vary = 2n.,yf/n = 1, (33.87) 

cov(x.y) = corr(x,y) = 'L’Zn ii x i y i /n. (33.88) 

«' i 

We require to maximize (33.88) for variation in x and y subject to (33.87). If X, n are 
Lagrange undetermined multipliers, this leads to the equations 


n,. x t = 0, i = 1, 2,..., r, (33.89) 

'Ln ii x i -pn. i y i = 0, j = 1, 2,..., c. (33.90) 



570 


THE ADVANCED THEORY OF STATISTICS 


Multiplying (33.89) by x ( and summing over *, we have 

X = R, 


where R is the correlation we are seeking. Similarly we find p = R, and hence, from 
(33.89-90), 

2 n^y, = Rn { .x it i = 1,2,... ,r, 

2 ftfjXf = Rn.,y h j — 1 , 2 , ..., c. 

Eliminating x and y, we have a determinantal equation which may be written 
symbolically 


(33.91) 


Rrti. 



(33.92) 


I »« Rn., \ 

We shall study this in considering the theory of canonical correlations in Volume 3. 
It is enough here to note that R can be expressed in terms of the cell frequencies. In 
fact, {(33.92) is an equation in R* with a number of roots. There are, in general, 
m = min (r, c) non-zero roots, one of which is identically unity; we are interested 
only in the m—1 others. These are the canonical correlations. That there can be 
only m non-zero canonical correlations follows from the fact that the rank of the array 
of frequencies {n w } is at most m. We require the largest root, R v The others, apart 
from sampling effects, are powers of this largest, as we have seen in 33.45. 


33.48 It follows from (33.92) that if the canonical correlations, the roots of (33.92), 
are R u R tt ..., Rm-i, then 

+ /U.*}. (33.93) 

In the limit, as the categories of the rxc table become finer and m —►oo, this reduces 
because of 33.44-5 to the tetrachoric series 

/= (2*)->exp{-l(**+ ; y*)}{l+ £ »,(*)»,OOf*}. (33.94) 

where / is the bivariate normal frequency. (33.94) is simply another form of (26.66), 
which differs only in the factor JI in its denominator, since the H, were not there 
standardized. 


33.49 When the largest canonical correlation R, has been determined from (33.92), 
we can immediately calculate the “ optimum ” sets of scores giving this correlation. 
This is perhaps most easily done by returning to (33.91). If the second equation there 
is multiplied by n tj /{{n v . »*.)*».*} and summed over j, it becomes 


< j K n p. n i ." n - i 


(33.95) may be rewritten 


RJ* n *i y 

(»p. »<•)* 



(33.95) 




(33.96) 
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which makes it clear that the squared canonical correlations are the latent roots of the 

(rxr) matrix NN', where N is the ( rxc) matrix whose elements are for 

(»<. n.,)* 

(33.96) in matrix terms is 

NN'u = R 2 u, (33.97) 

where u is the (r x 1) vector with elements 

Since the rank of N, and hence of NN', is at most m = min (r, c), NN' will have 
m non-zero latent roots in general as stated in 33.47. It is easily verified that i? 2 = 1 
is always a root, the latent vector u then having elements (n„. )*, i.e. x p = 1 for this 
root. Leaving aside this root, which is irrelevant to the problem of association, we 
see that once the largest latent root jR® of (33.97) is determined, the corresponding 
latent vector u x gives the vector of scores for the first canonical x-variable. Similarly, 
the scores for the first canonical y-variable are given by the latent vector v x in 

N'Nv = **v, (33.98) 

where v is the (ex 1) vector with elements y t n.}. The non-zero latent roots of the 
(r x c) matrix N'N are, of course, the same as those of NN', namely the squared canonical 
correlations. However, there is no need to solve both (33.97) and (33.98); we need 
only solve one (it is naturally easier to choose the one corresponding to the smaller 
of r and c, i.e. NN' if r < c) and then obtain the other set of scores from (33.91), which 
we rewrite 

1 „ 'l 


Vi — > 


(33.99) 


Example 33.10 

Let us make a canonical analysis of the data of Example 33.8. We first rewrite 
the table with the marginal frequencies replaced by their square roots: 


821 

112 

85 

35 

32-449,961,5 

116 

494 

145 

27 

27-964,262,9 

72 

151 

583 

87 

29-883,105,6 

43 

34 

106 

331 

22-671,568,1 


32-434,549,5 28-124,722,2 30-315,012,8 21-908,902,3 


We now construct the matrix N by dividing the n i} in the table by the product of the 
corresponding marginal square roots, e.g. 821/(32-434,549,5x32-449,961,5). We 
obtain: 


0-780047593 0-122720070 0-086406614 0-049230386 
0-127892990 0-628109454 0-171043616 0-044069667 
0-074284618 0-179664791 0-643554112 0-132884065 
0-058476184 0-053322330 0-154229180 0-666385924 


(33.100) 
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Here we have r = c, so it is immaterial which of NN' and N'N we work with. VVe 
shall compute 


( 0-633424197 0-193793122 0-142143279 0-098290784\ 
0-193793122 0-442076157 0-238281615 0-096718276 
0-142143279 0-238281615 0-469617711 0-201730920 * 
0-098290784 0 096718276 0-201730920 0-474119575/ 


(33.101) 


We recall that the sum of the latent roots is equal to the trace of the matrix, so that if 
the trace of the matrix does not much exceed 1, the largest canonical correlation must 
be small—this is a useful preliminary check. Here, the trace exceeds 2, so that Ri 
could be as large as 1. 

We now obtain the latent roots. We must solve the characteristic equation 

|NN'-AIj = 0. (33.102) 

If we subtract A from each diagonal element in NN', and expand the determinant of 
the resulting matrix, we find that it reduces to the quartic equation 

A 4 — 2-019237640 A® +1 -343416989 A 2 —0-355747132 A+0-031567594 = 0. 

Since one root of this equation must be unity, the left-hand side has a factor (A — 1), 
and we may write it as 

(A—1) (A 3 -1 -019237640 A 2 +0-324179349 A - 0-031567783) = 0. 

We are thus left with a cubic equation, which is solved by standard methods. The 
roots are the squared canonical correlations 

R‘ = X t = 0-48516/ 

R\ = A, = 0-34604, \ (33.103) 

Rj = A 3 = 0-18803., 

It will be noticed that Ri = 0-697 is not very much larger than the correlations of 
0-69 obtained with natural number and normal scores in Example 33.9. 

We now require the latent vectors corresponding to A x . We first solve the set of 
equations for the elements of u x 

NN'Ui = 0-48516Ui, 


and find on dividing the elements u< of u t by n t \ that the canonical scores for the row- 
categories are 


/“i/ b x!\ / —1-307\ 

f ] = [ +0-021 \ 

i «3/»3* I l +0-739 J 
\/ \ +1-362/ 


( 33 . 104 ) 


The canonical y-scores are obtained from (33.99). Thus, for example, 

yi = {(821 x —1-307)+ (116 x + 0-021) +(72 x + 0-739) +(43 x +1-362)}/ 

(1052(0-48516)*}. 
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The set of scores is 


/ —1*309\ 

I +0*040 \ 
\ +0*730 /’ 
\ +1*406/ 


(33.105) 


The sets of scores (33.104) and (33.105), when weighted by the row or column fre¬ 
quencies, have zero means but have had to be adjusted so that their variances are 
unity, since latent vectors have an arbitrary scale constant. 


33.50 We now recall the implication of Lancaster’s theorem discussed in 33.46: 
the choice of row- and column-scores to maximize the correlation between the categ¬ 
orized variables is essentially equivalent to transforming the margins of the table to 
univariate normality, with the intention of rendering the body of the table bivariate 
normal. Let us, therefore, apply to the data of Example 33.10 the normal scoring 
system outlined in 33.42. We shall then be able to see whether the resulting scores 
for the categories agree well with the canonical scoring in Example 33.10. 

Example 33.11 

The two sets of proportional marginal frequencies in Example 33.8, together with 
the corresponding ranges of a standardized univariate normal distribution (obtained 
from the Biometrika Tables) are: 


*-G) 

Corresponding normal 
range (at, bt ) 


Corresponding normal 
range ( ai,bt ) 

0*3245 

(-00, 

-0*4551) | 

0*3248 

(“ 00, 

-0*4543) 

0*2440 

(-0*4551, +0*1726) 1 

0*2412 

(-0*4543, +0*1662) 

0*2835 

( + 0*1726, +1*0450) 1 

0*2755 

( + 0*1662, +10006) 

0*1480 

1 0000 

(+1*0450, 

CO) 

0*1585 

1*0000 

( + 1*0006, 

oo) 


The mean value within a range ( a { , b,) of a standardized normal distribution containing 
a fraction p of the distribution is 

,i t = - [ b \7ji)-Ue-^dt oc !(*-»*’-*-“''*)• (33.107) 

Pi J at Pi 

We neglect the factor (2 tt) - *, since we are interested only in correlations, and scale 
changes in scores do not affect this. The values of the scores are found, using 4-figure 
logarithms, to be: 


Row scores 

- 2*778 

- 0*343 

+ 1*432 

+ 3*914 


Column scores 

- 2*777 
- 0*350 
+ 1*380 
+ 3*825 


Unlike the scores in Example 33.10, these are not exactly standardized, even if we 
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restore the neglected factor (2a:) - *, for the use of means within ranges of the standard¬ 
ized normal distribution introduces a grouping approximation. We find, for the 
sums and sums of squares of these scores (weighted, of course, by row and column 
marginal frequencies respectively): 


Row scores Column scores 

Sum .. .. .. +98 —94 

Sum of squares .. .. 17,923 16,984 

Mean .. .. .. 0*030 —0*029 

Standard deviation .. 2*351 2*289 


Adjusting the scores by subtracting the mean and dividing by the standard deviation, 
we obtain: 


Standardized row scores (x) 

-1*194 
-0*159 
+ 0*596 
+ 1*652 


Standardized column scores ( y ) 

-1*205 
-0*140 
+0*616 
+ 1*684 


(33.108) 


The scores (33.108) agree only rather roughly with those in (33.104-5). We may only 
regard the method of the present example as giving a crude approximation to the 
canonical scores. 


Partitions of X 2 : canonical components 


33.51 The canonical correlations discussed in 33.44-9 have a close relationship 
with the X s statistic (33.62). Consider again the matrix NN' defined in 33.49. Its 
diagonal elements are 


(NN ')„ = S 


n 


i 

u 




and thus we have 


2 V 2 

trNN' = 2 Z -+1, (33.109) 

. j rti.n.f n v ' 

by (33.62). Remembering that the trace of a matrix is the sum of the latent roots, and 
that the latent roots of NN' are 1,..., we therefore have from (33.109) 

X 2 = n(fl?+i?l+ .. . + /&-0. (33.110) 

We thus display the squared canonical correlations, multiplied by n, as components or 
partitions of X 2 . 

Further, since the different pairs of latent vectors are uncorrelated, the components 
separately have limiting distributions, all mutually independent, on the hypothesis 
of independence. Since the degrees of freedom for the total X 2 are (r — l)(c — 1), the 
degrees of freedom for the components sum to this number. It is easy to see that in 
finding the first pair of canonical variables we impose a linear constraint upon the 
row-categories, and one also upon the column-categories. The degrees of freedom for 
X 2 after partitioning off nR\ are therefore 

{(r-l)-l}{(c-l)-l) = (r -l)(c-l)-(r + c-3); 
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»/?? therefore has r+c —3 degrees of freedom. Similarly, rtR% has 
(r—2) (c—2)—(r— 3) (c— 3) = r+c-5 

degrees of freedom and, generally, nR^ has r+c—Ip— 1 degrees of freedom. It is 
easily verified that 

"S (r+c-2p-\) = (r—l)(c—1), (33.111) 

i»— t 

since m *» min (r, c). 

Example 33.12 

In Example 33.10, the canonical components are 

3242 — 1572*9 with 5 degrees of freedom, 

3242= 1121*9 with 3 degrees of freedom, 
and 3242tf| = 609*6 with 1 degree of freedom. 

All these values far exceed any conventional critical value for the appropriate 
distribution. 


33.52 There are many (indeed an infinite number of) other ways in which X * 
may be partitioned; the formal structure of such partitions was given in 30.44. 
Whether a particular partitioning has statistical interest depends on the purpose of the 
analysis. As a preliminary, it should be noticed that X * itself is, in fact, a component 
of a larger such quantity, which we shall denote by A?. 

We no longer restrict ourselves to ordered tables, but consider only the independence 
case, when p ti = /><./>., for all i, j. The probability of the observed frequencies n (i is 
then 


- mb?/**- 


ninpj 1 * nlllp^ Ila,. !ITn.,! 

I1» w !b! 


nn,! • n». # ! 

i i 


(33.112) 


just as in 33.23 for the 2x2 table. The left-hand side of (33.112) and each of the 
three factors on its right can be approximated by distributions. Writing 

n ii — n Pii + e ih 

we find on using Stirling’s series that the left-hand side of (33.122) is asymptotically 


log P{ n (] | pa, n } = constant - J S {<£/(«/>.;)}. 


Thus 




A| - E ^ ^ (33.113) 

i.i "Pups v 1 

is asymptotically distributed like the sum of squares of rc standardized normal variates 
subject to one linear constraint (SS«, ; = n) and is therefore a variate with rc —1 

degrees of freedom. 


i J 
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Similarly, 


is asymptotically a 




(n { .-np { .) t 
i np 



(n.,-np m ,Y 

np., 


(33.114) 


(33.115) 


is asymptotically a Xe-u and we already know that the “ ordinary ” X s , which we now 
write 


X%c - S S (33.116) 

i j n ,. n .,/ n 

is asymptotically a x* with (r—l)(c—1) degrees of freedom. (33.113-16) give the 
asymptotic partitioning 

X} = XZ+Xt+X^ (33.117) 

which is, in fact, a way of reflecting the factorization (33.112). Degrees of freedom on 
the right of (33.117) add to the degrees of freedom on its left, i.e. 

rc-1 = (r—l) + (c—l) + (r—l)(c—1). (33.118) 

Thus we see (as we did in 33.29) that the degrees of freedom (r—l) + (c—1) on the 
right of (33.118) are lost to the “ ordinary ” X 2 (which is X$ c in our present notation) 
because we have to estimate row- and column-probabilities from the table—if these 
were known a priori, (33.113) could be used instead. This is merely another instance 
of the loss of degrees of freedom due to estimation of parameters, which we remarked 
in 19.9, and which we shall use repeatedly in the Analysis of Variance in Volume 3. 


Example 33.13 (Lancaster, 1949b) 

A sampling experiment was (in effect) conducted nine times according to variations 
of factor A (threefold) and factor B (threefold). The frequencies (which were occur¬ 
rences in sampling from Poisson populations) were as follows: 


3,009 2,832 3,008 
3,047 3,051 2,997 
2,974 3,038 3,018 


8,849 

9,095 

9,030 


9,030 8,921 9,023 


26,974 


This is one of the relatively infrequent cases where we have prior marginal probabilities. 
Here p ti = $(i,j — 1, 2, 3) and p { . = p. } = Using equation (33.117) we find: 


Component 

Value 

Degrees of 
freedom 

Critical value 
a - 0 05 

xl 

3*615 

2 

5*991 

Xl 

0*828 

2 

5*991 


11*864 

8 

15*507 

$-xl-xl 

7*421 

4 

9*488 
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None of the three values X%, X} exceeds its random sampling limit given in the 
last column. The conditions of experimentation seem to have been about constant. 

Had we not possessed information about the marginal probabilities, we should have 
had to estimate them. We then find X% 0 = 7-547 with 4 d.f. This is not quite the 
same as the value of 7-421 for X%—X%—Xq in the above table, but the difference is 
trivial. It is, of course, due to the fact that the partition (33.117) is strictly an asymp¬ 
totic one. 

33.53 By essentially the method of 33.52, Lancaster (1949b) partitions X s for 
an rxc table into (r—l)(c—1) components, each having a single degree of freedom. 
Each degree of freedom corresponds to X s for a particular 2x2 classification of the 
table. We shall not give the details here, but the method is easily understood from 
two examples. The 2x3 table 

«u »12 «13 «1. 

»21 »22 «23 »2. 

n u n. t n . 3 ( n 

for which X 2 has 2 degrees of freedom, has the 2x2 component tables: 


»n 

»12 

W 11 + W 12 

(n u + nu) 

»13 

»1. 


«21 

n t 2 

n tl +n t t and 

(nji + n 2J ) 

n 23 

«2. 

(33.119) 

n. i 

n. 2 

n.i+n. j 

(n.i + n. *) 

n. 3 

n 



If X 1 is calculated for each of these 2x2 tables in the ordinary way, their sum will 
approximately be the X 2 of the original 2x3 table. Similarly, for a 3 x 3 table, with 
4 degrees of freedom, the four component 2x2 tables are: 

tin n lt W ll + W 13 ( W ll + W 12) n i» *i. 

”21 »22 *31 +*23 («21 + «22) *23 *3. 

(*n + *3i) (*,* + *„) («n + n 12 +n Jl + n 22 ) («u + »i3 + * 2 i + «32) (*i 3 + *3 3 ) ! »j. + » 2 . 

(*11 +rt 2 i) ( W 12 + W 22) ( n U+ W 12 + W 21 + W 22) (*U + n 12+ n l\ + ^ 22 ) ( W 13 + Wj 3 ) «j, +»|. 

«31 tt 3i ( n 31 + W 32) ( n 31 + W 32) W 33 1 n i. 

n. 1 n.t . n.i + n.t (».i + «. 2 ) «. s ( » 

(33.120) 

The procedure is quite general, but must be used with care since the partitioning is 
not unique (since rows and columns may in general be permuted). The components 
are only additive asymptotically, as in Example 33.13. 


Lancaster (19496, 1950) and Irwin (1949) give a method of partitioning X 1 exactly 
into (r— 1) (c— 1) components corresponding to 2x2 tables, but the approximate partition 
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is good enough for most practical purposes—cf. Exercise 33.15. A. W. Kimball (1954) 
simplifies the computations for the exact partitioning. 

33.54 Other types of partitioning of X 2 are discussed by Cochran (1954) in a 
review of methods for rxc tables (and, indeed, also for goodness-of-fit tests) which 
includes a discussion of the problems of handling tables with small hypothetical (inde¬ 
pendence) frequencies in some or many cells without destroying the x 2 approximation 
to the distribution of X 2 . His recommendations are that if only 1 cell out of 5 or more, 
or 2 cells out of 10 or more, have hypothetical frequencies smaller than 5, a minimum 
expectation of 1 is allowable. If there are more such cells, a minimum theoretical 
frequency of 2 is usually adequate if there are fewer than 30 degrees of freedom. For 
more than 30 d. of f., the exact mean and variance of X 2 given by Haldane (1940) 
should be used and X 2 taken to be asymptotically normal with these moments. 

For ordered tables, Quenouille (1948) in an unpublished paper gives partitions of 
X 2 which extract linear, quadratic, etc., components. 


2 x c tables : the binomial homogeneity test 

33.55 A particular case of the rxc table which is of special interest is the 2x c 
table, where we are comparing c samples in respect of the possession or non-possession 
of an attribute. The general formula (33.62) for X 2 reduces here to 


_ v y (”«-”<• »■</»)* 
ix ;=i n t .n.,/n » 


( 33 . 121 ) 


where /»., is the jth sample size and n — Sn., as before. Useful exact and approximate 
methods of calculating (33.121) are given in Exercise 33.21. If we write 


f> = «!./» 


for the ML estimate from the table of the probability of observing a “ success ” (i.e. 
an entry in the first row of the table), (33.121) may be expressed as 


X 2 


= s[ ! 


(nu-n.ift ) 2 {(».,-»!,) —tt./l—.ft)}*] 


”.if> 


n . 


»(!-*> 


J 


_ v (*i 

~ it n.,ft (l-ft) ’ 


( 33 . 122 ) 


distributed asymptotically as x 2 with c— 1 degrees of freedom. The test of the homo¬ 
geneity of the c binomial samples based on (33.122) is thus seen essentially to be based 
on the sum of squares of c independent binomial variables each measured from its 
expectation (estimated on the hypothesis of homogeneity) and divided by its estimated 
standard error —ft) }*. There are c— 1 degrees of freedom because we esti¬ 

mate the expectation linearly from the data—if it were given independently of the 
observations as p, we would replace ft by p in (33.122) and have the full c degrees of 
freedom for X 2 . 

Armitage (1955) gives an expository account of tests for trend in the probabilities 
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underlying an ordered 2xc table, which are essentially applications in this simpler 
situation of the rank-order and scoring methods which are discussed generally earlier 
in this chapter. 

The Poisson dispersion test 

33.56 Now consider what happens to the statistic (33.122) when the hypothetical 
underlying binomial distribution tends to the Poisson distributions in the classical 
manner of 5.8, so that 

p-^0, n.fp—^X. 

We then have c independent observations on this Poisson variable, namely the n u . 
The statistic (33.122) with p replaced by p reduces to 

X* = i ( - X ~ 2 , (33.123) 

;=i A 

which is asymptotically a variable with c degrees of freedom as in 33.55. If, as is 
usual, X must be estimated, we use the complet^sufficient unbiassed estimator n x Jc = n u 
which is the mean of the c observations. Thus 

X 2 = 2 (33.124) 

j=i n i 

has (c— 1) degrees of freedom as a test of homogeneity of c Poisson frequencies, a 

degree of freedom having been lost by the estimation process just as for (33.122). 

The tests of this and the last section, which are due to R. A. Fisher, are some¬ 
times called the dispersion tests or variance tests of the binomial and Poisson distribu¬ 
tions. This is because each is the sum of a number of c terms, each term being the 
ratio of a variate squared about its estimated expectation to an estimate of its variance 
—in the case of (33.124), the Poisson population mean and variance are equal, so that 
n x estimates both. 

33.57 Cochran (1954) gives a detailed account and bibliography of the binomial 
and Poisson dispersion tests, and especially of the partitioning of degrees of freedom 
from X 2 in each case. 

It appears, in particular, that the dispersion statistic (33.124) often gives a more 
powerful test of the hypothesis that a sample originated from a Poisson distribution 
than does the X 2 goodness-of-fit test based on grouping the observations into the fre¬ 
quencies with which the values 0, 1, 2,... are observed. The basic reason for this is 
that for Poisson distributions with small values of the parameter X, the observed fre¬ 
quencies fall off sharply after a certain value, which is as low as 4 or 5 if A is 1 or less (cf. 
Table 5.3 and Example 19.11). Thus, unless n is extremely large, a goodness-of-fit 
test can only have a few degrees of freedom (about 5) since the values in the upper 
tail must be pooled into a single class to obtain a sufficiently large hypothetical fre¬ 
quency for the test to be valid (cf. 30.30). This does not apply to the dispersion test, 
where the number of degrees of freedom is equal to c— 1, one less than the number of 
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observations, no grouping being necessary—this point is perhaps obscured by our 
derivation of the test through the 2 xc table, but is clear from (33.124) directly. Thus, 
for “ reasonable ” sample sizes, the dispersion test may be expected to be more 
powerful. 

Multi-way tables 

33.58 Throughout this chapter, we have been considering the relationships 
between two categorized variables ; our rxc tables have been two-way tables. It is 
natural to generalize the problem to p > 3 variables categorized in multi-way tables, 
or, as they are sometimes known, complex contingency tables. This was first done by 
K. Pearson (1904, 1916) for an underlying multinomial distribution. If the jpth vari¬ 
able is polytomized into r„ categories, we have a x r, x... x r p table, which can only 
be physically represented in p dimensions. In the simplest case when p = 3, we can 
represent the r 1 xr 2 xr 3 table as a solid with cells arrayed in rows, columns and 
“ layers,” and to avoid subscripts we shall use the initial letters as in the two-way 
case and call this a rxcxl table. In point of fact, the three-way table is the only 
multivariate one which has received more than formal attention in the literature, since 
no new theoretical points arise when p > 3 ; but we shall see that the generalization 
from two to three dimensions does introduce new considerations. 

33.59 Let us first consider the approach of 33.52, where we partitioned the two- 
way rxc table in the case of independence. If we write n ijk for the observed frequency 
and p^ for the probability in the cell in the ith row, /th column and &th layer, the 
hypothesis of complete independence is 

Ho-Pak = pt..p.,.p..k, (33.125)r 

where a dot denotes summation over that subscript as before. In the two-way case, 
we had the partition (33.117-18) into “ rows,” “ columns ” and *' rows x columns ” 
components, with (r— 1), (c— 1) and (r — 1) (c— 1) degrees of freedom respectively. In 
the present three-way case, we have the asymptotically additive components: 

Component Degrees of freedom 


Rows . Xg r —1 

Columns . X% c— 1 

Layers. XI l—l 

Rowsxcolumns .. .. Xg c (r—l)(c— 1) (33.126) 

Rows x layers .. .. X^ (r — 1) (/— 1) 

Columns x layers .. X% h (c— 1) (/— 1) 

Rows x columns x layers Xg CL (r— 1) (c—1)(/— 1) 

Totals X% rcl— 1 


In the 2x2x2 table, each component in (33.126) has 1 degree of freedom. 

If we regard the rxcxl table as a parallelepiped, the variation is thus expressed 
first of all in terms of edges, secondly in terms of faces, and finally in terms of the main 
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body of the table. Corresponding to (33.112) we have 

!/>«*.»} = \pi..,n}P{n.,. \p.i.,n}P{n.. k \p.. k ,n} 

P{n ti . |»<..,».*.} ,«..»} 

P{n.ik\n.t.,n.. k }P{n tik \n ii ., n { . k ,». ,*}, (33.127) 

from which the asymptotic % 2 distribution of the components may be deduced. 

The individual components in (33.126) are easily calculated. If there are hypo¬ 
thetical probabilities for any or all of the pt..,p.i.,p.. k , the corresponding components 
(ATJ, Xq and XI) are simply the goodness-of-fit X 2 values for the row, column and 
layer marginal distributions, taken separately. If there are no hypothetical prob¬ 
abilities in any case, the corresponding one of these components is identically zero. 
We now compute the “ ordinary ” X * for testing independence in each of the three 
two-way tables. From the (rxc) table X*, we subtract (Xji + X 2 ) ; from the (rxl) 
table X 2 , we subtract (ATJ+ X£) ; and from the (c x /) table X 2 , we subtract (X*+Xl). 
The results are X\ c> X% L and X 2 L respectively. Finally, we compute the X 2 for 
testing independence in the (rxcxl) table. This is X}, and X\ CL is obtained by 
differencing. 

In accordance with the terminology of the Analysis of Variance which we shall use 
in Volume 3, any component with/) subscripts in (33.126) is called a (p-l)-order inter¬ 
action. Thus X£, Xq and X\ are zero-order interactions, X% c is a first-order inter¬ 
action, and X% CL is the only second-order action in a three-way table. The word 
“ interaction ” should for the present be regarded as a convenient nomenclature; we 
shall discuss its interpretation in Volume 3. However, the reader may profitably con¬ 
sider the implications of the terminology—his intuition is unlikely to lead him astray 
in this connexion. 


Example 33.14 (Lancaster (1951), quoting data of Roberts et al.) 

The following show some data for rats in a 2x2x2 table classified according to 
whether they do or do not possess attributes, A, B, D. As before, we use a, /?, 6 to 
denote absence of the attributes. 


The basic frequencies are : 

(ABD) = 475 
( ABd) = 460 
(ApD) = 462 
(Apd) = 509 


(a BD) = 467 
(<xBb) = 440 
(oipD) = 494 
(<xpd) = 427 


We arrange these in three 2x2 tables thus: 

Attribute* a A Totals • Attributes t D Totals Attributes t D Totals 

p 921 971 1892 p 936 956 1892 I a 867 961 1828 

B 907 935 1842 ! B 900 942 1842 , A 969 937 1906 

Totals 1828 1906 3734 ' Totals 1836 1898 3734 Totals 1836 1898 3734 


The hypothetical probabilities of all the attributes are Thus for A we have 

v2 _ (1828 — 3734/2)* (1906-3734/2)* 1 
X A - m -+--1 6Z-H. 
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Similarly, we find for the other interactions the components in the third column of 
the following table: 


Interaction 

Degrees of 
freedom 

X 1 (prior hypothetical 
probabilities) 

X 1 (parameters 
estimated) 

A 

i 

1*6294 

0 

B 

i 

0*6695 

0 

D 

i 

1*0295 

0 

AB 

i 

0*1296 

0*1176 

AD 

i 

4*2517 

4*3426 

BD 

i 

0*1296 

0*1397 

ABD 

i 

2*7863 

2*6904 

Totals 

7 

10*6256 

7*2904 


For one degree of freedom, the 95 per cent point of % 2 is 3-84 and the 97J per cent 
point is 5 02. The only component near these values is the AD term, which lies between 
them. If there is any connexion between the factors at all, therefore, one would look 
for it between A and D, but the hypothesis of independence is not very strongly suspect. 


In fact, we find V AD = 



In any case, the component ABD is with¬ 


in sampling limits, and if A and D were connected, we should expect the ABD com¬ 
ponent to be large. Furthermore, we must bear in mind, as always when partitioning 
X a , that the separation of a single test into a number (here 7) increases the probability 
of some component falling outside its random sampling limits. On the whole, there¬ 
fore, the conclusion seems to be that all three factors are independent (or so weakly 
dependent that there is no decisive indication of interdependence). 

Had we not had prior probabilities but estimated them by marginal frequencies, 
we should have obtained the values of X 2 in the last column of (33.128). The values 
are very close to the previous ones, as they should be, and the same conclusion is 
reached. 

It may be noted that we might have had prior information about some of the prob¬ 
abilities but not of others. In such a case, we should estimate those unknown and 
proceed as before. 


33.60 The large number of interactions in the general multi-way table makes it 
possible to consider a large number of hypotheses other than that of complete inde¬ 
pendence, stated at (33.125). S. N. Roy and Mitra (1956), who make similar distinc¬ 
tions regarding the structure of multi-way tables as we did for 2x2 and rxc tables 
in 33.18 and 33.31 above, discuss a number of these. For example, we may wish 
to test 


. Pilk _ Pi. k P. ki 
1 'A.* 


( 33 . 129 ) 


which states that in a layer of a three-way table, the row and column variables are 
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independent. This is the analogue of a zero partial correlation between rows and 
columns with layers fixed. Or we may wish to test 

H t :p (lk = pu.p.. k , (33.130) 

which asserts the independence of the row-column classification, considered as a 
bivariate distribution, from the layers. This is the analogue of a zero multiple cor¬ 
relation of layers upon rows and columns. 

By summing the two sides of (33.130) first over j and then over i, we see that it 
implies both 

pi.u=p..p..k (33.131) 

and 

Pa* = p.i.p..k- (33.132) 

However (33.131-2) do not alone imply (33.130). S. N. Roy and Kastenbaum (1956) 

have investigated what additional hypothesis was necessary to ensure that (33.131-2) 
lead to (33.130). They rejected because of its mathematical intractability the natural 


Hs : Pa* 


Pa. Pa* P±* 

p.,.p..*pt.: 


(33.133) 


and instead suggested 

Hi’pWi = a tj a jk a ik , (33.134) 

where the a *s are arbitrary positive numbers. They show that (33.134) and (33.131-2) 
imply (33.130) and call the hypothesis (33.134) " the no-interaction hypothesis.” 


33.61 S. N. Roy and Kastenbaum (1956) and S. N. Roy and Mitra (1956) develop 
large-sample X* tests for the hypotheses (33.129), (33.130) and (33.134), as well as some 
others. As might be expected, the test statistics turn out to have limiting distribu¬ 
tions with respectively /(r— 1)(c— 1), (rc— 1)(/ — 1) and (r—l)(c—1)(/—1) degrees of 
freedom. Similarly the test of the complete independence hypothesis (33.125) is found 
to have rcl—r—c—l+2 degrees of freedom. In terms of the components in (33.126), 
these tests may be displayed as follows: 


Test statistic is asymptot¬ 
ically equal to the sum of 
components in (33.126) 


Equation 

Hypothesis 

Degrees of freedom 

with subscripts 

(33.125) 

Complete independence 

rcl—r—c—l+2 

RC, RL, CL, RCL 

(33.129) 

Zero partial correlation 
of rows and columns 
with layers fixed 

/(r-l)(c-l) 

RC, RCL 

(33.130) 

Zero multiple correlation 
of layers upon rows and 
columns 

(rc—1)(/—1) 

RL, CL, RCL 

(33.134) 

“ No interaction ” 

(r-l)(c-l)(/-l) 

RCL 


(33.135) 


pp 
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33.62 Bartlett (1935b), who was the first to consider the problem, and Norton (1945 
considered an alternative definition of second-order interaction in three-way tables, which 
is less easy to interpret and to compute than that of 33.59, which is due to Lancaster 
(1951). However, Lancaster showed that the methods are asymptotically equivalent. 
Lancaster (1960) has extended the ideas of canonical analysis to the multi-way table 


EXERCISES 

33.1 Show that the coefficient of association Q is greater in absolute value than the 
coefficient of colligation Y, except when both are zero or unity in absolute value. 

33.2 Derive the standard error of the coefficient V given at (33.17). 

33.3 For the 3x4 table (from Ammon, Zur Anthropologic der Badener) 


Eye colour ’ Hair colour 8«> U P 


group 




B t 

! Totals 

A t ~ 

| 1768 

807 

189 

47 

2811 

A * 

946 

1387 

746 

53 

1 3132 

A * | 

115 

438 

288 

16 

| 857 

Totals 1 

2829 

2632 

1223 

116 

6800 = n 


show that X* ** 1075-2, and hence that the coefficients (33.63-5) are 

P = 0-3695, 

T = 0-2541, 

C « 0-2812. 

33.4 Show that for anrxc table the Pearson coefficient of contingency P is equal 
to the Tschuprow coefficient T for two values of X*/n, one of which is zero ; that for 
X*/n between these values P > T, and for X*/n greater than the higher value T > P. 

33.5 In experiments on the immunization of cattle from tuberculosis, the following 
results were secured:— 


Table 33.4—Data from Report on the Spahlinger Experiments in Northern 

Ireland, 1931-1934 

(H.M. Stationery Office, 1935) 


Died of Tuberculosis 
or very seriously 
affected 

Unaffected or only 
slightly affected 

Totals 

Inoculated with vaccine .. .. 6 

13 

19 

Not inoculated or inoculated with 



control media. 8 

3 

11 

Totals 14 

16 

30 


Show that for this table, on the hypothesis that inoculation and susceptibility to 
tuberculosis are independent, X* = 4-75, so that the hypothesis is rejected for a 5> 0-029 ; 
that with a correction for continuity the corresponding value of a is 0-072 ; and that by 
the exact method of 33.19-20, « = 0-070. 



CATEGORIZED DATA 


585 


33.6 Show that if two rows or two columns of an r x e table are amalgamated, 
X ■* for testing independence in the new table cannot be greater than X % for the original 
table, and in general will be less. 


33.7 Show that if / is a standardized />-variate normal distribution with dispersion 
matrix V and marginal distributions / lf /*.. f v , 

u-hh.. •/„)* , _ i , 

• OXjf — 7, ■.7T7VJ/5 ’ 1, 


f-I-J 


lift * * •/» 


where W = 21—V. 




(K. Pearson, 1904) 


33.8 In a multi-way table based on classification of a standardized p -variate normal 
distribution according to variates with correlations po, show that 

iog(l+**) = -*log|I+P| -ilog|I-Pi , 

where is defined in Exercise 33.7 and P is the matrix with elements py, i / j and 0, 
t = j. Hence, by expanding, show that 


4>* > itrP 1 - S pi 

i<) 


(Lancaster, 1957) 


33.9 For the rxc table with both sets of marginal frequencies fixed, consider the 
statistic 

£ i Unu-^y/nX = 

which is a weighted sum of the contributions of the rows of the table to X* at (33.62), 
the weights being the proportional row frequencies nijn. Show that on the hypothesis of 
independence 

E(.H) _ (c-l)n(n'-S^)/(»-l), 

— H “ (.-iT(V-2P K'* - " f -) (« - 2) -4 (r-1) ( » - r)| 

rift* (n*—2 nj) (2 nj - n) 4(n+6) {(En£)* - n L nj }"j 

+ [ (n- l)'\n-2 )(n - 3) + («-1 j (n -2) (n - 3) J 

x {- (— 1) (c -1 - S i)_ 1).}. 

It* 

If all row marginal totals are equal, so that m. = n/r, show that H — — X*, and that 


E(H) = 


(n —l)r 


(r-l)(c-l) 


var 




so that 


£(**)-►(»•-l)(c-l), 

var(Jf*) —► 2(r-1) (c-1), 

as they must since its limiting distribution is of die x* form with (r—l)(c—1) degrees 


of freedom. 


(C. A. B. Smith (1951-2); cf. also Haldane (1940)) 
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33.10 Show as in Example 33.8 that for Table 33.5 > 2 x 13,264,256 sr.. 

*'i i 

hence show that 

h = 0-658, 
t e - 0-633. 

Table 33.5—7477 women aged 30-39 employed in U.K. Royal Ordnance 
factories 1943-6 : unaided distance vision 


N ^ Left eye , 

Highest 

Second 

Third 

Lowest 


\ 

grade 

grade 

grade 

grade 

Totals 

Right eye v 






Highest grade 

1520 

266 

124 

66 ! 

1976 

Second grade 1 

234 

1512 

432 

78 i 

2256 

Third grade i 

117 

362 

1772 

205 

2456 

Lowest grade ! 

36 

82 

179 

492 

789 

Totals 

1907 

2222 

2507 

841 

7477 


33.11 In the 4x4 tables of Example 33.8 and Exercise 33.10, show that the coefficient 
G defined by (33.79) takes the values 0-776, 0-798 respectively, with maximum standard 
errors given by (33.80) as 0-022, 0-014 respectively. Show also that the maximum 
standard errors obtained for the t e values of 0-629, 0-633 are 0-029, 0-019 respectively. 

(Goodman and Kruskal, 1960) 

33.12 The following data, due to D. Chapman, relate the conditions under which 
homework was carried out (rated from the best, A lt to the worst, A t ) and the teacher's 
assessment of the quality of the work (from best, B u to worst, B t ): 



1 A » 

A t 

At 

A t 

As 

Totals 

Si 

141 

67 

114 

79 

39 

440 

St 

131 

66 

143 

72 

35 

447 

B, 

1 36 

14 

98 

28 

16 

1 132 

Totals 

! 308 

147 

295 

179 

90 

! 1019 


Show by assigning natural-number scores to the categories that die regression coefficient 
of homework quality rating upon homework conditions (0-025 in these units) is within 
ordinary sampling fluctuation limits of zero, its standard error being 0-016. 

(Yates, 1948) 

33.13 The table below, due to A. R. Treloar, relates the periodontal condition of 
135 women to their average daily calcium intake: 

Average grams of calcium per day 



( 0-0-40 

0-40-0-55 

0-55-0-70 

over 0-70 

A 

1 

5 

3 

10 

11 

Periodontal B 

s 

1 

4 

5 

8 

6 

condition C 

1 

26 

11 

3 

6 

D 


23 

11 

1 

2 
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Show that the canonical correlations are 


R t = 0-56273, 
R t - 0-10869, 
R, = 0-00045, 


so that< 


f«*! 

TIjRJ 

l"*! 


42-74984, 

1-59497, 

0-00003, 


A 1 = 44-34484, 


only the first of these components of X * exceeding conventional critical values for % l 
distributions. Show that the canonical scores corresponding to R t are :— 


Periodontal condition 

A : -1-3880 

B: -1-0571 
C: 0-6016 

D : 0-9971 


Calcium intake 

0-0-40 : 0-8397 
0-40-0-55 : 0-4819 
0-55-0-70: -1-5779 
over 0-70: -1-1378 


In particular, note the change of trend in the calcium intake scores at 0-70, which 
confirms the impression from the data that there seems to be a limit above which increased 
calcium intake does not further improve periodontal condition. 

(E. J. Williams, 1952) 


33.14 In Example 33.10, show that 


( 0-633768533 0-192522708 
0-192522708 0-444704410 
0-146101456 0-241885812 
0-092877193 0093129969 


0-146101456 0 092877193\ 
0-241885812 0 093129969 \ 
0-474670557 0-200085907 I 
0-200085907 0-466094141/ 


and show that its four latent roots are given by unity and (33.103). Use (33.98) to 
evaluate the vector of y-scores (33.105) directly, and thence obtain the x-scores (33.104) 
by use of (33.99). 


33.15 For the data of Example 33.13, show that the four 2x2 tables (33.120) yield 
components 

2-860, 2-180, 

2-526, 0-005, 

totalling 7-571, as against X* = 7-547 for the original 3x3 table. 

(Lancaster, 1949b) 

33.16 In 33.53, use the method of 33.52 to demonstrate the asymptotic partition 
of X* for the 2x3 table into single (2 x 2) components (33.119), and show that the 
argument may be extended to the general r x c table. 

(Lancaster, 1949b) 


33.17 In the multinomial (Pi+P*+ . • • +Pr) n > define 

m-npt . . - 

w< " {»/>i(l-Pi))*’ ’ . r - 

Show that, in the notation of partial correlations and regressions, 

Pi) = _ {pip)/{l ~Pi) (1 —p)))*> 

Pi)M...m = ~(pip)/[{(l —pi) — (pk+Pl+ ••• +Pm)){{i-p))-(Pk+Pl+ ••• +/*«)}])*. 
O? = 1. = 0 -(#><+/*)}/{(1 ~Pi) (1 ~Pi)}, 

= ~ iPiPiO- —/>>)/(! ~Pi) }V {1 -p)~(Pk+Pl+ ... +Pm)}- 
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Show that to l /a u etc., are asymptotically normally distributed with 

zero means, unit variances and zero correlations. Show further that «>*.»..<*- 1 ) = 0 and 
hence that the first (ft — 1) to’s provide a partition of X* into (ft —1) independent com¬ 
ponents. 

(Lancaster, 1949b) 


33.18 Let C and D be orthogonal matrices of rank r and c respectively and let the 
(rc x rc) matrix K be their direct product C x D and the variables 

xu = (n ti -npt,pj)/(np i ,p. i )i 
be arranged as a column vector 

X « • • • » • • • » • • • » *ri»*r*i • • • > AV C ) . 

Show that by a suitable choice of the elements of C and D f the matrix Y = Kx gives the 
components of X * for the r x c contingency table, y n referring to the total, y x t (k ^ 1) the 
column totals, yti (A ^ 1) the row totals and the remaining terms the other (r — l)(c-l) 
degrees of freedom (cf. 33*52). 

(Lancaster, 1951) 


33.19 In the particular case of a 3 x3 table in Exercise 33.18, take 


D = 1 



For the data of Example 33.13, obtain the matrix of x-values 
/ 0 -0*812829 —0*409012 \ 

-1*834459 1*653094 1*471167} 

\ -0*499424 -1*587173 - 0*070020/ 

and hence verify the table of that example. 


33.20 Show that for a 2 xc tabic with n 1# == n t# , X* reduces to the form 

” i-i nj + ttd ‘ 

This is the test statistic for testing the homogeneity of two equal-sized samples polytomized 
into c categories. 


33.21 In the 2 xc table, suppose that n l# > n a ., and choose small integers k , h with 
k > h > 1 such that k/h approximates n u /n %9 and hence (hn u —kn tm )/n is small. Show 
that for the table, (33.121) may be written exactly as 

** - 7rrr",*—S (hn ti -kniWnj-ihn u -kn t .)*/i\, 

{h+ftyn u J 

and approximately aa 


X* 


^{^(An^-ft -(ft»i.~ ft»».) */«j- 


with an error of a factor leas than 1 — ~ n *'\ 


(Haldane, 1955b) 
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33.22 For the 2 x 11 table, 


25 

80 

38 

52 

9 

21 

33 

24 

30 

51 

56 

419 

1 

15 

12 

8 

0 

7 

6 

2 

7 

7 

3 

68 

26 

95 

50 

60 

9 

28 

39 

26 

37 

58 

59 

487 


use the results of the last exercise with h = 1, k — 6 to show that X* — 16*709 by the 
exact formula, and 16*393 by the approximate one. This is an approximation error of 
1*9 per cent, against the 2*3 per cent maximum allowed. 

(Haldane, 1955b) 


33.23 Show (cf. Exercise 33.20) that in a rxr contingency table, we may test com¬ 
plete symmetry (i.e. H 0 : py = pn, i,j = 1,2.. where Pu is the probability of an 

observation occurring in the »th row, jth column) by the statistic 

u = 2 2 («tf^«yj)* 

{<) ««+«« 

asymptotically distributed as % % with $r(r —1) degrees of freedom. 

(Bowker, 1948) 

33.24 Show that in a rxr table with identical categorizations (cf. 33 2) we may 
test the homogeneity of the two underlying marginal distributions (i.e. H 0 : p<. = pj f 
t = 1, 2,..., r) by the quadratic form in the (r— 1) asymptotically normal variables 
di = (m.-n.<), i « 1, 2, . •. ,r-l, 

Q - d'V^d « 2 1 r ZV«dtdu 

l i-i 

where is the (i,/)th element of the inverse of the (r—1) x(r—1) dispersion matrix V 
of the di, whose elements are 

Va — n<.+ nj — 2nuy Va = -*(«</ + */<), * 

Show that Q is asymptotically distributed as % % with (r—1) degrees of freedom. 

(Stuart, 1955b) 


33.25 Show that in a r x r table, the hypothesis of common proportionality of the 
diagonal cells, i.e. 


H«: 


Pa 


Pa 


0 pi.p.l Pl.pj 
may be tested by the statistic 


i,j — 1| 2, t • •, r, 


nu 


t 


V - 

l 




v 


n.i 

< i 


asymptotically distributed as g 1 with (r—1) degrees of freedom. 

(J. Durbin; cf. Glass (1954), p. 234) 


33.26 Verify the values of the two sets of components of X* in (33.128), using the 
method given below (33.127). 
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33.27 Re-arrange the frequencies of Example 33.13, except 3018, in the 2x2x2 
table 


3009 2832 3008 2974 
3047 3051 2997 3038’ 

the rows and columns being as laid out and the figures on the right being a “ layer ” 
above those on the left. Obtain the following partitions of X*, the hypothetical prob¬ 
abilities all being $: 



X* (hypothetical 

X * (parameter* e 


(probabilities) 

from data) 

R 

40115 

0 

C 

1*1503 

0 

L 

0-2540 

0 

RC 

2*7357 

2*7824 

RL 

1*7372 

1*7547 

LC 

1*3524 

1*3607 

RCL 

0*4690 

0*5107 


11*7107 

6*4085 


(Lancaster, 1951) 


33.28 In a 2x2x2 table, let 

r = Oi..)*, U = (fi. J*, ^ = (p.. l )K 
t = (/>»..)*, « = (P. ».)*, v = (p..*)», 
and the (8 x 8) matrix M be the direct product of the matrices 

(:.;)*(" i)il r) 

Let *</k = (ni)k-np{..pj.p..k)/(npi..P.}.P..k)K 

and x represent the column vector 

x “ (*m *tii *m *in *in *m *in *m) / * 

Show that the elements of Mx are the components of (asymptotically independent) % 
variables for, in this order (cf. (33.126)), 

T t R, C, RC, L , RL, CL, RCL. 

(Lancaster, 1951) 


33.29 The marginal probabilities ofarxc table, namely the pipj, are known, and 
it is required to estimate the cell probabilities pi), A sample of n observations is taken 
from the multinomial distribution with probabilities pi). Show that the ML estimators 
pi) of the pi) are the solutions of the (r—l)(c— 1) equations 


Pi1 Pio Pn Pre 


i = 1, 2,. .., r — 1 ; j = 1, 2,.. •, c—1. 


Show also that these are the modified MV unbiassed linear estimators of the pi) obtained 

by applying (19.59) to the m) (i = 1, 2, ,.., r — 1 : j = 1,2 .c — 1), their exact 

dispersion matrix V having been modified by replacing pi) by pi) throughout. 

(El-Badry and Stephan (1955); cf. also J. H. Smith (1947)) 


33.30 On c separate occasions, the same set of n individuals are observed in respect 
of the possession (scored 1) or absence (scored 0) of an attribute, and the results put in 
the form ofa2x2x..,x2 = 2® table. Let T$ (J « 1, 2,..., c) be the total number 
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of l’s on the /th occasion and ui (*=>1,2,..., 2*) be the number of l's among the c 
coordinates of the ith cell in the table. Show that if the probability of a “ 1 ” is identical 
of all c occasions, the statistic 

0 = e(e- 1) i 

j-i i i 

(where the summations in the denominator are over all non-empty cells) is asymptotically 
distributed as z* with (c—1) degrees of freedom. 


(Cochran, 1950) 



CHAPTER 34 


SEQUENTIAL METHODS 


Sequential procedures 

34.1 When considering sampling problems in the foregoing chapters we have 
usually assumed that the sample number n was fixed. This may be because we chose 
it beforehand; or it may be because n was not at our choice, as for example when we 
are presented with the results of a finished experiment; or it may be due to the fact 
that the sample size was determined by some other criterion, as when we decide to 
observe for a given period of time. We make our inferences in domains for which n 
is a constant. For example, in setting a standard error to an estimate, we are effectively 
making probability statements within a field of samples all of size n. We might, 
perhaps, say that our formulae are conditional upon n. If n is determined in some 
way which is unrelated to the values of the observations, such a conditional argument 
is clearly valid. 

34.2 Occasionally, however, the sample number is a random variable dependent 
upon the values of the observations. One of the simplest cases is one we have already 
touched upon in Example 9.13 (Vol. 1, p. 225). Suppose we are sampling human beings 
one by one to discover what proportion belong to a rare blood-group. Instead of sam¬ 
pling, say, 1000 individuals and counting the number of occurrences of that blood-group 
we may prefer to go on sampling until 20 such members have occurred. We shall see 
later why this may be a preferable procedure; for the moment we take for granted 
that it is worth considering. In successive trials of such an inquiry we should doubtless 
find that for a fixed number of successes, say 20, the number n required to achieve them 
varied considerably. It must be at least 20 but it might be infinite (although the 
probability of going on indefinitely is zero, so that we are almost certain to stop sooner 
or later). 


34.3 Procedures like this are called sequential. Their typical feature is a sampling 
scheme, which lays down a rule under which we decide at each stage of the drawing 
whether to stop or to continue sampling. In our present example the rule is very 
simple: if we draw a failure, continue; if we draw a success, continue also unless 
19 successes have previously occurred, in which event, stop. The decision at any point 
is, in general, dependent on the observations made up to that point. Thus, for a 
sequence of values x lt x 2 ,..., x n , the sample number at which we stop is not inde¬ 
pendent of the x's. It is this fact which gives sequential analysis its characteristic 
features. 


34.4 The ordinary case where we fix a sample number beforehand can be regarded 
as a very special case of a sequential scheme. The sampling procedure is then: go 
on until you have obtained n members, irrespective of what actual values arise. This, 
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however, is a special case of such a degenerate kind that it really misses the point of the 
sequential method. 

If the probability is unity that the procedure will terminate, the scheme is said to be 
closed. If there is a non-zero probability that sampling can continue indefinitely the 
scheme is called open. We shall not seriously consider open schemes in this chapter. 
They are obviously of little practical use compared to closed schemes, and we usually 
have to reduce them to closed form by putting an upper limit to the extent of the 
sampling. Such truncation often makes their properties difficult to determine exactly. 

Usage in this matter is not entirely uniform in the literature of the subject. 
“ Closed ” sometimes means “ truncated,” that is to say, applies to the case where 
some definite closure rule puts an upper limit to the amount of sampling. Corres¬ 
pondingly, “ open ” sometimes means “ non-truncated.” 


Example 34.1 

As an example of a fairly simple sequential scheme let us consider sampling from a 
(large) population with proportion to of successes. We will proceed until m successes 
are observed and then stop. It scarcely needs proof that such a scheme is closed. 
The probability that in an infinite sequence we do not observe m successes is zero. 

The probability of m— 1 successes in the first n— 1 trials together with a success 
at the nth trial is 


(::!)' 


,m „n—m 

x » 


n — m, w +1. (34.1) 

where y — 1 — w. This gives us the distribution of n. The frequency-generating 
function of n is given by 

& (34 - 2) 
Thus for the cumulant-generating function we have 

*’(') “ log (r^?)” = ” log G^)- 

Expanding this as far as the coefficient of t 2 we find 

(34.3) 


K, = —. 


m 

» 

to 


_ m( 1 — to) _ my 

_ 


*2 = - -y- (34.4) 

XD 

Thus the mean value of the sample number n is m/to. It does not follow that m/n is 
an unbiassed estimator of to. Such an unbiassed estimator is, in fact, given by 

in—1 


P = 


»—1 ’ 


(34.5) 


for 


■(Sf) ■ i<Si)C-0«“ 


= m. 


(34.6) 
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The variance of this estimator is not expressible in a very concise form. We have 

£ (^)' - c»-i)^-v--ii:: 2 2 )£ 

= (rn-\)rn m x l - m (34.7) 

Putting u = — t)} we find 

steriy -(,_!)«. 

\» — 1/ Jo m+zu 

= (m-l)ro* j 

= (m-l)ro 2 2 tfB{n-l,j+l) 

= + m + m(mTlj + m(m+ i^.+2) + -' (34 8) 

Hence, subtracting id 2 , we have 

var p - f 1 + J3L+ «£__ +.. .1. (34.9) 

r w L W+1 (w + l)(w+2) J v ' 

We can obtain an unbiassed estimator of varp in a simple closed form. In the same 
manner that we arrived at (34.6) we have 

pQw— l)(w—2) . 

(»—i)(»—2) 


Hence 


Thus 




(34.10) 


-3 

2 ) 

_ (m— l)(n—m) 

_ />(!-/>) _ P'q 

n—2 m—q 

We note that for large n this is asymptotically equal to the corresponding result for 
fixed sample size n. 

An estimator of the coefficient of variation of p for this negative binomial distri¬ 
bution is given by 

t o*-if 

{tHi-t)) 1 ' 
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and for small p this becomes approximately V( w— !)• Thus for the sequential process 
the relative sampling variation of p is approximately constant. 

34.5 The sampling of attributes plays such a large part in sequential analysis 
that we may, before proceeding to more general considerations, discuss a useful dia¬ 
grammatic method of representing the process. 



Take a grid such as that of Fig. 34.1 and measure number of failures along the 
abscissa, number of successes along the ordinate. The sequential drawing of a sample 
may be represented on this grid by a path from the origin, moving one step to the 
right for a failure F and one step upwards for a success S. The path OX corresponds, 
for example, to the sequence FFSFFFSSFFFFSFS. A stopping rule is equivalent 
to some sort of barrier on the diagram. For example, the line AB is such that S+F = 9 
and thus corresponds to the case of fixed sample size n = 9. The line CD corresponds 
to S = 5 and is thus of the type we considered in Exercise 34.1 with m = 5. The 
path OX, involving a sample of 15, is then one sample which would terminate at X. 
If X is the point whose co-ordinates are (x, y) the number of different paths from OtoX 
is the number of ways in which x can be selected from (x+jy). The probability of 
arriving at X is this number times the probability of x S ’s and y F’ s, namely 

Example 34.2. Gambler's Ruin 

One of the oldest problems in the theory of probability concerns a sequential pro¬ 
cess. Consider two players, A and B, playing a series of games at each of which A’s 
chance of success is tu and B's is 1 — to. The loser at each game pays the winner one 
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unit. If A starts with a units and B with b units what are their chances of ruin (a 
player being ruined when he has lost his last unit) ? 

A series of games like this is a sequential set representable on a diagram like Fig. 34.1. 
We may take A's winning as a success. The game continues so long as A or B has 
any money left but stops when A has a+b (when B has lost all his initial stake) or 
when B has a+b (when A has lost his initial stake). The boundaries of the scheme are 
therefore the lines y—x = —a and y—x = b. 



Fig. 34 2 


Fig. 34.2 shows the situation for the case a = 5, b = 3. The lines AB, CD are at 
45° to the axes and go through F — 0, S — 3 and F = 5, S = 0 respectively. For 
any point between these lines S—F is less than 3 and F—S is less than 5. On AB, 
S—F is 3, and if a path arrives at that line B has lost three more games than A and is 
ruined ; similarly, if the path arrives at CD, B is ruined. The sequential scheme is. 
then : if the point lies between the lines, continue sampling; if it reaches AB, stop 
with the ruin of B; if it reaches CD, stop with the ruin of A. 

The actual probabilities are easily obtained. Let u x be the probability that A will 
be ruined when he possesses x units. By considering a further game we see that 

u s = au s+l + xu x -.i, (34.11) 

with boundary conditions 

« 0 = 1, u a+b = 0. (34.12) 

The general solution of (34.11) is 

u. = Atf+B% 

where t 1 and t t are the roots of 

mt*—t+x — 0 
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namely / «= 1 and t = x/ w - 

Provided that © ^ x> solution is then found to be, on using (34.12), 


If, however, © = £, the solution is 


(zY"-(s\‘ 

\mj \xdJ , , 

«» - ' /“\?+T* - l ' > 

(-) -1 
\©/ 


K* = 


a+b—x 


a+b ' 

In particular, at the start of the game, for © = * = a, 

b 


U a = 


a+b * 


(34.13) 

(34.14) 

(34.15) 


34.6 We can obviously generalize this kind of situation in many ways and, in 
particular, can set up various types of boundary. A closed scheme is one for which it 
is virtually certain that the boundary will be reached. 

Suppose, in particular, that the scheme specifies that if A loses he pays one unit 
but if B loses he pays k units. The path on Fig. 34.2 representing a series then consists 
of steps of unity parallel to the abscissa and k units parallel to the ordinate. And this 
enables us to emphasize a point which is constantly bedevilling the mathematics of 
sequential schemes : a path may not end exactly on a boundary, but may cross it. For 
example, with k=3 such a path might be OX in Fig. 34.2. After two successes and 
five failures we arrive at P. Another success would take us to X, crossing the boundary 
at M. We stop, of course, at this stage, whether the boundary is reached or crossed. 
The point of the example is that there is no exact probability of reaching the boundary 
at M —and, in fact, this point is inaccessible. As we shall see, such discontinuities 
sometimes make it difficult to put forward exact and concise statements about the 
probabilities of what we are doing. We refer to such {situations as “ end-effects.” 
In most practical circumstances they can be neglected. 


Sequential tests of hypotheses 

34.7 Let us apply the ideas of sequential analysis to testing hypotheses and, in the 
first instance, to choosing between H 0 and H v We suppose that these hypotheses 
concern a parameter 6 which may take values 6 0 and 6 X respectively; i.e. H 0 and H 1 
are simple. We seek a sampling scheme which divides the sample space into three 
mutually exclusive domains : (a) domain a> B , such that if the sample point falls within 
it we accept H 0 (and reject Hj) ; (b) domain a>„ such that if the sample point falls 
within it we accept H l (and reject H 0 ) ; (c) the remainder of the sampling space, co e — 
if a point falls here we continue sampling. In Example 34.2, taking A’s ruin as H 0 , 
B’s ruin as H u the region <o a is the region to the right of CD, including the line itself; 
a> f is the region above AB, including the line itself; a> e is the region between the lines. 


Operating characteristic 

34.8 The probability of accepting H 0 when H 1 is true is a function of 8 t which 
we shall denote by K(dj). If the scheme is closed the probability of rejecting H 0 when 



598 


THE ADVANCED THEORY OF STATISTICS 


Hi is true is then 1 —K(6 1 ). Considered as a function of 0, for different values of 
this is simply the power function. As in our previous work we could, of course, work 
in terms of power ; but in sequential analysis it has become customary to work with 
A(0,) itself. 

K(0) considered as a function of 0 is called the “ Operating Characteristic ” (OC) 
of the scheme. Graphed as ordinate against 0 as abscissa it gives us the “ OC curve ”, 
the complement (to unity) of the Power Function. 

Average sample number 

34.9 A second function which is used to describe the performance of a sequential 
test is the “ Average Sample Number ” (ASN). This is the mean value of the sample 
number n required to reach a decision to accept H 0 or H x and therefore to discontinue 
sampling. The OC for H 0 and if, does not depend on the sample number, but only 
on constants determined initially by the sampling scheme. The ASN measures the 
amount of sampling we have to do to implement that scheme. 

Example 34.3 

Consider sampling from a (large) population of attributes of which proportion to 
are successes, and let to be small. We are interested in the possibility that to is less 
than some given value ra 0 . This is, for example, a frequently arising situation where a 
manufacturer of some item wishes to guarantee that the proportion of rejects in a batch 
of articles is below some declared figure. Consider first of all the alternative ta l > to 0 . 

We will take a very simple scheme. If no success appears we proceed to sample 
until a pre-assigned sample number n 0 has appeared and accept to 0 . If, however, a 
success appears we accept to t and stop sampling. 

If the true probability of success is to, the probability that we accept the hypothesis 
is then (1 —to)"* = jf*. This is the OC. It is a J-shaped curve decreasing mono- 
tonically from to — 0 to to = 1. For two particular values we merely take the ordinates 
at njjj and to j. 

The common sense of the situation requires that we should accept the smaller of 
ts 0 and ro x if no success appears, and the larger if a success does appear. Let gj 0 be 
the smaller ; then the probability of a Type I error a equals 1 — xl % and that of an error 
of Type II, 0, equals x ”'- If we were to interchange bj 0 and ro„ the a-error would be 
l — ^i* and the 0-error y£, both of which are greater than in the former case. 

We can use the OC in this particular case to provide a test of the composite 
hypothesis H 0 : to < to 0 against H t : to > to 0 . In fact, if to < to 0 the chance of an 
a-error is less than 1 — xS* and the chance of a 0-error is less than Xo‘- 

The ASN is found by ascertaining the mean value of m, the sample number at 
which we terminate. For any given to this is clearly 

n.-l 

E mto(l — nj) m_I +n 0 (l — ro) n, ~ l 

n»—l 

d "•-! 

_ ~ m dto ^ 0 — ro) OT + n 0 (l ~bj) w,_1 
— 1 ~ tp )"* 


to 


(34.16) 
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The ASN in this case is also a decreasing function of w since it equals 

1 + X+X*+ ••• +Z"*- 1 - 

We observe that the ASN will differ according to whether ra 0 or to x is the true value. 

A comparison of the results of the sequential procedure with those of an ordinary 
fixed sample-size is not easy to make for discontinuous distributions, especially as we 
have to compare two kinds of error. Consider, however, m 0 = 0-1 and n = 30. From 
tables of the binomial (e.g. Biometrika Tables, Table 37) we see that the probability of 
5 successes or more is about 0*18. Thus on a fixed sample-size basis we may reject 
to — 0*1 in a sample of 30 with a Type I error of 0*18. For the alternative w = 0-2 
the probability of 4 or fewer successes is 0*26, which is then the Type II error. 

With the sequential test, for a sample of » 0 the Type I error is 1 — xZ' and the Type II 
error is tf*. For a sample of 2 the Type I error is 0*19 and the Type II error 0-64. 
For a sample of 6 the errors are 047 and 0-26 respectively. We clearly cannot make 
both types of errors correspond in this simple case, but it is evident that samples of 
smaller size are needed in the sequential case to fix either type of error at a given level. 
With more flexible sequential schemes, both types of error can be fixed at given 
levels with smaller ASN than the fixed-size sample number. In fact, their economy 
in sample number is one of their principal recommendations—cf. Example 34.10. 

Wald’s probability-ratio test 

34.10 Suppose we take a sample of m values in succession, x lt x t , ... , x m , from a 
population f(x,6). At any stage the ratio of the probabilities of the sample on hypo¬ 
theses H 0 (6 = 0 O ) and H l (0 = 0j) is 

L m = S /(*„0i)/ S /(*„0 O ), (34.17) 

We select two numbers A and B, related to the desired «- and /5-errors in a manner 
to be described later, and set up a sequential test as follows : so long as B < L m < A 
we continue sampling ; at the first occasion when L m > A we accept H x ; at the first 
occasion when L m < B we accept H 0 . 

An equivalent but more convenient form for computation is the logarithm of L m , 
the critical inequality then being 

log B < S log S log /(*„0 O ) < log A. (34.18) 

»=i »=i 

This family of tests we shall refer to as “ sequential probability-ratio tests ” (SPR 
tests). 

34.11 We shall often find it convenient to write 

= log {/(*<, 0i)//(*<A)}> (34.19) 

and the critical inequality (34.18) is then equivalent to a statement concerning the 
cumulative sums of ar.’s. Let us first of all prove that a SPR test terminates with 
probability unity, i.e. is closed. 
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The sampling terminates if either 

Ear, > log A 

or Ear, < log B. 

m 

The ar<’s are independent random variables with variance, say <r* > 0. E 2 , then 

1-1 

has a variance mo 2 . As m increases, the dispersion becomes greater and the probability 
that a value of E 2 , remains within the finite limits log B and log A tends to zero. More 
precisely, the mean 2 tends under the central limit effect to a (normal) distribution with 
variance o*/m, and hence the probability that it falls between (log B)/m and (log A)/m 
tends to zero. 

It was shown by Stein (1946) that E(e mi ) exists for any complex number t whose real 
part is less than some t 0 > 0. It follows that the random variable m has moments of 
all orders. 

Example 34.4 

Consider again the binomial distribution, the probability of success being to. If 
there are k successes in the first m trials the SPR criterion is given by 

log L m = k log — 1 + (m - k) log I ~ CT - . (34.20) 

GJ 0 1— 

This quantity is computed as we go along, the sampling continuing until we reach the 
boundary values log B or log A. How we decide upon A and B will appear in a 
moment. 

34.12 It is a remarkable fact that the numbers A and B can be derived very simply 
(at least to an acceptable degree of approximation) from the probabilities of errors of 
the first and second kinds, a and /?, without knowledge of the parent population. There 
are thus no distributional problems to be solved. This does not mean that the 
sequential process is distribution-free. All that is happening is that our knowledge 
of the frequency distribution is put into the criterion L m of (34.17) and we work with 
this ratio of likelihoods directly. It will not, then, come as a surprise to find that 
SPR tests have certain optimum properties ; for they use all the available information, 
including the order in which the sample values occur. 

Consider a sample for which L m lies between A and B for the first n — 1 trials and 
then becomes > A at the nth trial so that we accept H x (and reject H 0 ). By definition, 
the probability of getting such a sample is at least A times as large under H x as under 
H 0 . This, being true for any one sample, is true for all and for the aggregate of all 
possible samples resulting in the acceptance of H x . The probability of accepting H x 
when H 0 is true is a, and that of accepting H x when H x is true is 1 — /?. Hence 

1 — /? > Ax 
or 

A < 

a 


(34.21) 
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In like manner we see from the cases in which we accept H 0 that 

1 —«), 

or B> JL-. (34.22) 

1 —a 


34.13 If our boundaries were such that A and B were exactly attained when 
attained at all, i.e. if there were no end-effects, we could write 

A = B = (34.23) 

a 1 —a 

In point of fact, Wald (1947) showed that for all practical purposes these equalities 
could be assumed to hold. Suppose that we have exactly 

« - M » - J- (34.24) 

a l —ot 


and that the true errors of first and second kind for the limits a and b are a', /?'. We 
then have, from (34.21), 



«' 1 a 

l-F " a 1-/J’ 

(34.25) 

and from (34.22) 

* . 

1-^a' 1—a 

(34.26) 

Hence 

«o -/n. « 

* 4 1-0 ® 1-/T 

(34.27) 


/A 

“CD 

"i 

/A 

1 

8 

(34.28) 

Furthermore, 

a'(l-/?) + £'(!-a) < «(l-/r) + 0(l-«') 


or 




x' + F < a + 0. (34.29) 


Now in practice a and /J are small, often conventionally 0*01 or 0*05. It follows from 
(34.27) and (34.28) that the amount by which a' can exceed a, or /?' exceed /?, is 
negligible. Moreover, from (34.29) we see that either a' < a or (}' < /?. Hence, by 
using a and b in place of A and B, the worst we can do is to increase one of the errors, 
and then only by a very small amount. Such a procedure, then, will always be on the 
safe side in the sense that for all practical purposes it will not increase the errors of 
wrong decision. To avoid tedious repetition we shall henceforward use the equalities 
(34.23) except where the contrary is specified. 

Example 34.5 

Consider again the binomial of Example 34.4 with a = 0*01, /? = 0*10, ro 0 = 0*01 
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and ro x = 0*03. We have, for k successes and n—k failures (taking logarithms to 
base 10), 

log < {o ^—ir 

l —a v 1 —gj 0 gj 0 a 

or 

l°g^ < (»-A)Iog~ + Alog3 < log90 

or -0*995,653 < -0*008,863,5 (n-k) +(0*477,121) k < 1*954,243. 

Dividing through by 0 008,863,5 we find, to the nearest integer, 

-112 < 54k-n < 220. (34.30) 

For a test of this kind, for example, if no failure occurred in the first 112 drawings 
we should accept ro 0 . If one occurred at the 100th drawing and another at the 200th, 
we could not accept before the 220th (i.e., 112 + (2 x 54)) drawing. And if, by the 200th 
drawing, there had occurred 6 failures, say at the 50th, 100th, 125th, 150th, 175th, 
200th, we could not reject, 54 k—n being 124 at the 200th drawing ; but if that experi¬ 
ence was then repeated, the quantity 54 k—n would exceed 220 and we should accept 


The OC of the SPR test 

34.14 Consider the function 



(34.31) 


where A is a function of 0. L h f(x,6), say g (x, 0), is a frequency function for any value 
of 0 provided that 


E(L*) = 


rr/Moy 
J l/Mo)J 


f(x, 0)dx = 1 


(34.32) 


It may be shown (cf. Exercise 34.4) that there is at most one non-zero value of h satis¬ 
fying this equation. Consider the rule : accept H 0 , continue sampling, or accept H x 
according to the inequality 


B h < 


n W(x,6)} h 

n{f(x,o)f" ' 


(34.33) 


This is evidently equal to the ordinary rule of (34.18) provided that h > 0. Consider 
testing H: that the true distribution is f(x, 6), against G : that the true distribution is 
g (x, 0). If a', (}' are the two errors, the likelihood ratio is the one appearing in (34.33), 
and we then have 

= ^f' * ~ (3434) 


a 


1-B* 

A*-£*’ 


and hence 
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and since a' is the power function when Hj holds, its complement, the OC, is given by 

1 (34.35) 

The same formula holds if k < 0. 

We can now find the OC of the test. When h(6) — 1 we have the performance 
at 0 = 0 o . When h{6) = — 1 we have the performance at 0 = 6 V For other values 
we have, in effect, to solve (34.32) for 0 and then substitute in (34.35). But this is, in 
fact, not necessary in order to plot the OC curve of K(6) against 0. We can take 
h (0) itself as a parameter and plot (34.35) against it. 


Example 34.6 

Consider once again the binomial of previous Examples. We may write for the 
discrete values 1 (success) and 0 (failure) 

/(l,o) = ro, 

/(0, to) =1 — 07. 


Then (34.32) becomes 


or 



(34.36) 


For A = (1-0)/a, B = 0/(1 -a) we then have from (34.35) 

( m-w 


(34.37) 


We can now plot K (07) against 07 by using (34.36) and (34.37) as parametric equations 
in h. 


The ASN of the SPR test 

34.15 Consider a sequence of n random variables If n were a fixed number 
we should have 

2 = nE(x). 

This is not true for sequential sampling, but we have instead the result 

E (i 

which is not quite as obvious as it looks. The result is due to Wald and to Blackwell 
(1946), the following proof being due to Johnson (1959b). 


*,) = E(n)E(z), 


(34.38) 
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Let each z t have mean value ft, E\z t \ = C < oo, and let the probability that n 
takes the value k be P k (k = \, 2, ... ). Consider the “ marker ” variable y t which 
is unity if z t is observed (i.e. if n > t) and zero in the opposite case. Then 

P(y t = 1) = P(n > i) = S P (34.39) 
Now let Z„ = £ Z{. Then 

i= 1 

Zn - S y t z it 

i-1 

£(*„) = £ £ O’,*,) = ££(**,). (34.40) 

i*l i-l 

the interchange of £ and £ being legitimate since E | z t | exists and is finite. Further¬ 
more, since y t depends only on z„ z t .z„_ x and not on z n , we have 

E(yiZ { ) - Eiy^Eiz,). (34.41) 

Hence 

E(Z n ) = ZE(y { )E(z t ) = ftZE(y,) 

= ft £^ {P<+P l+ i+ ...} 

= ft l iP t 
■ f*E(n), 

whence (34.38) follows. 

We then have 


But, to our usual approximation, Z n can take only two values for the sampling to termin¬ 
ate, log ^4 with probability 1 — K(0) and log .8 with probability K(d). Thus 


F(n , _ K\ogB+(l-K)logA 
W " - E fi * 


(34.43) 


which is the approximate formula for the average sample number. 


Example 34.7 

For the binomial we find 

£ W = «,(=*) 

= CJ log — + (1 - m) log -J ZL^- 1 . (34.44) 

ro o 1 — w 0 

The ASN can then be calculated from (34.43) when © lf ro„ A and B (or a and /3) are 
given. It is, of course, a function of m. 
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34.16 For practical application, sequential testing for attributes is often expressed 
in such a way that the calculations are in terms of integers. Equation (34.30) is a 
case in point. We may rewrite it as 

332 > 220 + (»-*)-53A > 0 

We may imagine a game in which we start with a score of 220. If a failure occurs, 
•we add one to the score; if a success occurs we lose 53 units. The game stops as 
soon as the score falls to zero or rises to 332, corresponding to acceptance of the 
values to 0 and ©j respectively. 


34.17 On such a scheme, suppose that we start with a score 5,. For every failure 
we gain one unit, but for every success we lose 6 units. If the score rises by 5 X so 
as to reach S l + S l (— 25, say) we accept one hypothesis ; if it falls to zero we accept 
the other. Let the score at any point be x and the probability be u* that it will ultim¬ 
ately reach 25 without in the meantime falling to zero. Consider the outcome of the 
next trial. A failure increases the score by unity to x+1, a success diminishes it by 
b to x—b. Thus 

u, = (1 - to) , + to m,_ 6> (34.45) 

with initial conditions 


u 0 = = u _ 2 = ... = tt-fcn = 0, (34.46) 

— 1. (34.47) 

For 6=1 this equation is easy to solve, as in Example 34.2. For b > 1 (and we shall 
suppose it integral) the solution is more cumbrous. We quote without proof the 
solution obtained by Burman (1946) 


where 


n, = 

* F(25) 


(34.48) 


*(*)-*-{!-(* \ 1 )®/+(* 2 2 * 1 )(«* fc )“ 
+(*” 3 *” ! )("**)’ + • • •}’ * > °* 


= 0, x < 0. 


(34.49) 


Here the series continues as long as x—66 — 1 is positive. Burman also gave expressions 
for the ASN and the variance of the sample number. 


34.18 Anscombe (1949a) tabulated functions of this kind. Putting 

«' - iTi’ = (34 ' 50) 

Anscombe tabulates R u R t for certain values of the errors a, fi (actually 1 — a and /?) 
and the ratio 5,/5„ the values for to (6+1) being also provided. 

Given to 0 , w lt a, /? we can find R t and R t . There remains an element of choice 
according to how we fix the ratio S 1 /S t . 
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Thus, for w 0 = 0-01, tD x = 0-03, S t — 2 S lt a = 0-01, /? <= 0-10 we find R t = 4, 
Rx — 2 approximately. Also w(6+1) = 0*571 or 6 = 56. We then find, from (34.50), 
Sx = 114, S t = 228. The agreement with Example 34-5 (S t *» 112, S t = 220, 
6 = 53) is very fair. The ASN for m = 0*01 is 253 and that for m = 0-03 is 306. 


34.19 It is instructive to consider what happens in the limit when the units 1 and b 
are small compared to the total score 211. We can imagine this, on the diagram of 
Fig. 34.1, as a shrinkage of the mesh so that the routes approach a continuous random 
path of a particle subject to infinitesimal disturbances in two perpendicular directions. 
From this viewpoint the subject links up with the theory of Brownian motion and 
diffusion. If A is the difference operator defined by 


A«* = 

we may write equation (34.45) in the form 

{(l-®)(l + A) + ®(l+A)- 6 -lK = 0. 

For small b this is nearly equivalent to 

{(1— ro) + nj-l + (l — ro)A—6tnA +J6(6+lJmA 2 }^ = 0, 

namely, to 

«i 

In the limit this becomes 


where 


The general solution of (34.53) is 

u x — k l +k i e~ Xx , 

and since the boundary conditions are 

«2S = 1. «o = 0, 

we have 

_ 1 — exp (— 2*) 

Ux ~ i-«p{-X i(Sx+~sijy 
Thus for x = S t the probability of acceptance is 

= _exp(15 t )-l_ 

s ' exp (A S a ) - exp (- A 5 X )‘ 


(34.51) 


in— bw)A+ 16(6 + 1) cjA 2 }m, = 0. 

(34.52) 

dx* + dx 

(34.53) 

. 2(1—07 — bra) 

076(6+1) • 

(34.54) 


(34.55) 

(34.56) 


34.20 As before, write 

^(6+1) = ^, * t (6+l) = S„ 

and let m tend to zero so that cj(6 + 1) = y, say, remains finite, 
see that X tends to zero, but 


2{l-«,(i+l)) _ 2(1 -y) _ t My 
n(4+l) y ' Y ' 


From (34.54) we 


(34.57) 
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Then ?.S X tends to S l 6/b, i.e. to R 1 6, provided that y ^ 1, and (34.56) becomes 

(34.58) 


Us = ”*(*«*>—! v * 1 

5 * exp (R t 6)— exp (—Ri 6)’ 7 

If <5 tends to zero we find 

R t i 

Us> R t +Ri 7 L 

(34.58) may be compared to (34.37) which, for small h, can be written 


Us, = 


exp (!_^)-ex P (-y*) 


(34.59) 


(34.60) 


34.21 The use of sequential methods in the control of the quality of manufactured 
products has led to considerable developments of the kind of results mentioned in 
34.17 and 34.18. We shall not have the space here to discuss the subject in detail 
and the reader who is interested is referred to some of the textbooks on quality control. 
We will merely mention some of the extensions of the foregoing theory by way of 
illustrating the scope of the subject. 

(a) Stopping rules. Even for a closed scheme it may be desirable to call a halt in 
the sampling at some stage. For instance, circumstances may prevent sampling beyond 
a certain point of time ; or, in clinical trials, medical etiquette may require a change of 
treatment to a new drug which looks promising even before its value is fully established. 
Sequential schemes may be truncated in various ways, the simplest being to require 
stopping either after a given sample size has been reached or when a given time has 
elapsed. In such cases our general notions about performance characteristics and 
average sample numbers remain unchanged, but the actual mathematics and arithmetic 
are usually far more troublesome. Armitage (1957) considers sequential sampling 
under various restrictions. 

(b) Rectifying inspection. In the schemes we have considered the hypotheses were 
that the batch or population under inquiry should be accepted or rejected as having a 
specified proportion of an attribute. If the attribute is “ defectiveness ” we may prefer 
not to reject a batch in toto but to inspect every member of it and to replace the defective 
ones. This does not of itself affect the general character of the scheme—the decision 
to reject is replaced by a decision to rectify—but it does, of course, affect the proportion 
of rejects in the whole aggregate of batches to which the sampling plan is applied— 
what is known as the average outgoing quality level (AOQL); and hence it affects the 
values of the parameters which we put into the plan. The theory was examined by 
Bartky (1943). 

(c) Double sampling. As an extension of this idea, we may find it economical to 
proceed in stages. For example, we may decide to have four possible decisions : to 
accept outright; to reject outright; to continue sampling ; to suspend judgment but 
to inspect fully. There is evidently a wide variety of possible choice here. An excellent 
example is the double sampling procedure of Dodge and Romig (1944). We shall 
encounter the idea again later in the chapter (34.36). 
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Example 34.8 

Consider the testing, for the mean of a normal distribution with unit variance, 
of H 0 (ji — yu 0 ) against H x (p — fi x ). With z defined as at (34.19) we have 

Z m * S *t - (34.61) 

We accept H 9 and H x according as this quality < log B or > log A. For the appropri¬ 
ate OC curve we have, from (34.35), 

where h is given by 

= 1. (34.63) 

which is easily seen to be equivalent to 

exp{p*-hn\+htil-{ji-hn x -hn Q )*} = 1 

or to h = ^* 1 -—fiy jt ju 0t h # 0. (34.64) 

We can then draw the OC curve for a range of values of /r by calculating h from (34.64) 
and substituting in (34.62). 

Likewise for the ASN we have 


£(*) = Vj2n) I-. 6 * 1 * 


- 0 * 1 — —/'*)- (34.65) 

Again, for a range of /i the ASN can be determined from this equation in conjunction 
with (34.62) and 


2?(») = 


XlogB+(l- K)\ogA 

E(*) 


(34.66) 


Example 34.9 

Suppose that the mean of a normal distribution is known to be fi. To test a 
hypothesis, concerning its variance, H 0 :o* — <t§ against H x : a 1 = of, we have 

Z n = 2*, = -wlogo l -^S(af-/i)*+mloga,+^S(*-/i)«. (34.67) 

This lies between the limits log {/?/(l —«)} and log {(1 — /?)/ot} if 

< logi^. (34.68) 
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With some rearrangement we find that this is equivalent to 

2log ~ T^ +wlog ^ 2 log r~~ +»* log ^ 

-j—j-2 < Z(x-ft)* <--p-j-22. (34.69) 

°0 °1 °0 O ? 

The OC and ASN are given in Exercises 34.18 and 34.19. 

If the mean is not known the test remains the same except that the test statistic 
^ (*—/<)* is replaced by 2(x— x)* and the value m in the inequality (34.69) is replaced 
t>y (m— 1). 

The efficiency of a sequential test 

34.22 In general, many different tests may be derived for given a and ft, 0 O and 6 V 
There is no point in comparing their power for given sample numbers because they 
are arranged so as to have the same /3-error. We may, however, define efficiency in 
terms of sample size or ASN. The text with the smaller ASN may reasonably be said 
to be the more efficient. Following Wald (1947) we shall prove that when end-effects 
are negligible the SPR test is a most efficient test. More precisely, if S' is a SPR test 
and S is some other test based on the sum of logarithms of identically distributed 
variables, 

E ( (n | S) > E( («| S'), i-O, 1, (34.70) 

where E { denotes the expected value of n on hypothesis H { . 

Note first of all that if u is any random variable, u — E («) is the value measured from 
the mean, and 

exp{u-E(u)} > 1+ {«-£(«)}. 

On taking expectations we have 

E[exp{«—£(«)}] £ 1, (34.71) 

which gives 

E (exp u) > exp {£(«)}. (34.72) 

We also have, from (34.42), for any closed sequential test based on the sums of type Z n , 

E,(n\S) = £,<1 f^ |S) - (34.73) 

If E* denotes the conditional expectation when H 0 is true, and E** the conditional 
expectation when H x is true, we have, as at (34.22), neglecting end-effects, 



E’(L,<S) = -JL, 

(34.74) 

and similarly, as at (34.21), 

£••(1,15) = 1^. 

(34.75) 

Hence 




{a E* (log I„|S)+(l-oc) E** (log L n \S)}. 

(34.76) 
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In virtue of (34.72), (34.74) and (34.75) we then have 

*.(»|S) > log + (1 -«)l°g, (34.77) 

and in a similar manner 

£,(”15) > i' W/ilog j-f- 4- (1 - fl tog (34.73) 

When S = S' these inequalities, as at (34.43), are replaced (neglecting end-effects) by 
equalities. Hence (34.70). 


Example 34.10 

One of the recommendations of the sequential method, as we have remarked, is 
that for a given (a, p), it requires a smaller sample on the average than the method 
employing a fixed sample size. General formulae comparing the two would be difficult 
to derive, but we may illustrate the point on the testing of a mean in normal variation 
(Example 34.8). 

For a given a we can find a deviate d such that 

Prob{| y/n(d-n 0 )|} = 1-oc, 

Prob{| y/n[d-n x ) |} = P 

with, say, 

A„ = y/n(d-n 0 ), 

= \/n(d—/i 1 ), 

and hence 

ii = (V^o ) 2 

Given a, ft, fi 0 , f* lt n is then determinable. Let us compare it with the ASN of a 
SPR test. Taking the approximate formula (34.47), which is 

Ei(n) - '[KMlogB- {1-A:0u)}log44], (34.80) 


(34.79) 


M*y 


we find, since 
and 


EM = i0*o~^i) 2 


EM - 

n (2j—2 0 )* 


E M = -i(^o-^i)*» 

2 {/? log B—(1 — /3) log A }. 


(34.81) 


In this particular case the.ratio does not depend on the difference /i x . Likewise, 
we find 


(34.82) 

Thus, for a = 0*01, p = 0-03,4 = 97 ,B = 3/99 and we find A 0 = 2-5758, = 2-1701. 

The ratio E 0 (n)/n is then 0-61 and E x («)/« = 0-51. We thus require in the sequential 
case, on the average, between 51 and 61 per cent of the fixed sample size needed to 
attain the same performance. 
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It should be emphasized that a reduced sample size with a SPR test will only be 
found, in general, when one of H 0 or H x is true, and not necessarily for other parameter 
■values. Guaranteed economy is therefore restricted to cases where the alternative 
hypotheses can be specified beforehand. Cf. T. W. Anderson (1960). 

Composite hypotheses 

34.23 Although we have considered the test of a simple H 0 against a simple H v 
the OC and ASN functions are, in effect, calculated against a range of alternatives 
and therefore give us the performance of the test for a simple H 0 against a composite H t . 
We now consider the case of a composite H 0 . Suppose that 0 may vary in some 
domain Q. We require to test that it lies in some sub-domain o> a against the alternatives 
that it lies either in a rejection sub-domain a> r , or in a region of indifference Q — co 0 — co f 
(which may be empty). We shall require of the errors two things: the probability 
that an error of the first kind, a (0), which in general varies with 0, shall not exceed some 
fixed number a for all 0 in co a ; and the probability that an error of the second kind, 
P (0), shall not exceed /? for all 0 in <o r . Wherever our parameter point 0 really lies, 
then, we shall have upper limits to the errors, given by a and /?. 


34.24 Such a requirement, however, hardly constitutes a very effective criterion. 
We are always on the safe side, but may be so far on the safe side in particular cases as 
to lose a good deal of efficiency. Wald (1947) suggested that it might be better to 
consider the average of a (6) over co„ and of /3(0) over co r as reasonable criteria. This 
raises the question as to what sort of average should be used. Wald defines two weight¬ 
ing functions, w a {0) and w T {0) such that 

f w a {0)d0 = 1, f w r (0)d0 = 1, (34.83) 

J «• J Or 

and we then define 

f w a (0) a (0) d0 = a, (34.84) 

J a>« 

f w r (0)P(0)d0 = p. (34.85) 

J a>r 

By these means we reduce the problem to one of testing simple hypotheses. In 
fact, if we let 

L^= f fix^fix^O)... f(x n ,0)ai(0)d0, (34.86) 

J eo* 

L lm = f f(x lt 0)f{x t ,0)...f(x m ,0)P(0)d0, (34.87) 

J Or 

the likelihood ratio Lom/Li m can be used in the ordinary way with errors a and /?. 
We may, if we like, regard (34.86) and (34.87) as the posterior probabilities of the sample 
when 0 itself has prior probabilities w a (0) and to T (6). 


34.25 This procedure, of course, throws the problem into the form of finding or 
choosing the weight functions to a (0) and tv b (0). We are in the same position as the 
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probabilist wishing to-apply Bayes’ theorem. We may resolve it by some form of 
Bayes* postulate, e.g. by assuming that te 0 (0) = 1 everywhere in co„. Another possi¬ 
bility is to choose to a (d) and to r (0) so as to optimize some properties of the test. 

For example, the choice of the test is made when we select a and /) (or, to our 
approximation, A and B) and the weight functions. Among all such tests there will 
be maximum values of sc(0) and /?(0). If we choose the weight functions so as to 
minimize (max a, max /?), we have a test which, for given A and B, has the lowest 
possible bound to the average errors. If it is not possible to minimize the maxima of 
oc and ft simultaneously we may, perhaps, minimize the maximum of some function 
such as their sum. 


A sequential Meat 

34.26 A test proposed by Wald (1947) and, in a modified form, by other writers 
sets out to test the mean n of a normal distribution when the variance is unknown. 
It is known as the sequential 1-test because it deals with the same problem as 
" Student’s ” t in the fixed-sample case; but it does not free itself from the scale 
parameter a in the same way and the name is, perhaps, somewhat misleading. 

Specifically, we wish to test that, compared to some value //„, the deviation (ji 0 )/c 
is small, say < <5. The three sub-domains of 34.23 are then as follows: 
co a consists of (u 0 » o) for all a ; 

(o T consists of values for which \p— /u 0 | ^ ad, for all a ; 

£2— u> a —(o r consists of values for which 0 < | \ < ad, for all a. 

We define weight functions for a as follows: 


»«, = -, 0 < a < c, 

= 0 elsewhere. 


(34.88) 


Then 


©re = 2 ^» 0 < a < C, fl = fl 0 + do 


'lm 




= 0 elsewhere. 


1 


(2n)i"o”“ Ip { 2o’ Z( *' 

gSj*4 f. [?■ 


The limit of the ratio L\ m /L^ m as c tends to infinity then becomes 


(34.89) 


(34.90) 

(34.91) 


lim Li m | Lo m = 






(34.92) 
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This depends on the x’s, which are observed, and on /z 0 and d, which are given, but not on 
cr, which we have integrated out of the problem by the weight functions (34.88) and 
(34.89). If we can evaluate the integrals in (34.92) we can apply this ratio to give a 
sequential test. 

34.27 The rather arbitrary-looking weight functions are, in fact, such as to optimize 
the test. To prove this we first of all establish (a) that a (//, <r) is constant in <o a ; 
(b) that P(fi, a) is a function of | (ji —/<„)/<; | alone : and (c) that ft(ji,a) is monotonically 
decreasing in | (fi—fi 0 )/<r|. 

If x is the sample mean and S* is the sum Z(x t -£) s , the distribution of the ratio 
(x—jt 0 )/S depends only on (ji—fi 0 )/a. If then we can show that (34.92) is a single¬ 
valued function of (x—fi 0 )/S, the properties (a) and (b) will follow, for (ji—fi 0 )/a is zero 
in w 0 and ft(ji, a) depends only on the distribution of (34.92). Now the numerator and 
denominator of (34.92) are both homogeneous functions of (*, —//„) of degree m-1, as 
may be verified by putting x { — Xx it fi 0 = Aft 0 , a = Xa. Thus the ratio of (34.92) is 
of degree zero. Further, it is a function of 2 (x-/*„)* and 2 (*-/*„) only, and hence 
we do not change it by putting (*,—/i 0 )/\/2 (**—// 0 ) 2 for jc< — /*„. The ratio is, then, 
a function only of 2 (x i —fi 0 )/y/'Z(x i — l u 0 ) t , and is, in actual fact, a function of the 
square of that quantity, namely of 

(*-/* o)* = (* _ /*o)* 

o) 2 n(x-/i 0 y+S 2 ' 

It is therefore a single-valued function of ( x—fi 0 )/S . 

To show that (//, cr) is monotonically decreasing in | (jx—/x 0 )/a | it is sufficient to 
show that the ratio (34.92) is a strictly increasing function of | (x—/jl 0 )/S\ , or equivalently 
of (x— fi 0 ) 2 /^ (.Xi—f 1 o) 2 ‘ Now for fixed 2 (jc,-— ji 0 ) 2 the denominator of (34.92) is fixed 
and the numerator is an increasing function of (x —Thus the whole ratio is 
increasing in (x—ji 0 ) 2 for fixed 2(x,—//„)* and the required result follows. 

34.28 Under these conditions we can prove that the sequential /-test is optimal. 
In fact, any test is optimal if (i) a (6) is constant in e o a ; (ii) ft ( 8 ) is constant over the 
boundary of <o r ; and (iii) if ft (6) does not exceed its boundary value for any 6 inside <u r . 

To prove this, let v a and v T be two weight functions obeying these conditions and 
w a , to T two other weight functions. Let a, ft be the errors for the first set, a*, ft* those 
for the second. Then we have 


and hence 

f (34.93) 

j_ P(0)«,(0)J0 = 0 - (34.94) 

Thus, in a> a the maximum of a* (6) is greater than (1 — B)/(A — B), for the integral of 
w a (6) over that region is unity. But if v a has constant a over that domain, its maximum 
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is equal to (1— B)/(A—B). Hence 

max a* (0) > max a (0) in co a . 

Likewise, in a> f the maximum of p* (0) is attained somewhere outside co r and cannot 
exceed B(A — \)/{A—B), whereas for p (0) the maximum value must be attained 
somewhere. Hence 

max P* (0) > max p (0) in eo f . 

The result follows. The conditions we have considered are sufficient but by no means 
necessary. 


34.29 Some tables for the use of this test were provided by Armitage (1947). 
The integrals occurring in (34.92) are, in fact, expressible in terms of the confluent 
hypergeometric function and, in turn, in terms of the distribution of non-central t. 
Some special tables have been provided by the U.S.A. National Bureau of Standards, 
Applied Mathematics Series 7 (1951), a co-operative work with an introduction by 
K. J. Arnold. 

The arbitrariness of the weight-function approach will be apparent. An alternative 
method of attack is given by D. R. Cox (1952a, b). 

Sequential estimation 

34.30 In testing hypotheses we usually fix the errors in advance and proceed 
with the sampling until acceptance or rejection is reached. We may also use the 
sequential process for estimation, but our problems are then more difficult to solve 
and may even be difficult to formulate. We draw a sequence of observations with the 
object of estimating some parameter of the parent; but in general it is not easy to 
discern which is the appropriate estimator, what biases are present, what are the 
sampling errors or what should be the rules determining the ending of the sampling 
process. The basic difficulty is that the sample number itself is a random variable. A 
secondary nuisance is the end-effect to which we have already referred.(*) 

34.31 We derived in 34.15 the useful result 

£ <»> - 7 ^- («- 95 > 

Let us assume that absolute second moments exist, that the variance of each z,- is 
equal to a*, and that E(n 2 ) exists. We may then derive an analogous expression for 
the variance of n. In fact (the proof is left to the reader as Exercise 34.5), 

E (Z n — n/z) 2 = o 2 E(n) (34.96) 

and it follows that 

o 2 E[n) = E(Zt)-2,iE(Z n )E(n)+fi*E(n 2 ) t 
whence, after some substitution and rearrangement, 

var n = {<x 2 E (ri) — var Z n } //a 2 . (34.97) 


Lehmann and Stein (1950) considered the notion of “ completeness ” in the sequential 
case, but general criteria are not easy to apply even in attribute sampling—cf. de Groot ( 1959 ). 
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Results for higher moments have been obtained by Wolfowitz (1947). 
34.32 Now let 

Y n - i^iog/Kfl). 

Then since, under regularity conditions, 

we have, in virtue of relations like (34.95), 

E(Y n ) = 0, 


(34.98) 


var 


(34.99) 

(34.100) 


and 

If 1 is an estimator of 0 with bias 6(6), i.e. is such that 

E(t) = 6+b(6) 

we have, differentiating this equation, 

cov(f,L**g^ - 1+6'(fl). (34.101) 

Then, by the Cauchy-Schwarz inequality 

var/£^S^/y £ {l+6'(0)}«, 

and hence, by (34.100), 

vart * (34.102) 

£W£(^) 

which is Wolfowitz’s form of the upper bound to the variance in sequential estimation. 
It consists simply of putting E(n) for n in the MVB (17.22). Wolfowitz (1947) also 
gives an extension of the result to the simultaneous estimation of several parameters. 

Example 34.11 

Consider the binomial with unit index 

f(x, to) = vf (1 — nj) 1 x — 0,1. 

We have 

3 log / _ x_ 1—x 
dm a 1 —to' 

\ dm / m (1 — m) 

If p is an unbiassed estimator of to in a sample from this distribution, we shall then 
have 

to (1 — m) 


var p ^ 


E(n) * 


(34.103) 


RR 
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34.33 It cannot be said that, in general, sequential procedures are very satisfactory 
for estimation. If, however, » is large the theory is very much simplified in virtue 
of a general result due to Anscombe (1949b, 1952, 1953). Simply stated, this amounts 
to saying that for statistics where a Central Limit effect is present, the formulae for 
standard errors are the same for sequential samples as for samples of fixed size. We 
might argue this heuristically from (34.102). n varies about its mean n 0 with standard 
deviation of order n 0 -i and thus formulae accurate to order n~ l remain accurate to 
that order if we use tt 0 instead of n. More formally: 

Let {Y„}, n = 1, 2,... be a sequence of random variables. Let there exist a real 
number 0, a sequence of positive numbers {«>„}, and a distribution function F(x) such 
that 

(a) Y n converges to 0 in the scale of w H , namely 

P ►F(x) as n—>oo ; (34.104) 

(b) {Y„} is uniformly continuous in probability, namely given (small) positive 
e and t), 

P {| Y' w < e f° r all »,»' such that |«' — n| < enj- > 1 —i;. (34.105) 

Let {n r } be an increasing sequence of positive integers tending to infinity and {.V,} 
be a sequence of random variables taking positive integral values such that N,/n r -> 1 
in probability as r —► oc. Then 

pIXelZ^. ^ *■ F(x) as r—>oo (34.106) 

in all continuity points of F(x). 

The complexity of the enunciation and the proof are due to the features we have 
already noticed: end-effects (represented by the relation between N r and n r ) and the 
variation in n r . 

In fact, let (34.105) be satisfied with v large enough so that for any n r > v 

P{\N r -n r \ < cn r } > l-ri. (34.107) 

Consider the event E: \N r -n r \ < cn r and | Y Xr — Y„,\ < eto Sr , 

and the events A: \ Y„-— Y„| < eto n , all ri such that \ri — n\ < en, 

B: |iV f — n r \ < cn T . 

Then P(E) > P{A and B) = P(A)—P{A and not-B} 

> P(A)—P(not-B) 

>l-2r). (34.108) 

Also P{Y„,-0 < xw lV ,} = P{Y Xr —d ^ xto Hr and E} 

+ P{Y Nr -0 ^ xw nt and not-£}. 

Thus, in virtue of the definition of E we find 

P{Y n -Q < (x-e) *>„,}-2ri < P{Y H -d < xv,»} 

< P{Ynr~0 < (x+e)to nr }+2ii. 
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and (34.106) follows. It is to be noted that the proof does not assume N, and Y n to 
be independent. 

34.34 To apply this result to sequential estimation, let x lt x t , ... be a sequence 
of observations and Y H an estimator of a parameter 6, D„ an estimator of the scale 
tv„ of Y„. The sampling rule is : given some constant k, sample until the first occurring 
D n < k and then calculate Y n . We show that Y n is an estimator of 6 with scale 
asymptotically equal to k if k is small. 

Let conditions (34.104) and (34.105) be satisfied and {A r } be a sequence of positive 
numbers tending to zero. Let {N r } be the sequence of random variables such that 
N r is the least integer n for which D„ < k r ; and let {n T } be the sequence such that n r 
is the least n for which u>„ < k r . We require two further conditions: 

(c) {to,,} converges monotonically to zero and to n /tw n+1 —> 1 as n —* oo; 

(d) N r is a random variable for all r and N r /n r —* 1 in probability as r — * oo. 

Condition (c) implies that to„Jk T —* 1 as n—>oo. It then follows from our previous 
result that 

P 6 ^ xj. -> F(x) as r -> oo. (34.109) 

34.35 It may also be shown that if the x’s are independently and identically dis¬ 
tributed, the conditions (a) and (c)—which are easily verifiable—together imply con¬ 
dition (b) and the distribution of their sum tends to a distribution function. In 
particular, these conditions are satisfied for Maximum Likelihood estimators, for 
estimators based on means of some functions of the observations, and for quantiles. 


Example 34.12 

Consider the estimation of the mean p of a normal distribution with unknown 
variance o*. We require of the estimator a (small) variance k *. 

The obvious statistic is Y H = x H . For fixed n this has variance a x /n estimated as 

« = ,^rjj s <*■-*>’• <34.110) 

Conditions (a) and (c) are obviously satisfied and in virtue of the result quoted in 

34.35 this entails the satisfaction of condition (b). To show that (d) holds, transform 
by Helmert’s transformation 


Then 




rp- __ v 

• «(»-!) 


M-l 

2 if. 


By the Strong Law of Large Numbers, given e, rj, there is a v such that 


■/i - 1 v'..-, 


< e for all 


n > v j. 


> 1 — TJ. 


(34.111) 
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If k is small enough, the probability exceeds 1 -t] that D n < k for any n in the range 
2 < n < v. Thus, given N > v, (34.111) implies that 

N . e 

a 2 /k 2 < o 2 

with probability exceeding 1— rj. Hence, as k tends to zero, condition (d) holds. 

The rule is, then, that we select k and proceed until D n ^ k. The mean x then has 
variance approximately equal to k *. 

Example 34.13 

Consider the Poisson distribution with parameter equal to X. If we proceed until 
the variance of the mean, estimated as x/n, is less than k *, we have an estimator x of /. 
with variance k *. This is equivalent to proceeding until the number of successes falls 
below khi 2 . But we should not use this result for small n. 

On the other hand, suppose we wanted to specify in advance not the variance but 
the coefficient of variation, say /. The method would then fail. It would propose 
that we proceed until x/y/(x/n) is less than /, i.e. until nx ^ l 2 or the sum of observa¬ 
tions falls below l 2 . But the sum must ultimately exceed any finite number. This 
is related to the result noted in Example 34.1 where we saw that for sequential sampling 
of rare attributes the coefficient of variation is approximately constant. 

34.36 The basic idea of the sequential process, that of modifying our sampling 
procedure as we go along in the light of what we observe, is obviously capable of exten¬ 
sion. In a broad sense, all scientific inquiry is sequential, our experiments at any 
stage being determined to some extent by the results of previous experiments. The 
preliminary or pilot surveys of a domain to aid in the planning of more thorough 
inquiries are examples of the same kind. We proceed to discuss a two-stage sample 
procedure due to Stein (1945) for testing the mean of a normal population. 

Stein’s double-sampling method 

34.37 We consider a normal population with mean p and variance a 2 and require 
to estimate p with confidence coefficient 1 — a, the length of the confidence-interval 
being /. We choose first of all a sample of fixed size n 0 , and then a further sample 
n— » 0 where n now depends on the observations in the first sample. 

Take a “ Student’s” /-variable with n 0 —1 degrees of freedom, and let the prob¬ 
ability that it lies in the range — t a to t a be 1 — a. Define 

V* = 2T- (34.112) 

Let s 2 be the estimated variance of the sample of n 0 values, i.e., 

s 2 = jpl-jS (*,-*)*. 

"0 1 n. 

We determine n by 

n = max {n 0 .1 + [> 2 A]}» 
where \s 2 /z\ means the greatest integer less than s 2 /z. 


(34.114) 
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Consider the n observations altogether, and let them have mean Y n . Then Y n is 
distributed independently of s and consequently ( Y n —/i)\/n is independent of s ; and 
hence ( Y n —/u)\/n/s is distributed as t with n 0 — 1 d.f. Hence 


or 


. i_ ai 


or P{Y n -\l < t* < Y n + \l) > l-«. (34.115) 

The appearance of the inequality in (34.115) is due to the end-effect that s*/z may not 
be integral, which in general is small, so that the limits given by Y n ±\l are close to 
the exact limits for confidence coefficient 1 — a. In point of fact we can, by a device 
suggested by Stein, obtain exact limits, though the procedure entails rejecting observa¬ 
tions and is probably not worth while in practice. 

Seelbinder (1953) and Moshman (1958) discuss the optimum choice of first sample 
size in Stein’s method. 


34.38 Chapman (1950) extended Stein’s method to testing the ratio of the means 
of two normal variables, the test being independent of both variances. It depends, 
however, on the distribution of the difference of two f-variables, for which Chapman 
provides some tables. D. R. Cox (1952c) considered the problem of estimation in 
double sampling, obtaining a number of asymptotic results. He also considered cor¬ 
rections to the single and double sampling results to improve the approximations of 
asymptotic theory. A. Bimbaum and Healy (1960) discuss a general class of double 
sampling procedures to attain prescribed variance, in which the first sample is used 
to determine the size of the second and the estimation is carried out from the second 
sample alone. Such procedures are surprisingly efficient when high precision is 
required. 

Distribution-free tests 

34.39 By the use of order-statistics we can reduce many procedures to the binomial 

case. Consider, for example, the testing of the hypothesis that the mean of a normal 
distribution is greater than ji 0 (a one-sided test). Replace the mean by the median 
and variate values by a score of, say, + if the sample value falls above it and — in the 
opposite case. On the hypothesis H 0 : = ji 0 these signs will be distributed binomially 

with rn = On the hypothesis H l :/i = f* 0 +ko the probability of a positive sign is 

” ,,=(M - u6) 

We may then set up a SPR test of against in the usual manner. This will have 
a type I error a and a type II error /3 of accepting H 0 when H x is true ; and this type II 
error will be < when yu — yu 0 > ka. This is, in fact, a sequential form of the Sign 
test of 32.2-7. 

Tests of this kind are often remarkably efficient, and the sacrifice of efficiency 
may be well worth while for the simplicity of application. Armitage (1947) compared 
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this particular test with Wald’s f-test and came to the conclusion that, as judged by 
sample number, the optimum test is not markedly superior to the Sign test. 

34.40 Jackson (1960) has provided a useful bibliography on sequential analysis, 
classified by topic. 

Decision functions 

34.41 In closing this chapter, we may refer briefly to a development of Wald’s 
ideas on sequential procedures towards a general theory of decisions. A situation is 
envisaged in which, at some stage of the sampling at least, one has to take a decision, 
e.g. to accept a hypothesis, or to continue sampling. The consequences of these 
decisions are assumed to be known, and it is further assumed that they can be evaluated 
numerically. The problem is then to decide on optimum decision rules. Various 
possible principles can be adopted, e.g. to act so as to maximize expected gain or to 
minimize expected loss. Some writers have gone so far as to argue that all estimation 
and hypothesis-testing are, in fact, decision-making operations. W T e emphatically 
disagree, both that all statistical inquiry emerges in decision and that the consequences 
of many decisions can be evaluated numerically. And even in cases where both points 
may be conceded, it appears to us questionable whether some of the principles which 
have been proposed are such as a reasonable person would use in practice. That 
statistics is solely the science of decision-making seems to us a patent exaggeration. 
But, like some questions in probability, this is a matter on which each individual has 
to make up his own mind—with such aid from the theory of decision functions as he 
can get. 

The leading expositions of this theory are the pioneer work by Wald himself (1947) 
and the more recent book by Blackwell and Girshick (1954). 


EXERCISES 

34.1 In Example 34.1, show by use of Exercise 9.13 that (34.3) implies the biasedness 
of m/n for w. 

34.2 Referring to Example 34.6, sketch the OC curve for a binomial with a = 0 01, 
/} = 0-03, Wx = 01, w t = 0-2. (The curve is half a bell-shaped curve with a maximum 
at m = 0 and zero at W = 1. Six points are enough to give its general shape.) Similarly, 
sketch the ASN curve for the same binomial. 

34.3 Two samples, each of size n, are drawn from populations, P\ and P t , with pro¬ 
portions to, and TO, of an attribute. They are paired off in order of occurrence. t, is the 
number of pairs in which there is a success from Pi and a failure from P t ; t t is the number 
of pairs in which there is a failure from P, and a success from P t . Show that in the (con¬ 
ditional) set of such pairs the probability of a member of f, is 

TO = (1 -©!)©,/{©!(!-©,)+©*(!-©!))• 

Considering this as an ordinary binomial in the set of t = t, + t t values, show how to 
test the hypothesis that to, > to, by testing ro = J. Hence derive a sequential test for 
w x ^ nj|. 
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If 


WtO-wO 

OTiO-OT,)’ 

show that m = u /(I + u) and hence derive the following acceptance and rejection numbers: 

P , l+«i 


log: 


log 


a m '*-« , , "** l -«» 

1 logU t -logu# " r logUj —log« a * 


n - 




log 


+ 


1 +« t 
1 +ttp 


log« 1 -logu 0 ~ r * logUt-logUo ’ 
where m is the value of u corresponding to Hi (» = 0, 1). ' 


(Wald, 1947) 


34.4 Referring to the function h & 0 of 34.14 show that if a is a random variable 
such that E(z) exists and is not zero ; if there exists a positive 8 such that P(e* < 1 —8) > 0 
and P(e* > 1 +3) > 0; and if for any real hE (exp hz) = g(h) exists, then 

lim g(k) s» oo = lim g(k) 

A k ->— oo 

and hence that g" (h) > 0 for all real values of h. Hence show that g(h) is strictly in* 
creasing over the interval (— oo, h*) and strictly decreasing over (h*, oo), where h* is 
the value for which g(h) is a maximum. Hence show that there exists at most one h for 
which E (exp hz) = 1. 

(Wald, 1947) 


34.5 In 34.31, deduce the expressions (34.96-7). 


34.6 In Exercise 34.5, show that the third moment of Z n —nn is 
E(Z.-»/i)» - ti,E(n)-3a*E{n(Z n -nn)), 
where /u, is the third moment of z. 


(Wolfowitz, 1947) 


34.7 If z is defined as at (34.19), let t be a complex variable such that E (exp zt) — 
exists in a certain part of the complex plane. Show that 

E[{exp(tZ.)}^(0}-"] = 1 

for any point where | ^ (t) j > 1. 

(Wald, 1947) 


34.8 Putting t — h in the foregoing exercise show that, if E» refers to expectation 
under the restriction that Z„ < -b and E a to the restriction Z„ > a, then 
KVi)E>exp(kZ n )+{i-K(k)}E a exp(kZn) = 1, 
where K is the OC. Hence, neglecting end-effects, show that 

*A(a+*> 

K W = - h¥=0 > 


O + b’ 


0. 


(Girshick, 1946) 
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34.9 Differentiating the identity of Exercise 34.7 with respect to t and putting t = y. 
show that 


E(n) = 

and hence derive equation (34.43) 


— iC(A)}—A1C(A) 
E(m) 


(Girshick, 1946) 


34.10 Assuming, as in the previous exercise, that the identity is differentiable, 
derive the results of Exercises 34.7 and 34.8. 


34.11 In the identity of Exercise 34.7, put 


- log^(0 - T 


where t is purely imaginary. Show that if <p ( t ) is not singular at / = 0 and t = h, this 
equation has two roots t x (r) and t t (r) for sufficiently small values of r. In the manner 
of Exercise 34.8, show that the characteristic function of n is given by 


£(«*") = 


ShA^-AW* ' 


(Wald, 1947) 


34.12 In the case when z is normal with mean ft and variance a*, show that f, and f. 
in Exercise 34.11 are 


u 





where the sign of the radical is determined so that the real part of — 2ff*T is positive. 

In the limiting case B = 0, A finite (when of necessity E(z) > 0 if E(n) is to exist), 
show that the c.f. is 

A~* * 


and in the case B finite, A = 0 (when E(z) < 0), show that the c.f. is 




(Wald, 1947) 


34.13 In the first of the two limiting cases of the previous exercise, show that the 
distribution of m m pht/lo* is given by 

dF(m) = 2r ( ^ ro 3 /2 ex P + 0 < m < oo, 

where c = p log A/a 2 . 

For large c show that 2m/c is approximately normal with unit mean and variance 1 /c. 

(Wald, 1947, who also shows that when A 9 B are finite the distribu¬ 
tion of n is the weighted sum of a number of variables of the 
above type.) 

34.14 Values of u are observed from the exponential distribution 

dF = e~ Xu kdu 9 0 < m < oo. 
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Show that a sequential test of A m A 0 against A = A x is given by 

* * 

^i + (A x ~Aj) u] < ft log (Aj/A 0 ) $ Ag+(Ai -* Aj) 2 uj, 

i -1 • i-i 

where ki and k t are constants. 

Compare this with the test of Exercise 34.3 in the limiting case when w l and or, tend 
to zero so that Wit = A 0 and m t t = A x remain finite. 

(Anscombe and Page, 1954) 


34.15 It is required to estimate a parameter 0 with a small variance «(0)/A when 
A tends to infinity. If t m is an unbiassed estimator in samples of fixed size m with vari¬ 
ance v (0)/m; if y x (t m ) = 0(m"*) and yi(tm) = 0(m _1 ); and if a(U) and b(t m ) can 
be expanded in series to give asymptotic means and standard errors, consider the double 
sampling rule: 

(a) Take a sample of size NX and let t x be the estimate of 6 from it. 

(b) Take a second sample of size max{0, [{n 0 (ti)—N}A]} where n t (ti) = v{t x )/a (tj). 

Let t t be the estimate of 0 from the second sample. 


<C) U ‘ --MM- 


if « 0 (*i) > N. 


(d) Assume that N < n 0 (0) and the distribution of m 0 (fi) = 1 /n« (t,) is such that the 
event n 0 (*i) < N may be ignored. 

Show that under this rule 

E(t) « 0 + 0 (A -1 ), 

varf = a (0) A -1 {1 + 0 (A -1 ) }. 

(D. R. Cox, 1952c) 


34.16 In the previous exercise, take the same procedure except that n 0 (t t ) is re¬ 
placed by 

«(*i) = n«(fi)jl+^j. 

Show that 

E(t) = e + + 

Put 

t' = t — mi(t)v(t)}r l if N < »(ti) 

= 0 otherwise, 

and hence show that t' has bias 0(A~*). 

Show further that if we put 

b (0) = n 0 (0) v ( 0 ) {2m 0 (0) mi (0) Yl (0) v'- (0) + mi* ( 0 ) + 2m 0 (0) mi' (0) + mj' (0)/(2N) }, 
then 

var /' = a(0)A' 1 + O(A~ 3 ). 

(D. R, Cox, 1952c) 


34.17 Applying Exercise 34.15 to the binomial distribution, with 

a(.m) = a m\ v(m) « ro(l- w), y x (m) = ^, 

show that the total sample size is 

” (<l) = ■^7r + f 1 (l-r 1 ) + ^V^ 

• a . , at 

and the estimator t = f—--. 

1 -t 
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Thus N should be chosen as large as possible, provided that it does not exceed 
(1 -to)/(am). 


(D. R. Cox, 1952c) 


34.18 Referring to Example 34.9, show that 


where h is given by 


*(*) -{^ + ^} ■ 


provided that the expression in brackets on the right is positive. Hence show how to 
draw the OC curve. 

(Wald, 1947) 

34.19 In the previous exercise derive the expression for the ASN 


a*—y 


where y = log (ej/oj) 


/(«"«)' 


(Wald, 1947) 


34.20 Justify the statement in the last sentence of Example 34.9, giving a test of 
normal variances when the parent mean is unknown. 


(Girshick, 1946) 
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Appendix Table 1 - Frequency function of the normal distribution y 

first and second differences 



* 

f 

y i 

A‘(-) 

A* 

1 

0*0 j 

039894 

199 ' 

- 39 * 

0*1 1 

0*39695 

591 

-374 

0*2 ] 

0*39104 

965 

-347 

o *3 

0*38139 1 

1312 

-308 

°*4 

0*36827 * 

1620 1 

— 265 

o -5 

0*35207 

1885 . 

— 212 

o-6 

0*33322 

2097 j 

-159 

o -7 

0*31225 

2256 

-104 

o*8 

0*28969 

2360 

- 5 * 

o -9 

0*26609 

2412 i 

0 

1*0 

0*24197 

2412 1 

+ 46 

ii ! 

0*21785 

2366 

+ 84 

I *2 

0*19419 

2282 ] 

+118 

i *3 

017137 

1 2164 

i + *43 

i *4 

014973 

I 2021 

+161 

i 

IS 

0*12952 

i860 

+ 173 

i*6 

0*11092 

1687 

, +177 

i -7 

0*09405 

1510 

| +177 

i-8 

0*07895 

1333 

+170 

i -9 

0*06562 

1163 

> 

+162 

2*0 

0*05399 

IOOI 

+150 

21 

0*04398 

851 

1 +137 

2'2 

003547 

714 

1 +120 

2*3 

0*02833 

S 94 

+108 

2-4 

; 0*02239 

486 

, + 91 


! 


* 

» ! 

A‘(") 

A* 

2*5 I 

I 0-01753 

395 

+ 79 

2*6 ! 

1 0-01358 1 

316 

+66 

2*7 

0-01042 

250 ; 

+ 53 

2*8 

0*00792 

197 

+45 

2*9 

0-00595 

!52 

+ 36 

3*0 

1 0-00443 

' 116 

1 + *7 

31 

0-00327 

j 89 

+ 23 

3*2 

0*00238 

1 66 

+ 17 

3*3 

0-00172 

49 

+ 13 

3*4 

j 0*00123 

1 36 

+10 

3*5 

0-00087 

26 

1 + 7 

3*6 

0*00061 

19 

1 + 6 

3*7 

| 0-00042 

13 

+ 4 

3*8 

0*00029 

9 

+ 2 

3*9 

| 0*00020 

7 

. + 3 

4 *o 

0*00013 

4 

— 

4 *i 

I 0-00009 

3 

— 

4*2 

0-00006 

1 2 

— 

4*3 

i 0-00004 

1 2 

— 

4*4 

0*00002 

— 

— 

4*5 

0*00002 

— 


4*6 

0-00001 

; — 

1 

4*7 

0-00001 

— 

— 

4*8 

0-00000 

I — 

— 
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Appendix Table 2-Areas under die normal curve (distribution function of the normal 

distribution) 

The table shows the area of the curve y » (2n)~ie~i J ^ lying to the left of specified deviates 
x; e.g. the area corresponding to a deviate i-86 (= 1*5 + 0-36) is 0*9686. 


Deviate 

0*0 + 

o-s + 

1*0 + 

1*5 + 

2*0 + 

S, + 

3-0 + 

35 + 

0*00 

5000 

6915 

8413 

9332 

9772 

9*379 

9*865 

9*77 

0*01 

5040 

6950 

8438 

9345 

9778 

9*396 

9*869 

9*78 

0*02 

5080 

6985 

8461 

9357 

9783 

9*413 

9*874 

9*78 

0*03 

512° 

7019 

8485 

9370 

9788 

9*430 

9*878 

9*79 

004 

5160 

7054 

8508 

9382 

9793 

9*446 

9*882 

9*80 

005 

5199 

7088 

8531 

9394 

9798 

9*461 

9*886 

9*81 

006 

5239 

7123 

8554 

9406 

9803 

9*477 

9*889 

9*81 

0*07 

5279 

7157 

8577 

9418 

9808 

9*492 

9*893 

9*82 

o*o8 

5319 

7190 

8599 

9429 

9812 

9*506 

9*897 

9*83 

009 

S 3 S 9 

7224 

8621 

9441 

9817 

9*520 

9*900 

9*83 

0*10 

5398 

7257 


9452 

9821 

9*534 

9*03 

9*84 

0*11 

5438 

7291 

8665 

9463 

9826 

9*547 

9 3 o6 

9*85 

0*12 

5478 

7324 

8686 

9474 

9830 

9*560 

9 3 io 

9 * 8 s 

0*13 

5517 

7357 

8708 

9484 

9834 

9*573 

9*13 

9*86 

0*14 

S 5 S 7 

7389 

8729 

9495 

9838 

9*585 

9*16 

9*86 

0*15 

5596 

7422 

8749 

9505 

9842 

9*598 

9*18 

9*87 


5636 

7454 

8770 

9515 

9846 

9*609 

9*21 

9*87 

0*17 

5675 

7486 

8790 

9525 

9850 

9*621 

9*24 

9*88 

0*18 

5714 

7517 

8810 

9535 

9854 

9*632 

9*26 

9*88 

0*19 

S 7 S 3 

7549 

8830 

9545 

9857 

9*643 

9*29 

9*89 


S 793 

7580 

8849 

9554 

9861 

9*653 

9 * 3 i 

9*89 

0*21 

S832 

7611 

8869 

9564 

9864 

9*664 

9*34 

9*90 

0*22 

S871 

7642 

8888 

9573 

9868 

9*674 

9*36 

9*90 

0*23 

S 9 io 

7673 

8907 

9582 

9871 

9*683 

9*38 

9*04 

0*24 

5948 

7704 

8925 

9591 

9875 

9*693 

; 9*40 

9 4 o8 

0*25 

5987 

7738 

8944 

9599 

9878 

9*702 

9*42 

, 9*12 

0*26 

6026 

7764 

8962 

9608 

9881 

9*7 ii 

9*44 

9 4 i 5 

0*27 

6064 

7794 

8980 


9884 

1 9*720 

9*46 

9 4 i8 

0*28 

6103 

: 7823 


9625 

9887 

9*728 

9*48 

9*22 

0*29 

6141 

7852 

9015 

9633 

9890 

[ 9*736 

9*50 

9*25 

0*30 

6179 

7881 

9032 

9641 

9893 

9*744 

1 9*52 

9*28 

0*31 

6217 

7910 

9049 

9649 

9896 

| 9*752 ' 

1 9*53 

9 * 3 I 

0*32 

625s 

7939 


9656 

9898 

1 9 * 76 o 

9*55 

9*33 

0*33 

6293 

7967 

9082 

9664 

9901 

9*767 

9*57 

9*36 

o *34 

6331 

7995 

9099 

9671 

9904 

9*774 

9*58 

9*39 

o *35 

6368 

8023 

9115 

9678 

9906 

9 * 78 i 

9*60 

9*41 

0*36 

6406 

8051 

9131 

9686 

9909 

, 9*788 

9*61 

9*43 

0*37 

6443 

8078 

9 i 47 

9693 

9911 

' 9*795 

9*62 

9*46 

0*38 

6480 

8106 

9162 

9699 

9913 

9*801 

9*64 

9*48 

0*39 

6517 

8133 

9177 

9706 

9916 

9*807 

9*65 

9*50 

0*40 

6554 

8159 

9192 

9713 

9918 

i 9*813 

9*66 

9*52 

0*41 

6 S 9 > 

8186 

9207 

9719 

9920 

! 9 * 8 i 9 

9*68 

9*54 

0*42 

6628 

8212 

9222 

9726 

9922 

! 9*825 

9*69 

9*56 

o *43 

6664 

8238 

9236 

9732 

9925 

j 9*831 

9*70 

9*58 

o *44 

6700 

8264 

9251 

9738 

! 9927 

1 9*836 

9*71 

9*59 

°*45 

6736 

, 8289 

9265 

9744 

! 9929 

l 9*841 

9*72 

9 4 6i 

0*46 

6772 

! 8315 

9279 

9750 

i 993 i 

9*846 

9*73 

9 4 63 

0*47 

1 6808 

8340 

9292 

9756 

9932 

9*85* 

9*74 

9 4 64 

048 

6844 

! 8365 

9306 

9761 

1 9934 

9*856 

9*75 

i 9 4 66 

0*49 

1 6879 

1 8389 

9319 

9767 

1 9936 

9*861 

9*76 

| 9*67 


Note —Decimal Points in the body of the table are omitted. Repeated 9*s are indicated 
by powers, e.g. 9*71 stands for 0*99971. 
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Appendix Table 4a-Distribution function of x 1 for one degree of freedom for values 

X* = 0 to x* = 1 by steps of 0*01 


X* 

P 

A 

2* 

p 

A 

o 

1*00000 

7966 

0*50 

0*47950 

436 

0*01 

0*92034 

3280 

0*51 

0*47514 

430 

0*02 

0*88754 

2505 

0*52 

0*47084 

4*3 

0-03 

0*86249 

2101 

o *53 

0*46661 

4x8 

0*04 

0*84148 

1842 

o *54 

• 0*46243 

4 “ 

0*05 

0*82306 

1656 

o *55 

0*45832 

406 

o*o6 

0*80650 

15x6 

0*56 

0*45426 

400 

0-07 

079134 

1404 

o *57 

0*45026 

395 

0-08 

0*77730 

1312 

0*58 

0*4463 X 

389 

0*09 

076418 

1235 

0*59 

0*44242 

384 

0*10 

075183 

1169 

0*60 

©•43858 

379 

0*11 

0*74014 

mi 

o*61 

0*43479 

374 

0*12 

0*72903 

1060 

0*62 

0*43105 

369 

0*13 

071843 

1015 

0*63 

0*42736 

365 

o*i4 

070828 

974 

0*64 

0*42371 

360 

o-is 

0*69854 

938 

0*65 

0*42011 

355 

016 

0*68916 

905 

o*66 

0*41656 

35 i 

0*17 

0-68011 

874 

0*67 

0*41305 

346 

o*i8 

0*67137 

84s 

o*68 

0*40959 

343 

0*19 

0-66292 

820 

0*69 

0*406l6 

338 

0*20 

0*65472 

795 

0*70 

0*40278 

334 

0*21 

0*64677 

773 

0*71 

0*39944 

33 © 

0*22 

0*63904 

75 * 

0*72 

0*39614 

326 

0*23 

0*63152 

731 

o *73 

0*39288 

322 

0*24 

0*62421 

7 i 3 

o *74 

0*38966 

3*8 

0*25 

0*61708 

696 

o *75 

0*38648 

3*5 

0*26 

0*61012 

679 

0*76 

0*38333 

3 ** 

0*27 

0*60333 

663 

o *77 

0*38022 

308 

0*28 

0*59670 

648 

0*78 

0*37714 

304 

0*29 

0*59022 

634 

o*79 

0*37410 

301 

0*30 

0*58388 

620 

o*8o 

0*37109 

297 

0*31 

0*57768 

607 

o*8i 

0*36812 

294 

0*32 

0*57161 

595 

0*82 

0*36518 

291 

o -33 

0*56566 

583 

0*83 

0*36227 

287 

o *34 

0*55983 

57 * 

0*84 

0*35940 

285 

o *35 

0*55411 

560 

0*85 

0*35655 

281 

0*36 

0*54851 

55 i 

o*86 

0*35374 

278 

o *37 

0*54300 

540 

0*87 

0*35096 

276 

0*38 

0*53760 

530 

o*88 

0*34820 

272 

o *39 

0*53230 

521 

0*89 

0*34548 

270 

0*40 

0*52709 

512 

0*90 

0*34278 

267 

0*41 

0*52197 

503 

0*91 

0*34011 

264 

0*42 

0*51694 

495 

0*92 

0*33747 

261 

o *43 

0*51199 

487 

o *93 

0*33486 

*58 

o *44 

0*50712 

479 

o *94 

0*33228 

256 

o *45 

0*50233 

471 

o *95 

0*32972 

*53 

0*46 

0*49762 

463 

! 0*96 

0*32719 

* 5 * 

o *47 

0*49299 

457 

o *97 

0*32468 

248 

0*48 

0*48842 

449 

0*98 

0*32220 

246 

o *49 

0*48393 

443 

o *99 

0*31974 

*43 

0*50 

0*47950 

436 

I’OO 

0*31731 

* 4 * 
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Appendix Table 4b -Distribution function of x* for one degree of freedom for values 

of x* from I to 10 by steps of 0*1 


X* 

P 

A 

X* 

P 

A 

1*0 

0 * 3 I 73 I 

2304 

5*5 

0*01902 

106 

I-I 

0*29427 

2095 

5-6 

0*01796 

99 

1*2 

0*27332 

1911 

57 

0*01697 

94 

1*3 

0*2542I 

*749 

5-8 

0*01603 

89 

i *4 

0*23672 


59 

0-0I5I4 

83 

»*S 

0*22067 

*477 

6-o 

0*01431 

79 

i*6 

0*20590 

*36* 

6-i 

0*0I352 

74 

1*7 

0*19229 

1258 

6*2 

0*0I278 

7 i 

i*8 

0*17971 

**63 

6-3 

0*01207 

66 

**9 

0*16808 

1078 

6-4 

0*01141 

62 

2*0 

0*15730 

1000 

6-5 

0*01079 

59 

2*1 

0*14730 

929 

6-6 

0*01020 

56 

2*2 

0*I380I 

864 

6-7 

0*00964 

52 

2*3 

0*12937 

803 

6-8 

0*00912 

50 

2*4 

0*12134 

749 

6-9 

0*00862 

47 

2*5 

0*11385 


7-0 

0*00815 

44 

2*6 

0*10686 

65* 

7 ‘* 

0*00771 

4 * 

2*7 

0*10035 

609 

7-2 

0*00729 

39 

2*8 

0*09426 

568 

73 

0*00690 

38 

2*9 

0*08858 

532 

74 

0*00652 

35 

3-0 

0*08326 

497 

7’5 

0*00617 

33 

3-1 

0*07829 

465 

7-6 

0*00584 

32 

3 *a 

0*07364 

436 

7*7 

0*00552 

30 

3*3 

0*06928 

408 

7-8 

0*00522 

28 

34 

0*06520 

383 

i T9 

0*00494 

26 

3-5 

0*06137 

359 

\ 8-0 

0*00468 

25 

3*6 


337 

* 81 

0*00443 

24 

3*7 

005441 


1 8-2 

0*00419 

23 

3-8 

0-05125 

296 

1 8-3 

0*00396 

21 

39 

0-04829 

279 

1 8-4 

000375 

20 

4 *o 

004550 

262 

8-5 

000355 

19 

4 ‘i 

0-04288 

246 

8-6 

0*00336 

iS 

4*2 

0*04042 

231 

87 

0*00318 

17 

43 

0-03811 

217 

I 8-8 

0*00301 

16 

4’4 

0-03594 

205 

1 8-9 

0*00285 

15 

4-5 

0-03389 

192 

1 90 

0*00270 

14 

4*6 

0-03197 


1 9'* 

0*00256 

M 

4*7 

0-03016 

170 

92 

0*00242 

13 

4*8 

0-02846 


I 93 

0*00229 

12 

4*9 

0-02686 

* 5 * 

94 

0*00217 

12 

S*o 

002535 

*42 

i 9*5 

0*00205 

10 

5 *i 

0-02393 

*34 

96 

0*00195 

11 

S* 

0-02259 

126 

i 9*7 

0*00184 

10 

5*3 

0-02133 

**9 

9*8 

0*00174 

9 

54 

0-02014 

112 

1 99 

0*00165 

8 

5*5 

0-01902 

106 

10-0 

0*00157 

8 
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Appendix Table 6-5 per cent, points of the distribution of % 

(Reprinted from Table VI of Sir Ronald Fisher’s Statistical Methods for Research Workers, 
Oliver and Boyd Ltd., Edinburgh, by kind permission of the author and the publishers) 
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Appendix Table 7-5 per cent, significance points of the variance ratio F 

(Reproduced from Sir Ronald Fisher and Dr. F. Yates: Statistical Tables for Biological, 
Medical and Agricultural Research , Oliver and Boyd Ltd., Edinburgh, by kind permission 

of the authors and publishers) 
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Lower 5 per cent, points are found by interchange of r x and v t , i.e. v x must always correspond 
to the greater mean square. 
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Appendix Table 8-1 per cent, points of the distribution of z 

(Reprinted from Table VI of Sir Ronald Fisher’s Statistical Methods for Research Workers 
Oliver and Boyd Ltd., Edinburgh, by kind permission of the author and the publishers) 
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Appendix Table 9-1 per cent, significance points of the variance ratio F 

(Reproduced from Sir Ronald Fisher and Dr. F. Yates : Statistical Tables for Biological , 
Medical and Agricultural Research , Oliver and Boyd Ltd*, Edinburgh, by kind permission 

of the authors and publishers) 
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3*82 

3*59 

329 

2*96 

2*58 

2*13 

27 

7-68 

5*49 

4*60 

4 *ii 

3*78 

3*56 

3-26 
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2*10 

28 
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5*45 

4*57 

4*07 

3*75 

3*53 

323 

2*90 

2*52 

2*06 

29 

7-60 

5*42 

4*54 

4*04 

373 

3*50 

3*20 

2*87 

2*49 

2*03 

30 

1 756 

5*39 

4*51 

4*02 

370 

3*47 

3-17 

2*84 

2*47 
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40 

7'3i 

5* i 8 

4*3i 

3 83 

3*5i 

3*29 

2-99 

2*66 

2*29 

1*80 

60 

7-08 

4*98 

4*i3 

365 

3*34 

312 

2-82 

2*50 

2*12 

I*6o 

120 

i 685 

4*79 

3*95 

348 

3*i7 

2-96 

2-66 

2*34 

i*95 

1*38 

00 

! 6-64 

4*60 

378 

332 

302 

2-80 

2-51 

2*18 

i*79 

1*00 


Lower i per cent, points are found by interchange of and r # , i.e. v x must always correspond 
to the greater mean square. 
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tent estimation, (Example 17.2) 3. 

Binomial distribution, unbiassed estimation of 
square of parameter, 0, (Example 17.4) 6; 
MVB for 0, (Example 17.9) 11; estimation 
of 0 (1—0), (Example 17.11) 15; unbiassed 
estimation of polynomial functions of 0, 
(Exercise 17.24) 34; estimation of linear 
relation between functions of parameters 
of independent binomials, (Exercise 17.25) 
34; ML estimator biassed in sequential 
sampling, (Exercise 18.18) 70; equi¬ 
valence of ML and MCS estimators, 
(Exercise 19.15) 97; confidence intervals, 
(Example 20.2) 103, 118-20, (Exercise 
20.8) 131; tables and charts of confidence 
intervals, 118; confidence intervals for the 
ratio of two binomial parameters, (Exer¬ 
cise 20.9) 131; fiducial intervals, (Exercise 
21.3) 158; testing simple H 0 for 0, (Exer¬ 
cise 22.2) 184, 212; minimal sufficiency, 
(Exercise 23.11) 220; truncated, 527; 
homogeneity test for several distributions, 
578-9, (Exercises 33.21-2) 588-9; sequen¬ 
tial sampling, (Examples 34.1-7) 592-607, 
(Exercises 34.1-3) 620; MVB in sequential 
estimation, (Example 34.11) 615; double 
sampling, (Exercise 34.17) 623; see Sign 
test. 

Bimbaum, A., double sampling, 619. 

Bimbaum, Z. W., tabulation of Kolmogorov 
test, 457; one-sided test of fit, 458, 460; 
computation of Kolmogorov statistic, 
(Example 30.6) 460-1. 


Biserial correlation, 307-11, (Exercises 26.5. 
26.10-12) 313-14. 

Bivariate normal distribution, ML estimation 
of correlation parameter, p, alone, (Ex¬ 
ample 18.3) 39; indeterminate ML esti¬ 
mator of a function of p, (Example 18.4) 
42; asymptotic variance of p, (Example 
18.6) 45; ML estimation of various com¬ 
binations of parameters, (Example 18.14) 
57, (Example 18.15) 59, (Exercises 18.11- 
12, 18.14) 69-70; charts of confidence 
intervals for p, 118; confidence intervals 
for ratio of variances, (Exercise 20.19) 133; 
power of tests for p, (Example 22.7) 172: 
. joint c.f. of squares of variates, (Example 
26.1) 283; linear regressions of squares of 
variates, (Example 26.3) 285, (Example 
26.5) 286; estimation of p, 293-5; con¬ 
fidence intervals and tests for p, 295-6; 
tests of independence and regression tests, 
296; correlation ratios, (Example 26.$) 
298; regressions, linear, homoscedastic, 
(Exercise 26.2) 312, (Example 28.1) 349; 
estimation of p when parent dichotomized, 
(Exercises 26.3-4) 313; distribution of 
regression coefficient, (Exercise 26.9) 313; 
ML estimation in biserial situation, (Exer¬ 
cises 26.10-12) 313-14; LR test for 
(Exercise 26.15) 315; ML estimation and 
LR tests for common correlation para¬ 
meter of two distributions, (Exercises 
26.19-22) 315-16; joint distribution of 
sums of squares, (Example 28.2) 349; 
characterizations, 352-3, (Exercises 2S.7- 
11) 371; robustness of tests for p, 468-9; 
efficiencies of tests of independence, 475, 
481-2; efficiencies of tests of regression. 
484-7; UMPU tests of p = 0, (Exercise 
31.21) 512; interpretation of contingency 
coefficient, 557; transformations and can¬ 
onical correlations, 568-9. 

Blackwell, D., sufficiency and MV estimation, 
25; sequential sampling, 603; decision 
functions, 620. 

Bliss, C. I., outlying observations, 529. 

Blom, G., simple estimation in censored 
samples, 524; asymptotic MVB, (Exer¬ 
cises 32.8-11) 531-2. 

Blomqvist, N., ARE of tests, 268; medial cor¬ 
relation test, (Exercise 31.7) 510. 

Bose, R. C., simultaneous confidence interv als, 
128. 

Bounded completeness, see Completeness. 

Bowker, A. H., tables of tolerance limits, 130; 
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approximations for tolerance limits, (Exer¬ 
cises 20.20-2) 133; test of complete sym¬ 
metry in rxr table, (Exercise 33.23) 589. 

Box, G. E. P., approximations to distribution 
of LR statistic, 234; robustness, 465, 
468. 

Brandner, F. A., ML estimation and LR tests 
for bivariate normal correlation para¬ 
meters, (Exercises 26.19-22) 315-16. 

Bross, I. D. J., charts for test of independence 
in 2 x 2 table, 553. 

Brown, G. W., median test of randomness, 
(Exercise 31.12) 511. 

Brown, R. L., data on functional relation, 
(Example 29.1) 387; confidence intervals 
for functional relations, 390-1; linear 
functional relations in several variables, 
(Exercises 29.6-8) 416. 

Bulmer, M. G., confidence limits for distance 
parameter, 561 • 

Burman, J. P., sequential sampling, 605. 

Canonical analysis of rxc tables, 568-75. 

Categorized data, 536-91; measures of associa¬ 
tion, 536-41, 556-9, 561, (Exercises 33.1- 
4, 33.6) 584-5; partial association, 541-5; 
probabilistic interpretations, 545-7; large- 
sample tests of independence, 547-9, 
559-61; exact test of independence, differ¬ 
ent models, 549-55, 559; continuity cor¬ 
rection, 555-6, (Exercise 33.5) 584; 

ordered tables, rank measures, 561-6, 
(Exercises 33.10-11) 586; ordered tables, 
scoring methods and canonical analysis, 
566-74, (Exercises 33.12-14) 586-7; par¬ 
titions of X 2 y canonical components, 
574—8, (Exercise 33.13) 586; binomial and 
Poisson dispersion tests, 579-80; multi¬ 
way tables, 580-4; test of complete sym¬ 
metry, (Exercise 33.25) 589 ; test of identi¬ 
cal margins, (Exercise 33.24) 589; ML 
estimation of cell probabilities, (Exercise 
33.29) 590; test of identical margins in 
2 C table, (Exercise 33.30) 590. 

Cauchy distribution, uselessness of sample 
mean as estimator of median, 2-3; sample 
median consistent, (Example 17.5) 8; MVB 
for median, (Example 17.7) 11; sufficiency, 
(Exercise 17.12) 32; successive approxi¬ 
mation to ML estimator of median, 
(Example 18.9) 49; testing simple H 0 for 
median, (Example 22.4) 168, (Exercise 

22.5) 185; non-completeness, (Exercise 

23.5) 219. 


Censored samples, 522-7; see also under names 
of distributions. 

Central and non-central confidence intervals, 

102 . 

Centre of location, 64. 

Chandler, K. N., relations between residuals, 
(Exercise 27.5) 343. 

Chandra Sekar, C., outlying observations, 529. 

Chapman, D. G., bound for variance of esti¬ 
mator, 17; estimation of normal standard 
deviation, (Exercise 17.6) 32; truncated 
Gamma distribution, 527; double samp¬ 
ling, 619. 

Characteristic functions, conditional, 319-21. 

Chemoff, H., asymptotic expansions in prob¬ 
lem of two means, 148; reduction of size 
of critical regions, 177 footnote; measure 
of test efficiency, 276, (Exercises 25.5-6) 
277; distribution of X 1 test of fit, 428, 430; 
ARE of Fisher-Yates test, 498, 501. 

Clark, R. E., tables of confidence limits for the 
binomial parameter, 118. 

Clitic curve, 347. 

Clopper, C. J., charts of confidence intervals 
for the binomial parameter, 118. 

Cochran, W. G., Sign test, (Exercise 25.1) 276, 
513-14; critical region for X 2 test, 422; 
choice of classes for X 2 test, 440; limiting 
power function of X 2 test, (Exercise 
30.4) 462; outlying observations, 529; par¬ 
titions of X 2 , 578; dispersion tests, 579; 
test of identical margins in 2 C table, (Exer¬ 
cise 30.30) 590. 

Cohen, A. C., Jr., truncation and censoring in 
normal distributions, 525; truncation and 
censoring in Poisson distributions, 526, 
(Exercise 32.22) 534; truncated Gamma 
distribution, 527. 

Colligation coefficient, 539. 

Combination of tests, (Exercise 30.9) 463. 

Completeness, 190; and unique estimation, 
190; of sufficient statistics, 190-3; and 
similar regions, 195-6; in non-parametric 
problems, 471-2; sequential, 614 footnote. 

Complex contingency tables, see Multi-way 
tables. 

Components of X *, 449-50; in rxc tables, 
574-8. 

Composite hypotheses, 186-223; see Hypo¬ 
theses, Tests of hypotheses. 

Conditional tests, 217-19. 

Confidence belt, coefficient, 100; see Con¬ 
fidence intervals. 

Confidence distribution, 102. 
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Confidence intervals, generally, 98-133; dis¬ 
tributions with one parameter, 98-120; 
limits, 99; belt, coefficient, 100; graphical 
representation, 101, 105, 119, 121, 125; 
central and non-central, 102; discon¬ 
tinuous distributions, 103-5, 118-20; con¬ 
servative, 103-5; for large samples, 105-8, 
112; nestedness, 107-10; difficult cases, 
108-12, (Example 20.7) 125-7, (Exercise 
28.21) 373; shortest, 114-18; minimum 
average length in large samples, 115-17; 
most selective, 117, 123, 206; and tests, 
117-18, 206; unbiassed, 118, 206; tables 
and charts, 118; distributions with several 
parameters, 120-3; choice of statistic, 123; 
studentized, 123-7; simultaneous inter¬ 
vals for several parameters, 127-8; w r hen 
range depends on parameter, (Exercises 
20.13-16) 132; problem of two means, 
139-48, (Exercise 21.9) 159; critical dis¬ 
cussion, 152-4, 158; for a continuous d.f., 
457-8; for a shift in location (non-para- 
metric), 491, (Exercise 31.17) 511; for 
quantiles, 517. 

Confidence limits, 99; see Confidence intervals. 

Confidence regions, 127-8, (Exercise 20.5) 131; 
for a regression, 365-70. 

Consistency in estimation, 3-4,92 footnote, 262; 
of ML estimators, 39-42, 54, (Example 
18.16) 61, (Exercise 18.35) 74. 

Consistency in tests, 240; of LR tests, 241. 

Constraints, imposed by a hypothesis, 163, 186. 

Contingency, tables, 556; coefficient, 557; see 
Categorized data. 

Continuity corrections, in distribution-free 
tests, 508-9; in 2 x 2 tables, 555-6. 

Controlled variables, 408-9. 

Convergence in probability, 3; see Consistency 
in estimation. 

Cornfield, J., tables of studentized maximum 
absolute deviate, 528. 

Corrections, for bias in estimation, 5-7, (Exer¬ 
cises 17.17-19) 33; to ML estimators for 
grouping, (Exercises 18.24-5) 71-2. 

Correlation, between estimators, 18-19; gener¬ 
ally, 278-345; and interdependence, 278- 
9, 288; and causation, 279-80; coefficient, 
287-8; computation of coefficient, 
(Examples 26.6-7) 289-92; scatter dia¬ 
gram, 292; standard errors, 292; estima¬ 
tion and testing in normal samples, 
293-6; ratios, 296; and linearity of regres¬ 
sion, 296-8,. (Exercise 26.24) 316; com¬ 
putation of ratio, (Example 26.9) 298; 


LR tests of coefficient, ratio and linearity 
of regression, 299-301; intra-class, 302-4; 
tetrachoric, 304-7; biserial, 307-11 ; point- 
biserial, 311-12; coefficient increased by 
Sheppard’s grouping corrections, (Exer¬ 
cise 26.16) 315; attenuation, (Exercise 
26.17) 315; spurious, (Exercise 26.1 SI 
315; matrix, 317; determinant, 318; see 
also Multiple Correlation, Partial correla¬ 
tion, Regression. 

Covariance, 283; see Correlation, Regression. 

Cox, C. P., orthogonal polynomials, 360. 

Cox, D. R., estimation of linear relation be¬ 
tween functions of parameters of inde¬ 
pendent binomials, (Exercise 17.25) 34; 
every inefficient estimator with zero effi¬ 
ciency, (Exercises 18.32-3) 74; confidence 
distribution, 102; ARE and maximum 
power loss, 273; regression of efficient on 
inefficient test statistic, (Exercise 25.7) 
277; ARE of simple tests of randomness, 
(Exercises 31.10-12) 510-11; sequential 
procedures for composite H 0 , 614; double 
sampling, 619, (Exercises 34.15-17) 623. 

Craig, A. T., completeness of sufficient 
statistics, 191; completeness and inde¬ 
pendence, (Exercises 23.8-9) 220; LR 
test for rectangular distribution, (Exercise 
24.9) 258; sufficiency in exponential family 
with range a function of parameters, 
(Exercise 24.17) 260. 

Cram6r, H., MVB, 9; efficiency and asymptotic 
normality of ML estimators, 43; distribu¬ 
tion of X * test of fit, 425; test of fit, 451; 
coefficient of association, 557. 

Cram6r-Rao inequality, see Minimum Vari¬ 
ance Bound. 

Creasy, M. A., fiducial paradoxes, 154; con¬ 
fidence intervals for linear functional rela¬ 
tion, 388. 

Crime in cities, Ogbum’s data, (Example 27.2) 
331-2. 

Critical region, see Tests of hypotheses. 

Crow, E. L., tables of confidence limits for a 
proportion, 118. 

Daly, J. F., smallest confidence regions, 128; 
unbiassed LR tests for independence, 245. 

Daniels, H. E., minimization of generalized 
variance by LS estimators, 81; estima¬ 
tion of a function of the normal correlation 
parameter, 294; coefficients of correlation 
and disarray, 477, 563; joint distribution 
of rank correlations, 481, (Exercise 31.6) 
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510; theorem on correlations, (Exercise 
31.3) 509. 

Dantzig, G. B., no test of normal mean with 
power independent of unknown variance, 
197. 

Darling, D. A., tests of fit, 452, 460; distribu¬ 
tion of ratio of sum to extreme value, 529- 
30. 

David, F. N., modified MCS estimators, (Exer¬ 
cise 19.14) 97; charts for the bivariate nor¬ 
mal correlation parameter, 118, 295; bias 
in testing normal correlation parameter, 
295; runs test to supplement X % test of 
fit, 442, (Exercises 30.7, 30.9) 462-3; 
probability integral transformation with 
parameters estimated, 442, (Exercise 30.10) 
463; 4< smooth ” tests of fit, 446; biblio¬ 
graphy of order-statistics, 513. 

David, H. A., tables of studentized extreme 
deviate and of studentized range, 528-9. 

David, S. T., difficult confidence intervals, 109; 
joint distribution of rank correlations, 481. 

Davis, R. C., sufficiency with terminals depend¬ 
ent on the parameter, 29. 

Decision functions, 620. 

Deemer, W. L., Jr., truncation and censor¬ 
ing for the exponential distribution, 526, 
(Exercise 32.16) 533. 

Degrees of freedom, of a hypothesis, 163, 186. 

De Groot, M. H., sequential sampling for 
attributes, 614 footnote. 

Den Broeder, G. G., Jr., truncated and cen¬ 
sored Gamma variates, 527. 

Dependence and interdependence, 278-9. 

Des Raj, truncated and censored Gamma dis¬ 
tributions, 527. 

Disarray, 477. 

Discontinuities, and confidence intervals, 103— 
5, 118-20; and tests, 166—7; effect on dis¬ 
tribution-free tests, 508-9; correction in 
2x2 tables, 555-6. 

Dispersion tests, 578-80. 

Distribution-free procedures, tests of fit, 443-4, 
451-2; confidence intervals for a continu¬ 
ous d.f., 457; in general, 469; and non- 
parametric problems, 470; classification 
of, 470-1; construction of tests, 471-2; 
efficiency of tests, 472-3; tests of inde¬ 
pendence, 473-83, 486-7; tests of random¬ 
ness, 483-7; two-sample tests, 487-503 ; 
confidence intervals for a location shift, 
491, (Exercise 31.17) 511; ^-sample tests, 
503-6; tests of symmetry, 506-8; tests for 
quantiles, 513-17; confidence intervals for 


quantiles, 517-18; tolerance intervals, 
518-21; tests for outliers, 530-1; cate¬ 
gorized data, 536-91; sequential tests, 
619-20. 

Distribution function, sample, 450-1; con¬ 
fidence limits for, 457-8. 

Dixon, W. J., Sign test, 514-16; censored nor¬ 
mal samples, 525; outlying observations, 
528-9. 

Dodge, H. F., double sampling, 607. 

Double exponential (Laplace) distribution, 
ML estimation of mean, (Example 18.7) 
45, (Exercise 18.1) 67; testing against nor¬ 
mal form, (Example 22.5) 169; Sign test 
asymptotically most powerful for location, 
(Exercise 32.5) 531. 

Double sampling, 607, 618-19, (Exercises 
34.15-17) 623. 

Downton, F., ordered LS estimation, 87. 

Duncan, A. J., charts of power function for 
linear hypothesis, 253. 

Durbin, J., geometry of LS theory, 80; sup¬ 
plementary information in regression, 
(Exercises 28.16-18) 372; instrumental 
variables, 398, 407, (Exercise 29.17) 418; 
test of diagonal proportionality in rxr 
table, (Exercise 33.25) 589. 

Efficiency in estimation, and correlation be¬ 
tween estimators, 18-19; definition, 19; 
measurement, 19-21; partition of error in 
inefficient estimator, (Exercise 17.11) 32; 
of ML estimators, 42-6, 54-6; of method 
of moments, 65-7, (Exercises 18.9, 18.17, 
18.20, 18.27-8) 69-73; situation where 
every inefficient estimator has zero effi¬ 
ciency, (Exercises 18.32-3) 74; and power 
of tests, 171-2, (Exercise 22.7) 185; and 
ARE of tests, 273-4. 

Efficiency of tests, 262-5; see Asymptotic Rela¬ 
tive Efficiency. 

Eisenhart, C., limiting power function of X* 
test of fit, 436; tables of runs test, (Exer¬ 
cise 30.8) 463. 

EI-Badry, M. A., ML estimation of cell prob¬ 
abilities in r x c table, (Exercise 33.29) 590. 

Epstein, B., an independence property of the 
exponential distribution, (Exercise 23.10) 
220; censoring in exponential samples, 
526-7, (Exercise 32.17) 533. 

Errors, in LS model, 76; from regression, 322; 
identical, 351; of observation and func¬ 
tional relations, 375-7; of observation in 
regression, 413-15. 
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Estimates, and estimators, 2. 

Estimation, point, 1-97; interval, 98-160; and 
completeness, 190; see Efficiency in esti¬ 
mation. 

Estimators, and estimates, 2. 

Exhaustive, 193 footnote. 

Exponential distribution, sufficiency of smallest 
observation for lower terminal, (Example 
17.19) 30; sufficiency when upper ter¬ 
minal a function of scale parameter, 
(Example 17.20) 30; ML estimation and 
sufficiency when both terminals depend on 
parameters, (Exercise 18.5) 68; grouping 
correction to ML estimator of scale para¬ 
meter, (Exercise 18.25) 72; ordered LS 
estimation of location and scale para¬ 
meters, (Exercises 19.11-12) 96-7; con¬ 
fidence limits for location parameter, 
(Exercise 20.16) 132; UMP tests for loca¬ 
tion parameter, (Example 22.6) 170; satis¬ 
fies condition for two-sided BCR, 174; 
UMP test without single sufficient sta¬ 
tistic, (Examples 22.9-10) 176-8, (Exer¬ 
cise 22.11) 185; UMP similar one-sided 
tests of composite //„ for scale parameter, 
(Example 23.9) 198; independence of two 
statistics, (Exercise 23.10) 220; non¬ 
completeness and similar regions, (Exer¬ 
cise 23.15) 221; UMPU test of composite 
H 0 for scale parameter, (Exercise 23.24) 
222; UMP similar test of composite H 0 
for location parameter, (Exercise 23.25) 
222; LR tests, 245, (Exercises 24.11-13, 
24.16, 24.18) 259-60; test of fit on random 
deviates, (Examples 30.2-4) 432-9, (Exer¬ 
cise 30.6) 462; truncation and censoring, 
526, (Exercises 32.16-18) 533-4; sequen¬ 
tial test for scale parameter, (Exercise 

34.14) 622. 

Exponential family of distributions, 12; as 
characteristic form of distribution admit¬ 
ting sufficient statistics, 26, 28; sufficient 
statistics distributed in same form, (Exer¬ 
cise 17.14) 33; and completeness, 190-1; 
UMPU tests for, 207-17; with range 
dependent on parameters, (Exercise 24.17) 
260. 

Extreme-value distribution, ML estimation in, 
(Exercise 18.6) 68 

F distribution,, non-central, 252-4. 

Fechner, G. T., early work on rank correlation, 
478. 

Feller, W., similar regions, 188-9, (Exercises 


23.1-2) 219; distribution of Kolmogorov 
test statistic, 452. 

Fereday, F., linear functional relations in 
several variables, 394, (Exercises 29.6-6 1 
416. 

F6ron, R., characterization of bivariate nor¬ 
mality, 353 footnote. 

Fiducial inference, generally, 134-8; in 
u Student’s ” distribution, 138-9, (Exercise 
21.7) 159; in problem of two means, 14S- 
50; critical discussion, 152-8; paradoxes. 
154-5; concordance with Bayesian infer¬ 
ence, 155-7. 

Fiducial intervals, probability, see Fiducial 
inference. 

Fieller, E. C., difficult confidence intervals, 109, 
126; fiducial paradoxes, 154. 

Finney, D. J., ML estimation in lognormal dis¬ 
tribution, (Exercises 18.7-9, 18.19-20) 
68-71; truncated binomial distribution, 
527; tables of exact test of independence 
in 2 x 2 table, 553. 

Fisher, R. A. (Sir Ronald), definition of LF. 

8 footnote; sufficiency, 22; partition of 
error in inefficient estimator, (Exercise 
17.11) 32; ML principle, 35; successive 
approximation to ML estimator, (Example 
18.10) 50; use of LF, 62; ML estimation 
of location and scale parameters, 62; 
efficiency of method of moments, 66, 
(Exercise 18.17) 70, (Exercise 18.27) 72; 
centre of location of Type IV distribution, 
(Exercise 18.16) 70; consistency, 92 foot¬ 
note, 262; fiducial inference, 134; fiducial 
solution to problem of two means, 149; 
resolution of fiducial paradoxes, 154; 
fiducial intervals for future observations, 
(Exercise 21.7) 159; exhaustiveness and 
sufficiency, 193 footnote; ancillary sta¬ 
tistics, 217; non-central %* and F distribu¬ 
tions, 229, 253; transformation of cor¬ 
relation coefficient, 295; tests of correla¬ 
tion and regression, 299; distribution of 
intra-class correlation, 304, (Exercise 

26.14) 315; distribution of partial correla¬ 
tions, 333; distributions of multiple cor¬ 
relations, 338-9, (Exercises 27.13-16) 344; 
orthogonal polynomials, 359-60; test of 
difference between regressions, (Exercise 

28.15) 371; distribution of AT 3 test of fit, 
424, 428, (Exercise 30.1) 462; tests using 
normal scores, 487, 498, 504; test of sym¬ 
metry, 508; exact treatment of 2 x 2 table, 
550, 552; dispersion tests, 579. 
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Kisher-Yates (two-sample) test, 498-502. 

Kit, see Tests of fit. 

Fix, E., tables of non-central z *» 231; linearity 
of regression, 415; tables of Wilcoxon test, 
494. 

Kourfold table, see 2x2 table. 

Fourgeaud, C., characterization of bivariate 
normality, 353 footnote. 

Kox, L., matrix inversion, 78. 

Kox, M., charts of power function for linear 
hypothesis, 253. 

Kraser, D. A. S., tolerance intervals for a nor¬ 
mal distribution, 130; runs test to supple¬ 
ment X * test of fit, 442, (Exercise 30.7) 
462; rank tests, 487; tolerance regions, 521. 

Frochet, M., linear regressions and correlation 
ratios, (Exercise 26.24) 316. 

Freeman, G. H., exact test of independence in 
rxc tables, 559. 

Functional and structural relations, 278; gener¬ 
ally, 375-418; notation, 375-6; linear, 
376-7; and regression, 376-80; ML esti¬ 
mation, 379-88, 409; geometrical inter¬ 
pretation, 385, 410; confidence intervals 
and tests, 388-92; several variables, 392-4; 
use of product-cumulants, 394-7, 410-12; 
instrumental variables, 397^409,412; use of 
ranks, 405-8; controlled variables, 408-9, 
412-13; curvilinear relations, 409-13. 

Galton, F., data on eye-colour, (Example 
33.2) 541. 

Gambler’s ruin, (Example 34.2) 595. 

Gamma distribution, MVB estimation of scale 
parameter, (Exercise 17.1) 31; sufficiency 
properties, (Exercise 17.9) 32; estimation 
of lower terminal, (Exercise 17.23) 34; 
ML estimation of location and scale para¬ 
meters, (Example 18.17) 64; efficiency of 
method of moments, (Example 18.18) 66; 
confidence intervals for scale parameter, 
(Exercise 20.1) 130; fiducial intervals for 
scale parameter, (Example 21.2) 137; dis¬ 
tribution of linear function of Gamma 
variates, (Exercise 21.8) 159; non-exist¬ 
ence of similar regions, (Exercise 23.2) 
219; completeness and a characterization, 
(Exercise 23.27) 223; connexions with 
rectangular distribution, 236-7; ARE of 
Wilcoxon test, (Exercise 31.18) 512; trun¬ 
cation and censoring, 527. 

Garwood, F., tables of confidence intervals for 
the Poisson parameter, 118. 

Gauss, C., originator of LS theory, 79, 82. 

u u 


Gayen, A. K., studies of robustness, 465-8, 
504. 

Geary, R. C., asymptotic minimization of 
generalized variance by ML estimators, 
56; functional and structural relations, 
394, 409, 413, (Exercises 29.2, 29.15) 415- 
17; testing normality, 461; robustness, 
465-7. 

General linear hypothesis, see Linear model. 

Generalized variance, 56; minimized asymp¬ 
totically by ML estimators, 56; minimized 
in linear model by LS estimators, 81-2. 

Gibson, W. M., estimation of functional rela¬ 
tion, 404. 

Gilby, W. H., data on clothing and intelligence, 
(Example 33.7) 558. 

Girshick, M. A., decision functions, 620; 
sequential analysis, (Exercises 34.8, 34.9, 
34.20) 621-4. 

Glass, D. V., Durbin’s test of diagonal pro¬ 
portionality in rxr table, (Exercise 33.25) 
589. 

Goen, R. L., truncated Poisson distribution, 
526, (Exercise 32.19) 534. 

Goheen, H. W., tetrachoric correlation, 307. 

Goodman, L. A., association in categorized 
data, 545, 561, 565-6, (Exercise 33.11) 586. 

Goodness-of-fit, 419; see Tests of fit. 

Gram-Charlier Series, Type A, efficiency of 
method of moments, (Exercise 18.28) 
73. 

Graybill, F. A., quadratic forms in non- 
central normal variates, 229. 

Greenberg, B. G., censored samples, 525-6. 

Greenhouse, S. W., tables of studentized maxi¬ 
mum absolute deviate, 528. 

Greenwood, M., data on inoculation, (Example 
33.1) 538. 

Grouping corrections to ML estimators, 
(Exercises 18.24-5) 71-2. 

Grundy, P. M., fiducial and Bayesian infer¬ 
ence, 155; grouped truncated and cen¬ 
sored normal data, 526. 

Guest, P. G., orthogonal polynomials, 360. 

Guilford, J. P., tetrachoric correlation, 307. 

Gumbel, E. J., choice of classes for X 1 test of fit, 
432. 

Gupta, A. K., censored normal samples, 525. 

Guttman, I., tolerance intervals, 130. 

H 0t hypothesis tested, null hypothesis, 163. 

H u alternative hypothesis, 163. 

Hader, R. J., censored exponential samples, 
526. 
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Hald, A., truncated normal distribution, 525. 

Haldane, J. B. S., cumulants of a ML estima¬ 
tor, 46; mean of modified MCS estimator, 
(Exercise 19.14) 97; standard error of X* 
in rxc tables, 560, (Exercise 33.9) 585; 
approximation to X % for 2 xc table, 
(Exercises 33.21-2) 588-9. 

Halmos, P. R., sufficiency, 24. 

Halperin, M., ML estimation in censored 
samples, 524, (Exercise 32.15) 533; trun¬ 
cated normal distribution, 525; Wilcoxon 
test for censored samples, 527; tables of 
studentized maximum absolute deviate, 
528. 

Halton, J. H., exact test of independence in 
r x c tables, 559. 

Hamilton, M., nomogram for tetrachoric cor¬ 
relation, 307. 

Hammersley, J. M., estimation of restricted 
parameters, (Exercise 18.21-3) 71. 

Hannan, E. J., ARE for non-central % x variates, 
275; regressors, 346. 

Harley, B. I., estimation of a function of normal 
correlation parameter, 294. 

Hartley, H. O., charts of power function for 
linear hypothesis, 253; iterative solution 
of ML equations for incomplete data, 524; 
tables of studentized range, 529. 

Hayes, J. G., matrix inversion, 78. 

Hayes, S. P., Jr., nomogram and tables for 
tetrachoric correlation, 307. 

Healy, M. J. R., comparison of predictors, 
(Exercise 28.22) 374. 

Healy, W. C., Jr., double sampling, 619. 

Hemelrijk, J., power of Sign test, 514 footnote. 

Hodges, J. L., Jr., tables of Wilcoxon test, 494; 
minimum ARE of Wilcoxon test, 497; 
minimum ARE of Sign test, (Exercise 
32.1) 531. 

Hoeffding, W., permutation and normal- 
theory distributions, 475; joint distribu¬ 
tion of rank correlations, 481; test of inde¬ 
pendence, 483; optimum properties of 
tests using normal scores, 487, 498; 
asymptotic distribution of expected values 
of order-statistics, 487; distribution of 
Wilcoxon test, 494. 

Hoel, P. G., confidence regions for regression 
lines, 365, 368, 370, (Exercise 28.13) 371. 

Hogg, R. V., completeness of sufficient 
statistics, 191; completeness, sufficiency 
and independence, (Exercises 23.8-9) 220; 
LR tests when range depends on para¬ 
meter, 236, (Exercises 24.8-9) 258; suffi¬ 


ciency in exponential family when range 
a function of parameters, (Exercise 24.17] 
260. 

Hooker, R. H., data on weather and crops, 
(Example 27.1) 329. 

Hotelling, H., estimation of functions of normal 
correlation parameter, 294; variance of 
multiple correlation coefficient, 342; con¬ 
fidence region for regression line, 365, 
368-9, (Exercise 28.13) 371; comparison 
of predictors, (Exercise 28.22) 374; effi¬ 
ciency of rank correlation test, 482. 

Hsu, P., power function of test of independence 
in 2x2 tables, 555. 

Hsu, P. L., optimum property of LR test for 
linear hypothesis, 256. 

Huzurbazar, V. S., uniqueness of ML estima¬ 
tors, 36-7, 52-3; consistency of ML 
estimators, 41; confidence intervals when 
range depends on parameter, (Exercises 
20.13-16) 132. 

Hypotheses, statistical, 161, 186; parametric 
and non-parametric, 162; simple and 
composite, 162-3,186; degrees of freedom, 
constraints, 163; critical regions and alter¬ 
native hypotheses, 163-4; null hypothesis, 
163 footnote; see Tests of hypotheses. 

Hyrenius, H., u Student's ” t in compound 
samples, 467. 

Identical categorizations, 536. 

Identical errors, 351. 

Identifiability, (Example 19.9) 86; in struc¬ 
tural relations, 379-82, 391, 394. 

Incidental parameters, 382. 

Independence, proofs using sufficiency and 
completeness, (Exercises 23.6-10) 219-20; 
and correlation, 278-9; tests of, 473-83; 
and association, 537 footnote; frequencies, 
538-9. 

Information, amount of, 10; matrix, 28. 

Instrumental variables, 397-409. 

Interactions, as components of X 1 , 581. 

Interdependence, 278-9. 

Interval estimation, 98-160. 

Intra-class correlation, 302-4, (Exercise 26.14) 
315; in multinormal distribution, (Exer¬ 
cise 27.17) 345. 

Invariant tests, 242, 256; and rank tests, 476, 
483, 492. 

Inversions of order, 478. 

Irwin, J. O., truncated Poisson distribution, 
(Exercises 32.23-4) 535; outlying obser¬ 
vations, 528; components of X 1 , 577. 
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I waskiewicz, K., tables of power function of 
" Student’s ” f-test, 255. 

Jaekson, J. E., bibliography of sequential 
analysis, 620. 

James, G. S., tables for problem of two means, 
148. 

Jeffreys, Sir Harold, Bayesian intervals, 150, 
154. 

Jenkins, W. L., nomogram for tetrachoric cor¬ 
relation, 307. 

Johnson, N. L., non-central ^-distribution, 
255; non-central x 2 and Poisson distribu¬ 
tions, (Exercise 24.19) 261; probability 
integral transformation with parameters 
estimated, 443, (Exercise 30.10) 463; 
bibliography of order-statistics, 513; SPR 
tests, 603. 

Jonckheere, A. R., 6-sample test, 505. 

Jowett, G. H., estimation of functional rela¬ 
tion, 404. 

A-sample tests, 503-6. 

Kac, M., comparison of X 1 and Kolmogorov 
tests of fit, 460; tests of normality, 461. 

Kamat, A. R., two-sample test, 503. 

Kasten, E. L., charts for test of independence 
in 2 x 2 tables, 553. 

Kastenbaum, M. A., hypotheses in multi-way 
tables, 583. 

Katz, M., Jr., minimal sufficiency, 194 footnote. 

Kavruck, S., tetrachoric correlation, 307. 

Kemperman, J. H. B., tolerance regions, 521. 

Kendall, M. G., geometrical interpretation of 
LS theory, 80; estimation of a function of 
normal correlation parameter, 294; linear 
regression with identical observation errors, 
414-15, (Exercise 29.13) 417; distribu¬ 
tions of rank correlations, 477-81; ties in 
rank correlation, 509; rank measure of 
association, 564-5. 

Keynes, J. M., characterizations of distribu¬ 
tions by forms of ML estimators, (Exer¬ 
cises 18.2-3) 67-8. 

Kiefer, J., bounds for estimation variance, 16- 
17; non-existence of a ML estimator, 
(Exercise 18.34) 74; consistency of ML 
estimators, 384, 387; comparison of X % 
and Kolmogorov tests of fit, 460; tests of 
normality, 461. 

Kimball, A. W., computation of X % partitions, 
578. 

Kimball, B. F., ML estimation in extreme- 
value distribution, (Exercise 18.6) 68. 


Klett, G. W., tables of confidence intervals for 
a normal variance, 118, 204; shortness of 
these intervals, (Exercise 20.10) 131. 

Kolmogorov, A., test of fit, 452-61. 

Kolodzieczyk, S., general linear hypothesis, 249; 
tables of power function of “ Student’s ” 
t-test, 255. 

Kondo, T., standard error of X* in r x c table, 
560. 

Konijn, H. S., ARE of tests, 267; linear trans¬ 
formations of independent variates, 482. 

Koopman, B. O., distributions with sufficient 
statistics, 26, 28, (Exercise 17.12) 32; 
single and joint sufficiency, (Exercise 

17.13) 32. 

Kruskal, W. H., linear regressions, correlation 
coefficients and ratios, (Exercise 26.24) 
316; history of rank correlation, 478; Wil- 
coxon test, 493-4, (Exercise 31.15) 511; 
6-sample test, 504; ties, 509; association 
in categorized data, 545, 561, 565-6, 
(Exercise 33.11) 586. 

Kurtic curve, 347. 

Laha, R. G., linearity of regression, 415. 

Lancaster, H. O., continuity corrections when 
pooling X 1 values, 556; canonical correla¬ 
tions and transformation to bivariate nor¬ 
mality, 568-9; components of X t f (Ex¬ 
ample 33.13) 576, 577, (Exercises 33.15- 
18) 587-8; multi-way tables, (Example 

33.14) 581, 584, (Exercise 33.8) 585, 
(Exercises 33.27-8) 590. 

Laplace transform, 191 footnote. 

Latscha, R., tables of exact test of independ¬ 
ence in 2 x 2 tables, 553. 

Lawley, D. N., approximations to distribution 
of LR statistic, 233. 

Least Squares (LS) estimators, 75-91, (Exer¬ 
cises 19.1-8) 95-6; LS principle, 75-6; 
linear model, 76-87; unbiassed, 78; dis¬ 
persion matrix, 78; MV property, 79-80; 
geometrical interpretation, 80-1; mini¬ 
mization of generalized variance, 81-2; 
estimation of error variance, 82-3; irrele¬ 
vance of normality assumption to estima¬ 
tion properties in linear model, 83; singu¬ 
lar case, 84-7; ordered estimation of 
location and scale parameters, 87-91, 
(Exercises 19.10-12) 96-7; general linear 
hypothesis, 250; approximate linear re¬ 
gression, 286-7, 325-6; in linear regression 
model, 354-70; use of supplementary 
information, (Exercises 28.16-18) 372; 
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adjustment for an extra observation, 
(Exercise 28.19) 373; see Linear model, 
Regression. 

Lecam, L., superefficiency, 44. 

Legendre polynomials, 444 footnote. 

Lehmann, E. L., example of absurd unbiassed 
estimator, 5, (Exercise 17.27) 34; optimum 
test property of sufficient statistics, 187; 
completeness, 190; completeness of linear 
exponential family, 191; minimal suffi¬ 
ciency, 194; problem of two means, 
(Example 23.10) 199; non-similar tests 
of composite H 0 , 200; unbiassed tests, 
206; UMPU tests for the exponential 
family, 207; non-completeness of Cauchy 
family, (Exercise 23.5) 219; minimal 
sufficiency for binomial and rectangular 
distributions, (Exercises 23.11-12) 220; 
a UMPU test for normal distribution, 
(Exercise 23.16) 220; UMPU tests for 
Poisson and binomial distributions, (Exer¬ 
cises 23.21-2) 222; a useless LR test, 
(Example 24.7) 246; optimum properties 
of LR tests, 255; asymptotically UMP 
tests for a normal mean, (Example 25.1) 
263; UMP invariant tests for correlation 
and multiple correlation coefficients, 295, 
342; confidence intervals in regression, 
(Exercise 28.20) 373; distribution of X * 
test of fit, 428,430; completeness of order- 
statistics, 472 footnote; unbiassed rank 
tests of independence, 483; rank tests, 487; 
distribution of Wilcoxon test, 494; con¬ 
sistency of Wilcoxon test, 495; minimum 
ARE of Wilcoxon test, 497; unbiassed 
two-sample test, 502; tests of symmetry, 
507; optimum properties of Sign test, 
514; minimum ARE of Sign test, (Exer¬ 
cise 32.1) 531; Sign test asymptotically 
most powerful location test for double 
exponential, (Exercise 32.5) 531; sequen¬ 
tial completeness, 614 footnote. 

Lehmer, E., tables of power function for linear 
hypothesis, 253. 

Lewontin, R. C., ML estimation of number of 
classes in a multinomial, (Exercise 18.10) 69. 

LF, see Likelihood function. 

Lieberman, G. J., tables of non-central 
/-distribution, 254. 

Life testing, 526. 

Likelihood equation, 36; see Maximum Likeli¬ 
hood. 

Likelihood function (LF), 8; use of, 62; see 
Maximum Likelihood. 


Likelihood Ratio (LR) tests, normal distribu¬ 
tion, (Example 22.8) 174; generally, 224- 
47; and ML, 224-5, 241-2; not necessarily 
similar, 225-6; approximations to distri¬ 
butions, 227, 230-4; asymptotic distribu¬ 
tion, 230-1; asymptotic power and tables, 
231-2, 253-4; when range depends on 
parameter, 236-40, (Exercises 24.8-10) 
258-9; properties, 240-7; consistency, 231, 
240-1; unbiassedness, 240-2, 245-6, 

(Exercises 24.14-18) 260; other properties, 
245-6; a useless test, (Example 24.7) 246; 
for linear hypotheses, 249-51; power func¬ 
tion, 253-4; optimum properties, 255-6; 
in normal correlation and regression, 299- 
301, 338; of fit, 420-3; of independence in 
2x2 tables, 547-9. 

Lindeberg, J. W., early work on rank correla¬ 
tion, 478. 

Lindley, D. V., grouping corrections to ML 
estimators, (Exercises 18.24-5) 71-2; con¬ 
cordance of fiducial and Bayesian infer¬ 
ence, 155-7, (Exercise 21.11) 160; choice 
of test size, 183; conditional tests, 218; 
inconsistency of ML estimators in func¬ 
tional relation problem, 384, 386; con¬ 
trolled variables, 408; observational erron 
and linearity of regressions, 413, 415, 
(Exercises 29.12, 29.14) 417. 

Linear model, 76-87; tests requiring normality 
assumption, 83-4; most general case, 87, 
(Exercises 19.2-3, 19.5) 96; general linear 
hypothesis, 247; canonical form, 248; LR 
statistic in, 249; and LS theory, 250; 
power function of LR test, 253-4; opti¬ 
mum properties of LR test, 255-6; and 
regression, 354-70; meaning of “ linear, ” 
355-6; confidence intervals and tests for 
parameters, 362-5, (Exercises 28.15-22) 
372-4; confidence regions for a regression 
line, 365-70; supplementary information 
in regression, (Exercises 28.16-18) 372; 
adjustment for an extra observation, 
(Exercise 28.19) 373; see Least Squares, 
Regression. 

Linear regression, see Regression. 

Lipps, G. F., early work on rank correlation, 
478. 

Lloyd, E. H., ordered LS estimation of location 
and scale parameters, 87, (Exercise 19.10) 
96. 

Location, centre of, 64. 

Location and scale parameters, ML estimation 
of, 62-4; ML estimators uncorrelated for 
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symmetrical parent, 63-4; LS estimation 
by order-statistics, 87-91, (Exercises 
19.10—12) 96-7; ordered LS estimators 
uncorrelated for symmetrical parent, 89- 
90; no test for location with power in¬ 
dependent of scale parameter, (Exercise 
23.30) 223; unbiassed invariant tests for, 
242-5, (Exercise 24.15) 260; estimation of, 
in testing fit, 443, 452, (Exercise 30.10) 
463. 

Location-shift alternative, 488. 

Logistic distribution, ML estimation in, (Exer¬ 
cise 18.29) 73; c.f. and cumulants of order- 
statistics, (Exercise 32.12) 532. 

Lognormal distribution, ML estimation in, 
(Exercises 18.7-9, 18.19-20), 68-71. 

LR, see Likelihood Ratio. 

LS, see Least Squares. 

Lyons, T. C., tetrachoric correlation, 307. 

McKay, A. T., distribution of extreme deviate 
from mean, (Exercise 32.21) 534. 

McKendrick, A. G., estimation in censored 
samples, (Exercise 32.24) 535. 

MacStewart, W., power of Sign test, 515. 

Madansky, A., functional and structural rela¬ 
tions, 382, 396, 405, (Exercise 29.16) 418. 

Mann, H. B., choice of classes for X 1 test of fit, 
432, 438-9; unbiassedness of X 3 test, 434; 
variance of (Exercise 30.3) 462; rank 
correlation test for trend, 483-4, (Exercise 
31.8) 510; Wilcoxon test, 493. 

Maritz, J. S., biserial correlation, 311. 

Marsaglia, G., quadratic forms in non-central 
normal variates, 229. 

Marshal], A. W., tests of fit, 452. 

Massey, F. J., Jr., tables of Kolmogorov’s test 
of fit, 457; power of Kolmogorov test, 459- 
60, (Exercise 30.16) 464. 

Mauldon, J. G., fiducial paradox, 154. 

Maximum Likelihood (ML) estimators, in 
general, 35-74; ML principle, 35; and 
sufficiency, 36, 37, (Example 18.5) 43, 52; 
uniqueness in presence of sufficient sta¬ 
tistics, 36-7, 52-3; not generally un¬ 
biassed, (Example 18.1) 38, 42, (Example 
18.11) 53; large-sample optimum proper¬ 
ties, 38; consistency and inconsistency, 
39-42, 54, (Example 18.16) 61, (Exercise 
18.35) 74, 384, 386; cases of indeterminacy, 
(Example 18.4) 42, (Exercises 18.34-5) 
74; efficiency and asymptotic normality, 
42-6, 54-6; asymptotic variance equal to 
MVB, 43-4; simplification of asymptotic 


variance and dispersion matrix in presence 
of sufficiency, 46, 55; cumulants of, 46-8; 
successive approximations to, 48-51; of 
several parameters, 51-60; asymptotic 
minimization of generalized variance, 
55-6; non-identical parents, 60-1; of 
location and scale parameters, 62-5; 
characterization of parents having ML 
estimators of given form, (Exercises 
18.2-3) 67-8; of parameters restricted to 
integer values, (Exercises 18.2-3) 71; cor¬ 
rections for grouping, (Exercises 18.24-5) 
71-2; example of non-existence, (Exer¬ 
cise 18.34) 74; example of multiplicity, 
(Exercise 18.35) 74; identifiability prob¬ 
lem in structural relation, 379-82; choice 
of, in testing fit, 428-30; for truncation and 
censoring problems, 523-4. 

MCS, see Minimum Chi-Square. 

Mean-square-error, estimation by minimizing, 
21-2, (Exercise 17.16) 33. 

Medial correlation, (Exercise 31,7) 510. 

Median, Sign test for, 514-17, (Exercise 32.1) 
531; confidence intervals for, 518, (Exer¬ 
cise 32.4) 531. 

Mendelian pea data, (Example 30.1) 422. 

Mendenhall, W., censored exponential samples, 
526; bibliography of life testing, 526. 

Merrington, M., power functions of tests of 
independence in 2 x 2 tables, 555. 

Method of moments, see Moments. 

Miller, L. H., tables of Kolmogorov test of fit, 
457. 

Minimal sufficiency, see Sufficiency. 

Minimum Chi-Square estimators, 92-5; modi¬ 
fied, 93; asymptotically equivalent to ML 
estimators, (Exercise 19.13) 97; mean and 
variance, (Exercise 19.14) 97. 

Minimum mean-square-error, see Mean-square- 
error. 

Minimum Variance (MV) estimators, 8-19; 
and MVB estimators, 12; unique, 17-18; 
and sufficient statistics, 25-6; among un¬ 
biassed linear combinations, (Exercise 
17.21) 33, 79-80; and ML estimation, 
37-8, (Exercise 18.13) 70; uniqueness and 
completeness, 190; in truncation and cen¬ 
soring problems, 524. 

Minimum Variance Bound (MVB), 9; condi¬ 
tion for attainment, 10; for particular 
problems, (Examples 17.6-10) 10-11; 
MVB estimation and MV estimation, 12; 
improvements to, 12-17; asymptotically 
attained for any function of the parameter, 
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15-16; and sufficiency, 24; smaller than 
variance bound when several parameters 
unknown, (Exercise 17.20) 33; relaxation 
of regularity conditions for, (Exercises 
17.22-3) 33—4; and ML estimation, 36-8, 
43-4, (Exercise 18.4) 68; asymptotic im¬ 
provements in non-regular cases, (Exer¬ 
cises 32.8-11) 531-2; in sequential samp¬ 
ling, 614-15. 

Mises, R. von, test of fit, 451. 

Mitra, S. K., models for the rxc table, 559; 
hypotheses in multi-way tables, 582-3. 

ML, see Maximum Likelihood. 

Moments, method of, efficiency, 65-7, (Exer¬ 
cises 18.9, 18.17, 18.20, 18.27-8) 69-73. 

Mood, A. M., two-sample tests, 502-3; 
median test of randomness, (Exercise 
31.12) 511; critical values for Sign test, 514. 

Moore, P. G., estimation using best two order- 
statistics, (Exercise 32.14) 533. 

Moran, P. A. P., distribution of multiple cor¬ 
relation coefficient, 339. 

Moshman, J., double sampling, 619. 

Multinomial distribution, successive approxi¬ 
mation to a ML estimator, (Example 
18.10) 50; ML estimation of number of 
classes when all probabilities equal, (Exer¬ 
cise 18.10) 69; as basis of tests of fit, 420- 
30; tests of fit on pea data, (Example 30.1) 
422. 

Multinormal distribution, case where single 
sufficient statistic exists without UMP 
test, (Example 22.11) 179; single sufficient 
statistic for two parameters, (Example 
23.3) 193; unbiassedness of LR tests of 
independence, 245; partial correlation and 
regression, 315-22, 332-3, (Exercises 27.4, 
27.6) 343; invariance of independence 
under orthogonal transformation, 333, 
(Exercise 27.7) 343; multiple correlation, 
338-42; with intra-class correlation matrix, 
(Exercises 27.17-18) 345; limiting value 
of A*, (Exercises 33.7-8) 585. 

Multiple correlation, 334-42; coefficient, 334- 
5; geometrical interpretation, 335-6; 
screening of variables, 336-7; conditional 
sampling distribution in normal case, 337- 
8, (Exercise 27.13) 344; unconditional 
distribution in multinormal case, 338-42, 
(Exercises 27.14-16) 344; unbiassed esti¬ 
mation in multinormal case, 342. 

Multi-way tables, 580-4. 

Murphy, R. B., charts for tolerance intervals, 
520. 


MV, see Minimum Variance. 

MVB, see Minimum Variance Bound. 

Nair, K. R., estimation of functional relation, 
404-5; tables of confidence intervals for 
median, 518; distribution of extreme devi¬ 
ate from sample mean, (Exercise 32.211 
534; tables of studentized extreme deviate, 
528. 

Narain, R. D., unbiassed LR tests of independ¬ 
ence, 245. 

Negative binomial distribution, ML estima¬ 
tion, (Exercises 18.26-7) 72-3; truncated, 
527; sequential sampling for attributes, 
(Example 34.1) 593. 

Neyman, J., consistency of ML estimators, 61. 
384; BAN estimators, 91-3; confidence 
intervals, 98, 111 footnote; most selective 
intervals, 117-18; intervals for upper 
terminal of a rectangular distribution. 
(Exercises 20.3-4) 131; tests of hypotheses, 
161; maximizing power, 165; testing 
simple H 0 against simple H lt 166; BCR 
in tests for normal parameters, (Example 
22.8) 175; UMP tests and sufficient 
statistics, 177, (Exercise 22.11) 185; 
sufficiency and similar regions, 189; bias 
in test for normal variance, (Example 
23.12) 203; unbiassed tests, 206; suffi¬ 
ciency, similar regions and independence, 
(Exercises 23.3-4) 219; LR method, 224; 
tables of power function of f-test, 255; 
LR tests in k normal samples, (Exercises 
24.4-6) 257-8; incidental and structural 
parameters, 382; consistent estimation of 
structural relation, 384; consistency of X'~ 
test of fit, 434; M smooth " test of fit, 
444-6. 

Neyman-Pearson lemma, 166, 169; extension, 
208-9. 

Noether, G. E., confidence intervals for ratio 
of binomial parameters, (Exercise 20.9) 
131; ARE, 265. 

Non-central confidence intervals, 102. 

Non-central F-distribution, 252-4. 

Non-central f-distribution, 254-5. 

Non-central distribution, 227-31, (Exercises 
24.1-3) 257, (Exercise 24.19) 261; and 
ARE, 274-5. 

Non-parametric hypotheses, 162; and distribu¬ 
tion-free methods, 470. 

Normal distribution, estimation of mean, 2, 7; 
MVB for mean, (Example 17.6) 10; MVB 
for variance, (Example 17.10) 11; estima- 
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tion efficiency of sample median, (Example 

17.12) 20; estimation efficiency of sample 
mean deviation, (Example 17.13) 21; 
sufficiency in estimating mean and vari¬ 
ance, (Example 17.17) 27; bounds for 
variance in estimating standard deviation, 
(Exercise 17.6) 32; MV unbiassed estima¬ 
tion of square of mean, (Exercise 17.7) 32; 
minimum mean-square-error estimation 
of variance, (Exercise 17.16) 33; ML 
estimator of mean unbiassed, (Example 
18.2) 38; ML estimator of standard devia¬ 
tion, (Example 18.8) 46; ML estimation 
of mean and variance, (Examples 18.11, 

18.13) 53, 56; MV linear combination by 
ML, (Exercise 18.13) 70; estimation of 
mean restricted to integer values, (Exer¬ 
cises 18.21-3) 71; grouping corrections to 
ML estimators of mean and variance, 
(Exercise 18.25) 72; ML estimation of 
common mean of populations with differ¬ 
ent variances, (Exercise 18.30) 73; ML 
estimation of mean functionally related to 
variance, (Exercise 18.31) 73; non-exist¬ 
ence of a ML estimator, (Exercise 18.34) 
74; confidence intervals for mean, (Ex¬ 
amples 20.1, 20.3, 20.5) 100, 106, 110; 
confidence intervals for variance, (Ex¬ 
ample 20.6) 113, (Exercise 20.6) 131, 
(Exercise 20.10) 131, (Exercise 23.18) 221; 
tables of confidence intervals for variance 
and for ratio of two variances, 118; con¬ 
fidence intervals for mean with variance 
unknown, 123-5; confidence intervals for 
ratio of two means, (Example 20.7) 125; 
confidence regions for mean and variance, 
(Exercise 20.5) 131; confidence intervals 
for ratio of two variances, (Exercise 20.7) 
131; fiducial intervals for mean, (Example 
21.1) 136; fiducial intervals for mean with 
variance unknown, 138-9; confidence and 
fiducial intervals for problem of two 
means, 139-50, (Exercises 21.4-5, 21.9-10) 
159-60, (Example 23.10) 199, (Example 
23.16) 215, (Example 24.2) 226; Bayesian 
intervals, 150-2; testing simple H 0 for 
mean, (Examples 22.21-3) 164-8, 172-3, 
(Examples 22.12-14) 180-4, (Exercise 
22.12) 185, (Example 23.11) 201, 202, 212, 
(Examples 25.1-5) 263-74; testing normal 
against double exponential form, (Example 
22.5) 169; testing various hypotheses for 
mean and variance, (Example 22.8) 174; 
testing simple H 0 for variance, (Exercises 


22.3, 22.5) 184-5, 212; non-existence of 
similar regions, (Example 23.1) 188; test¬ 
ing composite H 0 for mean, (Example 
23.7) 196, 206, (Example 23.14) 213, 
(Example 24.1) 225; testing composite H 0 
for difference between two means, vari¬ 
ances equal, (Example 23.8) 197, (Example 
23.15) 214; testing composite H 0 for vari¬ 
ance, (Examples 23.12-14) 202, 205, 212, 
(Exercise 23,13) 221, (Examples 24.3, 
24.5) 231, 241; testing composite H 0 for 
linear functions of differing means, and for 
common variance, (Example 23.15) 214, 
(Exercise 23.19) 222; testing composite 
H 0 for weighted sum of reciprocals of 
differing variances, (Example 23.16) 214; 
testing composite H 0 for variance-ratio, 
(Example 23.16) 214, (Exercises 23.14, 
23.17-18)221; proofs of independence pro¬ 
perties using completeness, (Exercises 23.8- 
9) 220; "peculiar” UMPU tests, (Exercises 
23.16, 23.21) 221-2; minimality and single 
sufficiency, (Exercise 23.31) 223; testing 
equality of several variances, (Examples 

24.4, 24.6) 234, 244, (Exercises 24.4, 24.7) 
257-8; in general linear hypothesis, 248- 
56; tables of power function of /-test, 255; 
LR tests for k samples, (Exercises 24.4-6) 
257-8; asymptotically most powerful tests 
for the mean, (Example 25.1) 263; ARE 
of sample median, (Examples 25.2, 25.4-5) 
267, 271, 274; data on functional relation, 
(Examples 29.1-7) 387, 390, 396, 400, 
405-7; failure of product-cumulant method 
in estimating functional relation, 395-7, 
411; testing normality, 419, 461; choice 
of classes for X % test, 431; " smooth ” test 
for mean, (Example 30.5) 447; robustness 
of tests, 465-8; use of normal scores in 
tests, 486-7; choice of two-sample test, 
488, 491; ARE of Wilcoxon and Fisher- 
Yates tests, 497, 501; paired /-test, 507; 
truncation and censoring, 525-6; criteria 
for rejecting outlying observations, 528-9; 
estimation using best two order-statistics, 
(Exercise 32.14) 533; distribution of ex¬ 
treme deviate from sample mean, (Exer¬ 
cise 32.21) 534; sequential test of simple 
H 0 for mean, (Examples 34.8, 34.10) 608, 
610; sequential tests for variance, (Ex¬ 
ample 34.9) 608, (Exercises 34.18-20) 624; 
sequential /-test, 612-14; sequential esti¬ 
mation of mean, (Example 34.12) 617; 
double sampling for the mean, 618-19; 
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distribution of sample size in sequential 
sampling t (Exercises 34.12-13) 622; see 
also Bivariate normal, Multinormal. 

Normal scores, expected values of order- 
statistics in normal samples, 486-7. 

Norton, H. W., interaction in multi-way 
tables, 584. 

Null hypothesis, 613 footnote. 

OC, operating characteristic, 597-8. 

Ogbum, W. F., data on crime in cities, 
(Example 27.2) 331. 

Olkin, I., unbiassed estimation of normal cor¬ 
relation parameter, 294-5; unbiassed esti¬ 
mation of multiple correlation coefficient, 
342. 

Operating characteristic, 597-8. 

Order-statistics, in LS estimation of location 
and scale parameters, 87-91; and similar 
regions, 188; completeness, 472; use of 
normal scores, 486-7; asymptotic distribu¬ 
tion of expected values, 487; Sign test for 
quantiles, 513-17; confidence intervals 
for quantiles, 517-18; tolerance intervals, 
518-21; in point estimation, 521-2; trun¬ 
cation and censoring, 522-7; outlying 
observations, 527-30; estimation of quan¬ 
tiles, (Exercise 32.13) 532. 

Ordered alternative, for A-sample test, 506. 

Ordered categorization, 536. 

Ordered rxe tables, 561-74. 

Orthogonal, regression analysis, 356; poly¬ 
nomials in regression, 356-62, (Exercise 
28.23) 374; Legendre polynomials, 444 
footnote. 

Outlying observations, 527-30, (Exercise 32.21) 
534. 

Overidentification, 381, 391. 

Pabst, M. R., efficiency of rank correlation test, 
482. 

Pachares, J., tables of confidence limits for the 
binomial parameter, 118; tables of the 
studentized range, 529. 

Page, E. S., sequential test in the exponential 
distribution, (Exercise 34.14) 622. 

Paired t-test, 507. 

Parameter-free tests of fit, 443-4, 452, 461, 
(Exercise 30.10) 463. 

Parametric hypotheses, 162. 

Partial association, 541-5, 580-4. 

Partial correlation and regression, 317-33; 
partial correlation, 317; linear partial re¬ 
gression, 321; relations between quantities 


of different orders, 322-5, (Exercises 27. 
1-3, 27.5) 343; approximate linear partial 
regression, 325-6; estimation of popula¬ 
tion coefficients, 327; geometrical interpre¬ 
tation, 327-9; computations, (Examples 
27.1-2) 329-32; sampling distributions, 
332-3. 

Partitions of X*, 449-50; in rxe tables,574-S. 

Patnaik, P. B., non-central x % and F distribu¬ 
tions, 229, 231, 253-4, (Exercise 24.2) 257; 
variance of -X*, (Exercise 30.5) 462; power 
function of test of independence in 2 x 2 
tables, 555. 

Paulson, E., LR tests for exponential distribu¬ 
tions, 245, (Exercises 24.16, 24.18) 260. 

Pearson, E. S., charts of confidence intervals 
for the binomial parameter, 118; tests of 
hypotheses, 161; maximizing power, 165; 
testing simple H 0 against simple H ,, 166; 
BCR in tests for normal parameters, 
(Example 22.8) 175; UMP tests and suffi¬ 
cient statistics, 177; choice of test size, 
183; UMP test and sufficiency in exponen¬ 
tial distribution, (Exercise 22.11) 185; bias 
in test for normal variance, (Example 
23.12) 203; unbiassed tests, 206; LR 
method, 224; charts of power function for 
linear hypothesis, 253; LR tests in k nor¬ 
mal samples, (Exercises 24.4-6) 257-8; 
“ smooth ” tests of fit,445, (Exercise 30.12) 
463; studies of robustness, 465; rejection 
of outlying observations, 529; tables of 
studentized range, 529; models for 2x2 
tables, 550; power functions of tests in 
2x2 tables, 555. 

Pearson, K., development of correlation theory, 
279; tetrachoric correlation, 306; biserial 
correlation, (Table 26.7) 307, 309, 310; 
X % test of fit, 420; estimation using best 
two order-statistics, (Exercise 32.14) 533; 
coefficient of contingency, 557; standard 
error oi X 2 in rxe tables, 560; multi-way 
tables, 580, (Exercise 33.7) 585. 

Permutation tests, 472. 

Pillai, K. C. S., tables of studentized extreme 
deviate, 528. 

Pitman, E. J. G., distributions possessing suffi¬ 
cient statistics, 26, 28, 29; confidence 
intervals for ratio of variances in bivariate 
normal distribution, (Exercise 20.19) 133; 
sufficiency of LR on simple if 0 » (Exer¬ 
cise 22.13) 185; unbiassed invariant tests 
for location and scale parameters, 242, 
(Exercise 24.15) 260; ARE, 265; ARE of 
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Sign test, (Exercise 25.2) 276, 516; ARE of 
Wilcoxon test, (Exercises 25,3-4) 216-1, 
496, (Exercise 31.22) 512; test of inde¬ 
pendence, 474; two-sample test, 488-91; 
consistency of Wilcoxon test, 495, (Exer¬ 
cise 31.16) 511. 

Plackett, R. L., on origins of LS theory, 79; 
LS theory in the singular case, 84, (Exer¬ 
cises 19.6-8) 96; most general linear 
model, (Exercise 19.2) 96; simplified esti¬ 
mation in censored samples, 524; censored 
normal samples, 525; truncated Poisson 
distribution, 526, (Exercise 32.20) 534; 
c.f. and cumulants of logistic order- 
statistics, (Exercise 32.12) 532; estimation 
of quantiles, (Exercise 32.13) 532. 

Point-biserial correlation, 311-12, (Exercise 
26.5) 513. 

Point estimation, 1-97. 

Poisson distribution, MVB for parameter, 
(Example 17.8) 11; no unbiassed esti¬ 
mator of reciprocal of parameter, (Exercise 
17.26) 34; absurd unbiassed estimator in 
truncated case, (Exercise 17.27) 34; MCS 
estimation, (Example 19.11) 93, (Exer¬ 
cises 19.16-17) 97; confidence intervals, 
(Example 20.4) 106-8; tables of confidence 
intervals, 118; testing simple i/ 0 » (Exer¬ 
cise 22.1) 184, 212; UMPU tests for differ¬ 
ence between two Poisson parameters, 
(Exercise 23.21) 222; and non-central x 1 
distribution, (Exercise 24.19) 261; trunca¬ 
tion and censoring, 526, (Exercises 32.19— 
20, 32.22-4) 534-5; dispersion test, 579- 
80; sequential estimation, (Example 34.13) 
618. 

Polynomial regression, 356-62. 

Polytomy, 545. 

Power of a test, 164-5; function, 180; see 
Tests of hypotheses. 

Pratt, J, W., unbiassed estimation of normal 
correlation parameter, 294-5; unbiassed 
estimation of multinormal multiple cor¬ 
relation, 342. 

Prediction intervals, 363. 

Probability integral transformation, in tests of 
fit, 443, 451, (Exercise 30.10) 463. 

Prout, T., see Lewontin, R. C. 

Przyborowski, J., confidence limits for the 
Poisson parameter, 118. 

Putter, J., treatment of ties, 509. 

Quantiles, tests and confidence intervals for, 
513-18. 


Quenouille, M. H., non-existence of unbiassed 
estimator, 5, (Exercise 17.26) 34; correc¬ 
tions for bias, 5-7, (Exercises 17.17-18) 
33; resolution of fiducial paradoxes, 154; 
random exponential deviates, (Example 
30.2) 432; partitions of X *, 578. 

Ramachandran, K. V., tables of confidence 
limits for normal variances, 118, 204, 
(Exercise 23.17) 221. 

Randomness, tests of, 483-7. 

Ranks, as instrumental variables, 405-8, (Exer¬ 
cises 29.9-10) 416. 

Rank tests, 476; using rank correlation coeffi¬ 
cients, 476-86; for two- and ^-sample 
problems, 492, 506; independence of 
symmetric functions, (Exercise 32.2) 531. 

Rao, C. R., MVB, 9, (Exercise 17.20) 33; 
sufficiency and MV estimation, 25, 28; 
MCS estimation, 93. 

Ratio, confidence intervals for, see particular 
distributions. 

Rectangular distribution, sufficiency of largest 
observation for upper terminal, (Example 

17.16) 24; sufficiency when both terminals 
depend on parameter, (Examples 17.18, 
17.21-3) 29-31; ML estimator of ter¬ 
minal biassed, (Example 18.1) 38; a ML 
estimator a function of only one of a pair 
of sufficient statistics, (Example 18.5) 43; 
ML estimation of both terminals, (Ex¬ 
ample 18.12) 54; ordered LS estimation of 
location and scale, (Example 19.10) 90; 
confidence intervals for upper terminal, 
(Exercises 20.2^1, 20.15) 131-2; UMP 
one-sided tests of simple H 0 for location 
parameter, (Exercise 22.8) 185; minimal 
sufficiency, (Exercise 23.12) 220; power 
of conditional test, (Exercise 23.23) 222; 
UMP test of composite H 0 for location 
parameter, (Exercise 23.26) 222; con¬ 
nexions with % x distribution, 236-7; LR 
test for location parameter, (Exercise 24.9) 
258; LR test for scale parameter, (Exercise 

24.16) 620; ARE of Wilcoxon two-sample 
test, (Exercise 31.22) 512; asymptotic 
variance bound for mean, (Exercise 32.10) 
532. 

Regression, and dependence, 278-9; curves, 
281-2; and covariance, 283-4; linear, 
284-7; coefficients, 285; equations, 285; 
computation, (Examples 26.6-7) 289-92; 
scatter diagram, 292; standard errors, 292- 
3; tests and independence tests, 296; 
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linearity and correlation coefficient and 
ratios, 296-9; LR test of linearity, 299- 
301; generally, 346-74; analytical theory, 
346-54, (Exercises 28.1-5) 370; criteria 
for linearity, 350-2; general linear model, 
354-70; orthogonal, 356-62, (Example 
28.4) 364, (Exercise 28.23) 374; confidence 
intervals and tests for parameters, 362-5, 
(Exercises 28.15-22) 372-4; confidence 
region for a regression line, 365-70; test 
of difference between coefficients, (Exer¬ 
cise 28.15) 371; use of supplementary in¬ 
formation, (Exercises 28.16-18) 372; 
graphical fitting, (Exercise 28.19) 373; 
adjustment for an extra observation, (Exer¬ 
cise 28.20) 373; and functional relations, 
376-7, 378-9, 380; and controlled vari¬ 
ables, 408-9; effect of observational errors, 
413—15; see also Correlation, Least Squares, 
Linear model, Multiple correlation, Par¬ 
tial correlation and regression. 

Regressor, 346. 

Residuals, 322 footnote. 

Resnikoff, G. J., tables of non-central f-distri- 
bution, 254. 

Restricted parameters, ML estimation of, 
(Exercises 18.21-3) 71. 

Ricker, W. E., tables of confidence intervals for 
the Poisson parameter, 118. 

Rider, P. R., truncated distributions, 527. 

Robbins, H., variance bounds for estimators, 
17; estimation of normal standard devia¬ 
tion, (Exercise 17.6) 32; distribution of 
“ Student’s ” t when means of observa¬ 
tions differ, 467; tolerance intervals and 
order-statistics, 519. 

Robson, D. S., orthonormal polynomials, 
(Exercise 28.23) 374. 

Robustness, 465-9. 

Romig, H. G., double sampling, 607. 

Roy, A. R., choice of classes for AT* test, 431. 

Roy, K. P., asymptotic distribution of LR 
statistic, 231. 

Roy, S. N., simultaneous confidence intervals, 
128; models for the rxc table, 559; hypo¬ 
theses in multi-way tables, 582-3. 

Runs test, (Exercises 30.7-9) 462-3, 502. 

Rushton, S., orthogonal polynomials, 360. 

Sample d.f., 450-1. 

Sampling variance, as criterion of estimation, 7; 
see Minimum Variance estimators. 

Sarhan, A. E., ordered LS estimation of loca¬ 
tion and scale parameters, (Exercises 


19.11-12) 96-7, (Exercise 32.18) 534; cen¬ 
sored normal samples, 525; censored 
exponential samples, 526. 

Savage, I. R., Fisher-Yates two-sample test, 
498, 501; independence of symmetric and 
rank statistics, (Exercise 32.2) 531. 

Savage, L. J., sufficiency, 24. 

Saw, J. G., censored normal samples, 526. 

Scale parameters, see Location and scale para¬ 
meters. 

Scale-shift alternative, 503. 

Scatter diagram, 292. 

Scedastic curve, 347. 

Scheflfc, H., problem of two means, 141-6,148, 
(Example 23.10) 199; linear function of 
X 1 variates, (Exercise 21.8) 159; complete¬ 
ness, 190; completeness of the linear 
exponential family, 191; minimal suffi¬ 
ciency, 194; unbiassed tests, 206; UMPU 
tests for the exponential family, 207; non¬ 
completeness of Cauchy family, (Exercise 
23.5) 219; minimal sufficiency for bi¬ 
nomial and rectangular distributions, 
(Exercises 23.11-12) 220; peculiar UMPU 
test for normal distribution, (Exercise 
23.16) 220; unbiassed confidence internal 
for ratio of normal variances, (Exercise 
23.18) 221; UMPU tests for Poisson and 
binomial distributions, (Exercises 23.21-2) 
222; controlled variables, 409, 413; com¬ 
pleteness of order-statistics, 472 footnote; 
tolerance regions, 521. 

Scott, E. L., consistency of ML estimators, 61, 
384; incidental and structural parameters, 
382. 

Seal, H. L., runs test as supplement to X 1 test 
of fit, 442, (Exercise 30.7) 462. 

Seelbinder, B. M., double sampling, 619. 

Sequential methods, 592-624; for attributes, 
(Exercise 18.18) 70, 592-607; closed, 
open, and truncated schemes, 597; tests 
of hypotheses, 597; OC, 597-8; ASX, 
598-9; SPR tests, 599-611, (Exercises 
34.4, 34.7-11) 621-2; stopping rules, 
rectifying inspection and double sampling 
in applications, 607; efficiency, 609-11; 
composite hypotheses, 611-14; sequential 
f-test, 612-14; estimation, 614-18, (Exer¬ 
cises 34.5-6) 621; double sampling, 607, 
618-19, (Exercises 34.15-17) 623; distri¬ 
bution-free, 619-20. 

Shaw, G. B., on correlation and causality, 279. 

Shenton, L. R., efficiency of method of 
moments, (Exercise 18.23) 73. 
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Shrivastava, M. P., estimation of functional 
relation, 404. 

Siegel, S., two-sample test against scale-shift, 
503. 

Sign test, ARE, (Exercises 25.1-2) 276; 513- 
17; sequential, 619. 

Significance level, 163 footnote. 

Significance tests, see Tests of hypotheses. 

Silverstone, H., MVB, 9; comparison of BAN 
estimators, 95. 

Similar regions, similar tests, 187-8; see Tests 
of hypotheses. 

Simple hypotheses, 161-85; see Hypotheses, 
Tests of hypotheses. 

Size of a test, 163; choice of, 182-4. 

Smirnov, N. V., test of fit, 451; tables of 
Kolmogorov test of fit, 457; one-sided test 
of fit, 457; two-sample test, 502. 

Smith, C. A. B., moments of X % in a r x c table, 
(Exercise 33.9) 585. 

Smith, J. H., ML estimation of cell prob¬ 
abilities in a r x c table, (Exercise 33.29) 590. 

Smith, K., MCS estimation in the Poisson dis¬ 
tribution, (Example 19.11) 94. 

Smith, S. M., cumulants of a ML estimator, 46. 

Smith, W. L., truncation and sufficiency, 522. 

“ Smooth ” tests of fit, 444-50. 

Sobel, M., an independence property of the 
exponential distribution, (Exercise 23.10) 
220; censoring in exponential samples, 
526-7, (Exercise 32.17) 533. 

Soper, H. E., standard error of biserial cor¬ 
relation coefficient, 310-11. 

SPR tests, sequential probability ratio rests, 
599-611, (Exercises 34.4, 34.7-11) 621-2. 

Statistical relationship, 278. 

Stein, C., estimation of restricted parameters, 
(Exercise 18.23) 71; non-similar tests of 
composite i/ 0 , 200; a useless LR test, 
(Example 24.7) 246; tests of symmetry, 
507; SPR tests, 600; sequential complete¬ 
ness, 614 footnote; double sampling, 618- 
19. 

Stephan, F. F., ML estimation of cell prob¬ 
abilities inarxc table, (Exercise 33.29) 590. 

Sterne, T. E., confidence intervals for a pro¬ 
portion, 118. 

Stevens, W. L., confidence intervals in the dis¬ 
continuous case, 119; fiducial intervals for 
binomial parameter, (Exercise 21.3) 158; 
runs test, (Exercise 30,8) 463. 

Stochastic convergence, 3; see Consistency in 
estimation. 

Structural parameters, 382-3. 


Structural relationship, see Functional and 
structural relations. 

Stuart, A., estimation of normal correlation 
parameter, (Exercise 18.12) 70; ARE and 
maximum power loss, 273; intra-class cor¬ 
related multinormal distribution, (Exer¬ 
cises 27,18-19) 345; critical region for X % 
test of fit, 422; joint distribution of rank 
correlations, 481; ARE of tests of random¬ 
ness, 487, (Exercises 31.10-12) 510-11; 
correlation between ranks and variate- 
values, (Exercises 31.13-14) 511; testing 
difference in strengths of association, 565; 
test of identical margins in rxr tables, 
(Exercise 33.24) 589. 

" Student ” (W. S. Gosset), studentization, 
124; outlying observations, 528. 

Studentization, 123-5, (Example 20.7) 125-7. 

Studentized extreme deviate, 528. 

Studentized maximum absolute deviate, 529. 

Studentized range, 529. 

Sufficiency, generally, 22-31; definition, 22-3; 
factorization criterion, 23; and MVB, 24; 
functional relationship between sufficient 
statistics, 25; and MV estimation, 25-6; 
distributions possessing sufficient statis¬ 
tics, 26-7; for several parameters, 27-8; 
when range of parent depends on para¬ 
meter, 28-31, (Exercise 24.17) 260; single 
and joint, 27, (Exercises 17.13, 17.25) 32, 
34; distribution of sufficient statistics for 
exponential family, (Exercise 17.14) 33, 
(Exercise 24.17) 260; and ML estimation, 
36-7, (Example 18.5) 43, 52-3; and BCR 
for tests, 170, 177-80, (Exercises 22.11, 
22.13) 185; optimum test property of 
sufficient statistics, 187; and similar 
regions, 189-90, 195-6; minimal, 193-5, 
(Exercise 23.31) 223; ancillary statistics 
and quasi-sufficiency, 217; independence 
and completeness, (Exercises 23.6-7) 219; 
and LR tests, 245; and truncation, 522. 

Sufficient statistics, see Sufficiency. 

Sukhatme, B. V., two-sample tests against 
scale-shift, 503. 

Sukhatme, P. V., LR tests for k exponential 
distributions, (Exercises 24.11-13) 259-60. 

Sundrum, R. M., estimation efficiency and 
power, 171, (Exercise 22.7) 185; power of 
Wilcoxon test, 498. 

Superefficiency, 44. 

Supplementary information, in regression, 
(Exercises 28.16-18) 372; instrumental 
variables, 397-408. 
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Swed, F. S., tables of runs test, (Exercise 30.8) 
463. 

Symmetrical distributions, ML estimators of 
location and scale parameters uncor¬ 
related, 63-4; ordered LS estimators of 
location and scale parameters uncorre¬ 
lated, 89-90; condition for LS estimator 
of location parameter be sample mean, 
(Exercise 19.10) 96; ARE of Sign test, 
515-16, (Exercise 32.1) 531; tests of sym¬ 
metry, 506-8. 

Symmetry tests, 506-8. 

Taguti, G., tables of normal tolerance limits, 
130. 

Tang, P. C., non-central F distribution and 
tables of power function for linear hypo¬ 
thesis, 253-4; non-central x t distribution, 
(Exercise 24.1) 257. 

Tate, R. F., tables of confidence intervals for 
a normal variance, 118, 204; shortness of 
these intervals, (Exercise 20.10) 131; bi¬ 
serial and point-biserial correlation, 311— 
12, (Exercises 26.10-12) 313-14; trun¬ 
cated Poisson distribution, 526, (Exer¬ 
cise 32.19) 534. 

Terpstra, T. J., A-sample test, 506. 

Terry, M. E., Fisher-Yates tests using normal 
scores, 487, 498. 

Tests of fit, 419-64; LR and Pearson tests for 
simple H 0 , 420-3; X 2 notation, 421 foot¬ 
note; composite H 0i 423-30; choice of 
classes for 2 test,430-3,437-40; moments 
of X * statistic, 433-4, (Exercises 30.3, 
30.5) 462; consistency and unbiassedness 
of X x test, 434-6; limiting power of X % 
test, 436-7; use of signs of deviations, 
441-2, (Exercises 30.7-9) 462-3; other 
tests than AT 2 , 442-61; “ smooth ” tests, 
444-50; connexion between X 2 and 
" smooth ” tests, 449; components of X* 9 
449-50; tests based on sample d.f., 450- 
61; Smirnov test, 451-2; Kolmogorov 
test, 452-61; comparison of X 2 and 
Kolmogorov tests, 459-60; tests of nor¬ 
mality, 461. 

Tests of hypotheses, 161-277; and confidence 
intervals, 117-18, 206; size, 163, 182-4; 
power, 164—5, 180-1; BCR, 165; simple 
H 0 against simple H u 166; randomization 
in discontinuous case, 166; BCR and suf¬ 
ficient statistics, 170, 177-80; power and 
estimation efficiency, 171-2, (Exercise 22.7) 
185; simple H 0 against composite H u 172; 


UMP tests, 172; no UMP test generally 
against two-sided H u 173-4; UMP tests 
with more than one parameter, 174—80. 
(Exercise 22.11) 185; one- and two-sided 
tests, 181-2; optimum property of suffi¬ 
cient statistics, 187; similar regions and 
tests, 187-90, 195-200, 205-6; exist¬ 
ence of similar regions, 188-9, (Exercises 
23.1-3) 219, (Exercise 23.29) 223; similar 
regions, sufficiency and bounded com¬ 
pleteness, 189-90,195-200; most powerful 
similar regions, 196; non-similar tests of 
composite i/ t , 200; bias in, 200; un¬ 
biassed tests and similar tests, 205; older 
terminology, 206; UMPU tests for the 
exponential family, 207-17; ancillary sta¬ 
tistics and conditional tests, 217-19; LR 
tests, 224-47; unbiassed invariant tests for 
location and scale parameters, 242-5, 
(Exercise 24.15) 260; general linear hypo¬ 
thesis, 249-56; comparison of, 262-77; 
sequential, 597-614, 618-20; see also 
Asymptotic relative efficiency, Hypotheses, 
Likelihood Ratio tests. 

Tetrachoric correlation, 304-7; series, 306, 
(Exercises 26.5-6) 313; series and canoni¬ 
cal correlations, 570. 

Theil, H., estimation of functional relation, 
4fi4, 405, (Exercises 29.9-10) 416. 

Thompson, W. R., confidence intervals for 
median, 518; outlying observations, 529. 

Tienzo, B. P., studentized extreme deviate, 
528. 

Ties, and distribution-free tests, 508-9. 

Tingey, F. H., one-sided test of fit, 458. 

Tocher, K. D., optimum exact test for 2x2 
tables, 554. 

Todhunter, I., Arbuthnot’s use of Sign test, 
513 footnote. 

Tokarska, B., tables of power function of 
“ Student’s ” *-test, 255. 

Tolerance intervals, for a normal distribution, 
128-30, (Exercises 20.20-2) 133; distribu¬ 
tion-free, 518-21, (Exercises 32.6-7) 531. 

Tolerance regions, 521. 

Transformations, of functional relations to 
linearity, 413; to normality, 469. 

Trend, 483. 

Trickett, W. H?, tables for problem of two 
means, 148. 

Truncated distributions, 522-7. 

Truncated sequential schemes, 593. 

Tschuprow, A. A., coefficient of association, 
557. 
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Tukey, J. W., fiducial paradox, 154; two- 
sample test against scale-shift, 503; toler¬ 
ance regions, 521; truncation and suffi¬ 
ciency, 522; outlying observations, 529. 

Two means problem, see Normal distribution. 

Two-sample tests, 487-503. 

2x2 tables, association in, 536-41, (Exercises 
33.1-2) 584; partial association, 541-5; 
probabilistic interpretation of measures, 
545-7; large-sample tests of independence, 
547-9; exact test of independence for 
different models, 549-55; continuity cor¬ 
rection, 555-6, (Exercise 33.5) 584; com¬ 
ponents of X 2 in 2x2x2 tables, 580, 
(Exercises 33.27-8) 590; test of identical 
margins in 2° tables, (Exercise 33.30) 590. 

Type A, A u B, B t , C tests, 206. 

Type A contagious distribution, ML and 
moments estimators, (Exercise 18.28), 73. 

Type I, Type II censoring, 522-3. 

Type IV (Pearson) distribution, centre of loca¬ 
tion and efficiency of method of moments, 
(Exercises 18.16-17) 70. 

UMP, uniformly most powerful, 172. 

UMPU, uniformly most powerful unbiassed, 

202 . 

Unbiassed estimation, 4—5; see Bias in estima¬ 
tion. 

Unbiassed tests, 202; and similar tests, 205. 

Uniform distribution, see Rectangular distribu¬ 
tion. 

Uniformly most powerful (UMP), 172; see 
Tests of hypotheses. 

Uniformly most powerful unbiassed (UMPU), 
202; see Tests of hypotheses. 

Van der Vaart, H. R., Wilcoxon two-sample 
test, 495, 498. 

Van der Waerden, B. L., two-sample test, 503. 

Van Yzeren, J., estimation of functional rela¬ 
tion, 404. 

Variance, generalized, see Generalized vari¬ 
ance. 

Variance, lower bounds to, see Minimum 
Variance Bound. 

Votaw, D. F., Jr., truncation and censoring for 
the exponential distribution, 526, (Exer¬ 
cise 32.16) 533. 

Wald, A., consistency of ML estimators, 41; 
asymptotic normality of ML estimators, 
54; tolerance intervals for a normal dis¬ 
tribution, 128-30; problem of two means, 


148; asymptotic distribution of LR statis¬ 
tic, 231; test consistency, 240, 262; opti¬ 
mum property of LR test of linear hypo¬ 
thesis, 256; asymptotically most powerful 
tests, 263; estimation of functional rela¬ 
tion, 399-401, (Exercises 29.4-5) 415-16; 
choice of classes for X 1 test of fit, 432, 
438-9; unbiassedness of X 2 test of fit, 
434; one-sided test of fit, 457; variance of 
X 1 statistic, (Exercise 30.3) 462; runs 
test, (Exercise 30.8) 463, 502; tolerance 
regions, 521; sequential methods, 599- 
603, 609, 611-12, (Exercises 34.3-4, 34.7, 
34.11-13, 34.18-19) 620^. 

Wallace, D. L., asymptotic expansions in prob¬ 
lem of two means, 148. 

Wallis, W. A., tolerance limits, 130, (Exercise 
28.14) 371; Wilcoxon test, 493-4, (Exer¬ 
cise 31.15) 511; A-sample test, 504; treat¬ 
ment of ties, 509. 

Walsh, J. E., measure of test efficiency, 275; 
effect of intra-class correlation on 
“ Student’s ” /-test, (Exercise 27.17) 345; 
power of Sign test, 516; censored normal 
samples, 526; outlying observations, 530. 

Watson, G. S., problem of two means, (Ex¬ 
ample 23.10) 200; non-completeness and 
similar regions, (Exercise 23.15) 221; dis¬ 
tribution of X 2 test of fit, 425, (Exercise 
30.2) 462; choice of classes for X 2 test of 
fit, 450. 

Weather and crops, Hooker’s data, (Example 
27.1) 229-31. 

Welch, B. L., problem of two means, 146-8; 
power of conditional tests, 217-18, (Exer¬ 
cise 23.23) 222; non-central /-distribution, 
254. 

Whitaker, L., data on deaths of women, 94. 

Whitney, D. R., Wilcoxon test, 493. 

Wicksell, S. D., analytical theory of regression, 
(Exercise 26.2) 312, 348; criterion for 
linearity of regression, 351. 

Widder, D. V., Laplace transform, 190 foot¬ 
note. 

Wilcoxon, F., two-sample test, 493. 

Wilcoxon test, 493-8; ARE, (Exercises 25.3-4) 
276-7, 495-8; extension to censored 
samples, 527; for a group of outlying 
observations, 530. 

Wilenski, H., confidence limits for the Poisson 
distribution, 118. 

Wilks, S. S., shortest confidence intervals, 115; 
smallest confidence regions, 128; confi¬ 
dence intervals for upper terminals of 
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rectangular distribution, (Exercise 20.2) 
131; asymptotic distribution of LR statis¬ 
tic, 231; review of literature of order- 
statistics, 513; tolerance intervals, 519, 
521. 

Williams, C. A., Jr., X * test of fit, 439,460. 

Williams, E. J., comparison of predictors, 
(Exercise 28.22) 374; scoring methods in 
rxc tables, 568; canonical analysis, (Exer¬ 
cise 33.13) 586. 

Wishart, J., non-central x ! and F distributions, 
229, 253, (Exercise 24.1) 257; moments of 
multiple correlation coefficient, 341, (Exer¬ 
cises 27.10-11) 344. 

Witting, H., ARE of Wilcoxon test, 498; ARE 
of Sign test, 517. 

Wolfowitz, J., non-existence of ML estimator, 
(Exercise 18.34) 74; tolerance intervals for 
a normal distribution, 118-20; test con¬ 
sistency, 240, 262; optimum properties of 
LR test for linear hypothesis, 255; con¬ 
sistency of ML estimators, 384, 387; one¬ 
sided test of fit, 457; comparison of X * 
and Kolmogorov tests, 460; tests of nor¬ 
mality, 461; runs test, (Exercise 30.8) 463, 
502; sequential estimation, 615, (Exercise 
34.6) 621. 

Women's measurements and sizes, data from, 
(Tables 26.1-2) 280-1. 

Woodward, J., truncated normal distribution, 
525. 

Working, H., confidence region for a regression 
line, 365, 368-9, (Exercise 28.13) 371. 

Wormleighton, R., tolerance regions, 521. 


X * distribution, see Gamma distribution, Non¬ 
central %* distribution. 

X * test of fit, 421-44; partitions of, 449-50; in 
2x2 tables, 549, 555; in r x c tables, 556— 
61, (Exercise 33.9) 585; partitions infxc 
tables, 574-8; dispersion tests, 578-80, 
(Exercises 33.20-2) 588-9; in multi-way 
tables, 580-4, (Exercises 33.7-8) 585; see 
Tests of fit. 

Yates, F., fiducial inference, 154; tests usins 
normal scores, 487, 498, 504; data on 
mal-occluded teeth, (Example 33.5) 552 ; 
continuity correction in 2 x 2 tables, 555 ; 
scoring in rxc tables, 568, (Exercise 
33.12) 586. 

Yields of wheat and potatoes, data on, (Table 
26.3) 291. 

Young, A. W., standard error of Jf* in rxc 
tables, 560. 

Yule, G. U., development of correlation theory', 
279; partial correlation notation, 317; 
large-sample distributions of partial co¬ 
efficients, 333; relations between coeffi¬ 
cients of different orders, (Exercise 27.1) 
343; data on inoculation, (Example 33.1) 
538; coefficients of association and colliga¬ 
tion, 539; invariance principle for mea¬ 
sures of association, 546. 

Zackrisson, U., distribution of “ Student’s ” t 
in mixed normal samples, 467. 

Zalokar, J., tables of studentized maximum 
absolute deviate, 528. 



